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The U-statistic based modified information criterion (MIC) is proposed and applied
to detect the change point in a sequence of independent random variables. In this
article, we show that the method is consistent in selecting the correct model, and the
resulting test statistic has a simple limiting distribution. We investigate the method
based on both symmetric and anti-symmetric kernel functions. The simulation results
indicate that the new method has better power in detecting the changes compared
to other methods, such as the likelihood based MIC (Chen et al., 2006) and the
Bayesian information criterion of Schwarz (BIC, Schwarz, 1978).
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Nonparametric model; U-statistic.
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1. Introduction

In applications such as in quality control, we are often interested in knowing
whether a sequence of observations x,, x,,...,x, can be modeled as a random
sample from a single distribution f(x), or it should be divided into two subsequences
Xy, Xy, ..., % and X, ..., x, with some k such that they can be viewed as two
random samples, one is from f;(x) and the other is from f,(x). When the f(x), f,(x),
and f,(x) are chosen from a parametric family, we make parametric inference on
change point detection. The change point problem has been given considerable
attention over the years; see Page (1954, 1955), Hinkley (1971), Picard (1985), Zacks
(1983), Inclan and Tiao (1994), Kim et al. (2000) and Lee and Park (2001).

Due to their simplicity, the parametric methods are often more efficient.
In general, their effectiveness relies on correctly specifying the parametric
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2 Pan and Chen

distribution of the population. When we do not have sufficient knowledge about
the physical background of the sample, we may not be able to propose a
defensible parametric model. In addition, some parametric methods can have poor
behavior when the true distribution of the sample differs from the assumed model.
For example, if the f(x), f;(x), and f,(x) are assumed to be normal distributions
but the data are from some stable distribution with a small index of stability,
we may end up detecting a change point due to the random occurrence of some
unusually large observations. To avoid this problem, nonparametric methods are
often considered. Nonparametric methods can also be useful when we are only
interested in detecting changes in some aspects of the underlying distribution, for
instance, whether the sequence of the observations has gone through a location shift
or a scale change. A U-statistic can be constructed to reflect the change in these
specific aspects.

In general, a U-statistic is the average of a simple m-variate function over
every possible subset of m observations from a sample of n observations. Many
commonly used statistics such as sample mean and sample variance are U-statistics.
Two U-statistics can be defined based on two sub-samples, one consists of x,, ..., x;
and the other x,,,, ..., x,. Their difference after proper scaling reflects a possible
change in the designated aspect. Since a statistic is defined for each k, a stochastic
process indexed by k is the result.

Csorgdé and Horvdth (1988) first applied the U-statistic to change point
problems. Gombay and Horvith (1995), Gombay (2000, 2001), and others studied
the large sample behaviors of the process and the change point estimator. Under the
null model, the process converges to a Gaussian process after proper normalization.
We can hence test the existence of a change point based on the maximum of
the process with its critical value determined by the percentile of the supremum
of the limiting Gaussian process. However, the computation of the percentiles for
the supremum of the Gaussian process is usually not easy. See more details in
Csorgo and Horvidth (1997). In this article, we propose and investigate the use of an
MIC principle (Chen et al., 2006) to U-statistic approach. We show that the statistic
of the new method has a simple limiting distribution so that its asymptotic critical
values can be easily computed.

The article is organized as follows. In Sec. 2, we give a brief review about
the modified information criterion in Chen et al. (2006). In Sec. 3, we introduce
U-statistics based MIC for both symmetric and anti-symmetric kernels and obtain
the null limiting distributions of the corresponding statistics when there exist no
change points in the sequence. We conduct simulation studies in Sec. 4, and the
new method is compared to several existing methods and found to have good finite
sample properties. For the convenience of presentation, the proofs of main results
are deferred to the Appendix.

2. Modified Information Criterion

When the null hypothesis of no-change is rejected, a more complex model with
two distributions f;(x) and f,(x) plus the location of change, k, is preferred than a
simple model f(x). The change point problem may hence be regarded as a special
case of the model selection problem (Csorgd and Horvéth, 1997). In the context of
model selection, Akaike information criterion and Bayesian information criterion
are routinely used; see Konishi and Kitagawa (1996), Volinsky and Raftery (2000),
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U-Statistic Change Point Problems 3

Bogdan et al. (2004), and Bengtsson and Cavanaugh (2006). Since the change point
models are nonregular, these criteria are no-longer optimal and lose some useful
properties. Chen et al. (2006) refined the notion of model complexity in change point
models, and proposed the modified information criterion. We briefly review this
concept in this section. Its application to nonparametric method will be presented
in the next section.

Suppose we have a sequence of independent observations X,..., X,. It is
suspected that X, has density function f(x, 6,) for i <t and density f(x,0,) for
i > 1, and f(x, 0,) and f(x, 0,) belong to the same parametric distribution family
{f(x, 0); 0 € O} with ® C 2. The problem is to test whether this change has indeed
occurred and if so, find the location of the change k. Hence, the null hypothesis is:

Hy: X, ~ f(x,0), 0=0,=0, forl<i<n
and the alternative is:
H :X;,~ f(x,0,) fori<k and X,~ f(x,0,) fori=>k,
0, #4260, and 1<k <n.

For regular parametric (not change point) models with log likelihood function
£,(0), the Bayesian information criterion (Schwarz, 1978) is defined as:

BIC = —2¢,(0) + dlog(n),

where 0 is the maximum point of £,(0), and d is the dimension of parameter 0.
The best model according to this criterion is the one which minimizes BIC.
The log likelihood function for the change point problem has the form:

k n
€,(0,, 05, k) = Y log f(X;, 0,) + ) log f(X;, 0,).

i=1 i=k+1
The Bayesian information criterion for the change point problem becomes

BIC(k) = —2¢,(0y,, 0y, k) + [2d + 1]1log(n)

where 0,,, 0,, maximize ¢,(0,, 0,, k) for given k.

Chen et al. (2006) suggested that the model is the least complex when the change
point t is located in the middle of the sequence because both parameters 6, and
0, are effective in this case. The model is particularly unappealing when t is near
1 or n but does not equal one of them. When this happens, an additional set of
parameters is introduced just for a small proportion of observations. Hence, the
model complexity is increased when t moves away from the middle of the sequence.
Based on this consideration, the modified information criterion was proposed as, for
l<k<n:

A . 2k :
MIC(k) = —2¢£,(0,;, 05, k) + |:2d + (— — 1) }log(n). (1)
n
Under the null model, they defined:

MIC(n) = —=2¢,(0, 0, n) + dlog(n),
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4 Pan and Chen

where 0 maximizes £,00,0,n) or £,(0). If MIC(n) > min,_,_, MIC(k), the model
with a change point is selected and the change point is estimated by 7 such that:

MIC(?) = min MIC(k).

The penalty term in (1) can be motivated as follows. If the change point is at &,
the variance of 0;, would be proportional to k~! and the variance of 0,, would be
proportional to (n — k)~!. Thus, the total variance is proportional to:

1 1 B 2k !

k+n_k—4n [1 <n 1)i| .
The specific form in (1) reflects this important fact. Thus, a larger elevation in
the U-statistic is needed to justify a change when k is near 1 or n. This notion is
shared by many researchers. The method in Incldn and Tiao (1994) scales down the
statistics heavier when the suspected change point is near 1 or n. The U-statistic
method in Gombay and Horvéth (1995) is scaled down by multiplying the factor
k(n—k).

Let

S, = MIC(n) — 1mkin MIC(k) + dlogn,

then S, — »?(d) in distribution under null hypothesis, and S, — oo in probability
under alternative when there exists one change point in the sequence; see Theorem 1
in Chen et al. (2006). The inference based on S, will be called the likelihood based
MIC in this article.

3. U-Statistic Based MIC Method
We now introduce a U-statistic based nonparametric MIC method. Without specific
parametric models, the null hypothesis becomes

Hy:X,,...,X,iid. ~ F(x)

and the alternative hypothesis is:

H :X.,... X iid ~Fx), X.,,..,X,1.d ~G(x)
and F(x) # G(x) for some x.

The distribution functions F, G, and the change point 7 are unknown.
We assume t = [n/] for some 4 with 0 < 4 < 1 under the alternative, where [x] is
the largest integer no larger than x.

Let h: %* — R be a Borel measurable function. A U-statistic with order 2
based on n independent observations X, ..., X, is defined as:

U,,(X):(g)_l S Oh(X,, X).

I<i<j<n
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U-Statistic Change Point Problems 5

A U-statistic of order m replaces & by a m-variate function, and the summation is
taken over all subsets of size m.

As usual in the theory of U-statistics, we investigate the change point problems
based on both cases of symmetric kernels:

h(y, x) = h(x,y), —o0 <x,y< 00,
and anti-symmetric kernels
h(y, x) = —h(x,y), —o0<x,y<o0

in this section.

3.1. Symmetric Kernel Case

Let h be a symmetric kernel function. Define 6, = E h(X,,X,) and
0, = Egh(X,, X,), which are the expected values of 4(X,, X,) under the distributions
F(x) and G(x), respectively. When using U-statistics based on the kernel function
h, we give up the possibility of detecting all changes in from F to G, but detecting
the change in the expected value of h(X,, X,). The expected value of i(x, y) could
be mean, variance of the distribution or whatever. Hence, we need to decide what
change we want to detect in the distribution and then select an appropriate kernel.
To apply U-statistic method to change point problems, we define:

@)l(k):<§>_l Y A(X.X,) and @z(k):<n;k)_l Y (X, X). ()

I<i<j<k k<i<j<n

These estimators are unbiased estimators of 6, and 6, based on the first k£ and the
remaining n — k observations if the change point is located at k for k =2,...,n — 2.
For convenience, we define both 0,(k) =0 and 0,(k) =0 for k=1,n— 1 and n.
It is now very natural to examine the size of the difference between 0,(k) and
0,(k). For each k, |0,(k) — 0,(k)| compares the means of 4 based on the first k
and the last n — k observations. When the difference is large for some k, there are
some evidences to reject the null model in favor of the alternative model. However,
the evidences are not of the same importance for different choices of k. Thus, it is
important to assign a proper weight for each k. One obvious choice is related to the
variance of 0,(k) — 0,(k), which can be written as:

4ng?

Var[0, (k) — 0,(k)] = kn—n T 0[% T —1 k)z}

under H,. Thus, we define

VO (k) = (4n82) " k(n — 0)[0, (k) — 0,(0) T, 3)

where 67, is an estimator of ¢> = Var{E[h(X,, X,)|X,]} which is defined by:

o = {Z B (X)) = 0,0 + 3 [hia(X;) — éz(k)]z}
j=1

j=k+1
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6 Pan and Chen

for each k, where for j =1, ..., k:

1
Y X, X), itk=2,....n
ha(X)) = k=157 4)

0, ifk=1

and for j=k+1,...,n,

1
_— Z hX;, X)), ifk=1,...,n=2
th(Xj) ={n—k-1 k<i<n, i#j ! . (5)
0, ifk=n—1andn

The following proposition indicates that 67, is a consistent estimator of o> under
the null hypothesis H,, and still has some nice properties under the alternative
hypothesis H,. If h(t) = Eh(X,, t), then ¢*> = Var[h(X,)].

Proposition 3.1. (1) Assume that Eh*(X,, X,) < oo, 6> > 0 and Eh*(X,) < oco. Then
we have, under the null hypothesis H,, as n — oo:

max |63 — 0’| = 0,(1).

1<k<n

_(2) Let o} =Varlh(X,)] and 0% = Varlhy(X.,,)] with h\(f) = Eh(X,, 1) and
h,(t) = Eh(X,,,, t). Assume that there exists a change point at T = [nA] with 0 < A < 1.
Then, as n — oo:

&/%1 — /laf + (1 —-Doy= 0(2)

in probability uniformly for all k such that |k — | < n(logn)~..

We now take the main idea for the modified information criterion in Chen et al.
(2006) into consideration, we finally define the test statistic as:

<k<n

2k \?
U = max {V,f”(k) - (—) logn}.
1 n—1

When the alternative model is favored, the location of the change point can be
estimated as follows. Let

2k ?
UV (k) = vV (k) — (— — 1) logn
n

and define 7 as the value of k such that:
UD(3) = max UL (k). ©)
Compared to the parametric inference in Chen et al. (2006), the role of V(U (k) is

similar to that of £,(8,,, 0. k) — £,(0, 0, n), and the role of UY is similar to that
of §,, accordingly.
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U-Statistic Change Point Problems 7

One significant advantage of using the MIC is its simpler large sample behavior
(see Chen et al., 2006). The key difference between MIC and other information
criteria such as Akaike Information Criterion (AIC; Akaike, 1973) and Bayesian
information criterion (BIC; Schwarz, 1978) is that the test statistic based on the MIC
has a simple chi-square limiting distribution. This is particularly appealing when
designing a test with correct asymptotic significance level. At the same time, the
MIC based procedures have higher or comparable powers to many other methods
(see Chen et al., 2006). The hypothetical change point is forced to the middle of the
sequence by the MIC which does not really matter when 0, is the same as 0, (under
H,). Ideally, the estimated location of the change point is close to the true value,
rather than being pushed to the middle of the sequence under the alternative model.

Theorem 3.1.
(1) Assume that the null hypothesis H, is true, and E|h(X,, X,)|* < oo and ¢* > 0 are
satisfied. Then, as n — oo:

U = 1

in distribution.
(2) Assume that the alternative hypothesis H, is true and the change point T = [nl] with
A€ (0,1). Then:

UV — oo
in probability.

From Theorem 3.1, we conclude that the method based on test statistic U,fl)
is consistent in the sense that we will choose the model with a change point with
probability approaching 1 when there exists indeed one change point at 7 such that
t/n— 2€(0,1).

The proofs of Proposition 3.1 and Theorem 3.1 will be presented in Appendix.

3.2. Anti-Symmetric Kernel Case

For any anti-symmetric kernel 4, it is obvious that EA(X;, X,,,) = 0 under the null
hypothesis. We assume that:

n=Eh(X, X,,) #0 (7
under the alternative H,, and
En*(X;,X;) < oo foralli<j )
and
o> = Var{h(X,,,)} > 0, ©)
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8 Pan and Chen

where h(f) = Eh(t, X,) is the projection. Condition (8) implies that o < co. We will
rely on the following generalized U-statistic for the kernel h(x,y) to detect the
change in the sequence X,, ..., X,. Let

Zy= ) Y h(X.X;), forl<k<n-1I,

1<i<k k<j<n

and Z, =0 if k=n. Since EZ, =0 under the null hypothesis H, and EZ, = k(n — k)
u # 0 if k is the true change point, it is natural to examine the size of Z,. We will
have evidence to reject the null hypothesis H,, in favor of the alternative hypothesis
H, if |Z,| is significantly large for some k. Also, we will assign a proper weight for
each k when considering the size of Z,. Obviously, it is reasonable to assume that
the weight is inversely proportional to the approximate standard deviation of Z,
under the null hypothesis H,. Notice that:

Var(Z,) = EZ} = nk(n — k)o* + O[k(n — k)]

under H,. Similarly, we adopt the idea of MIC in Chen et al. (2006). Denote

o= U 0OF + 3 )P

=1 j=k+1
where hy, (X;) and hy,(X;) are defined in (4) and (5), and

Z

VOU) = ok
() o5nk(n — k)

2k 1\’
U (k) = VP (k) — <—1> log n,
—

then we define

U® = max U (k)
1<k<n
as the test statistic. o
As in symmetric kernel case, V? (k) plays a similar role to £€,(0,;, 0, k) —

Z, (@), 0, n), and the role of U is similar to S, compared to the parametric inference
in Chen et al. (2006).

Proposition 3.2. (1) Assume that (7)—(9) hold and Eh*(X,) < oo, then we have under
the null hypothesis H, as n — oo,

max I&,fz — O'2| =o0,(1).

1<k<n

_(2) Let o} =Varlh(X,)] and 0% = Varlhy(X.,,)] with h\(f) = Eh(X,, 1) and
hy(t) = Eh(X,,,, t). Under the alternative H, there exists a change point at T = [n/]
with 0 < 4 < 1, then we have as n — oo:

~2 ) 2 2 2
0, = o7+ (1 — A)o; =0y

in probability uniformly for all k such that |k — t| < n(logn)~".
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U-Statistic Change Point Problems 9

If the null hypothesis H, is rejected, we define 7, the estimator of change point
7, as the value of k such that:

U?@3) = max U@ (k). (10)

Theorem 3.2.
(1) Assume that (7)—(9) hold, and:

E|h(Xy, X,)[* < o0
and
E{R*(X,)loglog[|h(X,)| + 1]} < oo.
Then, we have, as n — oo:
U = 1

in distribution under the null hypothesis H,,.
(2) If there is a change at t such that = — 4 € (0, 1), as n — oo, then

U® -
in probability.

Theorem 3.2 implies that the test based on statistic U is consistent. We will
also prove Proposition 3.2 and Theorem 3.2 in Appendix.

3.3. Examples of Kernel Functions

It is certain that the choice of the kernels in the proposed method plays a crucial
role. We now take a moment to examine possibilities to detect changes in some
aspects of underlying distribution by choosing a specific kernel 4(x, y).

e Symmetric Kernels:

1. Let h(x,y) = x + y. It follows that 0 = 2EX and ¢ = Var(X). This kernel
can be used to detect the change in the mean.

2. To detect a change in variance, we could choose A(x,y) = (x —y)%
It follows that 0=2Var(X) and o> = E(X — EX)* — (Var(X))>. The
statistic V(' (k) is essentially the difference between two sample variances.

3. Gini’s mean difference: Let h(x,y) = |x —y|, then 0 = E|X, — X,| and
o> = ER*(X,) — 0* with h(r) = E|X, — t]. This kernel can be used to detect
the change in the average difference. It might be a more robust procedure
in determining the change in scale than using the kernel (x — y).

e Anti-symmetric Kernels:

1. To detect a change in mean, define h(x,y) =x—y. It follows that
= EX, — EX_, and ¢ = Var(X,). The V? (k) is essentially constructed



442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490

10 Pan and Chen

by the difference between two sample means based on the first &
observations and the last n — k observations.

2. Let h(x,y) = sgn(x — y). It follows that u = P(X;, > X.,,) — P(X; < X.,)
and ¢% = 4Var(F(X,)) = 1. Hence, it can used to detect the change in the
probability whether the random variables have the tendency to increase or
decrease.

3. Let h(x,y)=x"—y", where m is any an integer. It follows that
p= EX{" — EX", and ¢ = Var(X]"). We can use this kernel to detect the
change in the mth moment.

We do not have a single rule that fits all situations in general to select a
kernel function in applications. The problem of choosing an appropriate kernel for
detecting changes in moment is simple. If the robustness is of concern, h(x,y) =
sgn(x — y) can be a good choice for location change. We may let h(x, y) = sgn(x —
y)min{|x — y|, M} with a large constant M to better compromise between the
efficiency and robustness. In general, the applicant must choose a kernel function in
conjunction with his or her scientific objection.

In the following simulation study, we choose h(x,y) = x —y and x*> —y? to
detect the change in the mean or change in the second moment, respectively.

4. Simulation Study

In this section, we use simulation to investigate finite sample properties and assess
the performance of the U-statistic based MIC method. Firstly, we conduct a
simulation to compare the estimators of change point and then the powers of this
method to others, such as the likelihood based MIC, BIC, and the (unmodified)
U-statistic methods.

Both simulation experiments were done by generating data from following five
models:

Model 1: Normal model with a change 0.5 in the mean;

Model 2: Normal model with a change of factor 2 in the variance;

Model 3: Exponential model with a change of factor +/2 in the mean;
Model 4: Normal model with a change 0.5 in the mean, and a change of
factor 2 in the variance;

e Model 5: Gamma model with a change +/2 — 1 in the mean, and a change of
factor 2 in the variance.

These models are denoted as M1-M5 in Tables 1-4. The sample sizes are
chosen to be n = 60, n = 100, and n = 200. Under the alternative hypothesis, the
change points are placed at 10%n, 15%n, 20%n, 25%n, and 50%n in the sequence,
respectively. As discussed in Sec. 3.3, we choose the kernel function h(x,y) = x —y
for the first, third, and fifth models, and h(x, y) = x* — y? for the second and fourth
models. Both A(x,y) = x —y and h(x,y) = x> — y> seem appropriate for Model 5
if the shape parameter of the model is fixed. Because > X, is a complete sufficient
statistic in this case, the choice of i(x, y) = x — y is most efficient. This is confirmed
by our unreported simulation that the choice of A(x, y) = x> — y* is less efficient.

The nominal levels o are chosen to be 0.05 and 0.10. The simulation is repeated
5,000 times for each combination of the sample size, location of change, nominal
level, and model.

T1-
T4
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Table 1
The comparison of P(|2 — 1| < nd) for T = 50%n in U-statistic based MIC and others by
using h(x,y) = x —y in Models 1, 3, and 5, h(x, y) = x> — y* in Models 2 and 4

n = 60 n=100 n =200

o 0.0 015 020 025 030 010 015 020 025 030 010 015 020 025 0.30

Ml MIC 621 738 815 8.8 908 701 808 875 915 943 815 902 948 97.0 985
BIC 450 543 615 678 733 562 658 725 774 816 741 827 819 910 935

Upyc 607 727 807 861 906 688 797 863 91.1 940 817 8.7 938 965 979

U 454 552 623 685 749 560 658 722 782 827 745 82.6 872 903 927

M2 MIC 578 697 787 848 887 675 786 854 900 932 799 8.6 93.1 956 973
BIC 39.6  49.1 573 636 693 530 631 697 751 797 714 798 848 884 910

Uyc 550 667 755 81.7 863 622 727 798 843 883 724 8l.6 869 90.1 927

U 412 512 600 67.0 740 496 594 663 717 775 640 728 785 826 863

M3 MIC 500 634 73.1 803 858 559 686 777 840 886 682 793 8.4 90.8 936
BIC 288 381 454 524 597 353 441 520 589 648 510 605 674 724 769

Uyc 491 629 723 794 86.1 561 681 765 822 869 664 771 842 886 91.7

U 304 406 488 566 654 378 469 549 609 679 507 601 671 725 771

M4 MIC 534 635 703 756 794 689 779 834 8.9 8.1 872 932 953 968 977
BIC 400 476 536 584 628 579 658 710 745 773 819 881 903 922 936

Uy 587 701 775 835 882 664 763 819 863 900 784 854 893 920 940

U 468 570 645 71,6 784 563 656 71.6 770 81.8 723 79.7 840 870 89.6

M5 MIC 586 707 80.0 8.2 903 686 79.7 8.7 91.1 940 81.3 893 935 962 976
BIC 422 516 600 667 726 541 637 709 758 80.0 735 814 860 899 920

Upyc 582 702 786 851 892 661 769 842 893 925 795 871 926 950 968

U 437 535 618 689 749 537 631 702 764 812 717 79.1 848 879  90.5
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~ Table 2
The comparison of P(|T — 1| < nd) for © = 25%n in U-statistic based MIC and others by
using &(x,y) = x — y in Models 1, 3, and 5, h(x, y) = x> — y* in Models 2 and 4
n =060 n =100 n =200

0 0.10 0.15 0.20 0.25 0.30 0.10 0.15 0.20 0.25 0.30 0.10 0.15 0.20 0.25 0.30

M1 MIC 46.1 57.2 66.3 73.2 78.7 56.9 68.2 75.2 80.8 85.1 73.2 81.0 85.9 89.9 92.3
BIC 44.5 55.7 66.1 72.0 74.3 55.1 65.9 73.7 80.1 81.6 72.8 80.7 86.0 90.1 91.3

Uyic 44.3 55.0 64.5 70.8 76.9 56.0 66.7 74.8 80.4 84.7 72.7 81.3 87.2 91.2 93.7

U 44.8 56.4 68.6 71.1 73.9 559 66.3 74.6 79.8 81.6 72.9 81.5 87.0 91.1 92.2

M2 MIC 42.3 51.9 61.3 69.1 75.1 54.2 63.9 71.5 78.4 82.5 714 79.1 84.5 88.5 91.3
BIC 40.8 514 62.3 69.6 72.0 51.9 61.4 70.6 78.6 80.3 70.3 78.3 83.8 88.5 89.6

Uyic 48.9 61.3 75.5 79.9 84.3 56.0 67.4 78.7 86.6 89.6 70.4 79.7 87.2 94.5 96.0

U 48.6 62.3 79.5 81.3 83.4 54.9 67.1 79.9 88.7 89.8 66.5 77.2 85.6 95.2 95.7

M3 MIC 32.6 43.2 53.5 63.0 694 38.6 49.3 58.5 674 74.2 51.8 62.3 70.1 76.8 81.8
BIC 314 42.3 54.6 62.1 64.5 36.5 46.8 56.9 67.1 69.2 49.1 59.0 66.6 76.6 78.4

Uviic 36.0 48.2 61.6 68.3 74.6 41.5 53.3 64.3 74.0 79.8 54.0 65.3 74.5 84.0 88.4

U 36.2 49.5 66.2 68.9 71.4 40.4 52.8 65.3 75.5 71.5 51.7 63.2 73.3 85.2 86.5

M4 MIC 45.9 54.8 63.4 72.9 76.0 60.3 68.0 73.8 82.3 85.1 81.9 88.3 91.6 94.6 95.7
BIC 40.0 49.6 59.0 71.0 72.5 55.1 62.6 69.2 80.4 81.8 79.4 85.3 88.9 93.7 94.3

Uyic 554 674 81.0 85.0 88.3 62.7 74.3 84.0 91.8 94.0 77.5 86.1 92.2 97.8 98.7

U 54.6 68.5 84.8 86.5 88.0 60.8 72.9 83.9 93.0 93.9 74.6 83.7 90.7 98.1 98.5

M5 MIC 43.7 54.5 63.7 70.9 76.8 534 63.7 72.1 78.6 834 71.9 80.4 85.7 89.6 92.3
BIC 427 52.9 63.9 70.6 72.8 51.9 62.0 71.0 78.2 80.4 70.6 79.5 84.9 89.5 90.9

Uyic 46.7 58.9 71.1 76.0 80.8 56.1 67.3 76.6 83.4 87.5 72.4 82.1 87.9 93.2 94.9

U 46.2 58.9 74.4 76.7 78.9 54.4 65.9 77.1 84.6 86.1 69.8 80.0 86.6 93.5 94.3
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Table 3
The comparison of P(|2 — 1| < nd) for T = 15%n in U-statistic based MIC and others by
using h(x,y) = x —y in Models 1, 3, and 5, h(x, y) = x> — y* in Models 2 and 4

n = 60 n=100 n =200

o 0.0 015 020 025 030 010 015 020 025 030 010 015 020 025 0.30

M1 MIC 313 381 439 504 573 413 489 541 597 654 591 667 712 754 798
BIC 468 550 584 61.1 637 535 642 671 692 712 698 790 814 83.1 847

Uy 348 403 463 526 600 41.6 483 544 596 649 590 660 707 756  79.8

U 525 564 598 630 659 547 635 670 696 71,6 699 788 812 834 847

M2 MIC 31.7 385 441 500 563 396 472 525 578 638 560 633 684 732 717
BIC 453 551 580 607 628 535 660 684 705 720 671 782 80.1 81.7 829

Uyc 500 543 586 632 682 532 643 679 713 757 664 800 826 850 874

U 643 677 704 728 746 630 767 786 80.0 8.6 714 879 89  90.0 908

M3 MIC 223 284 345 412 489 262 33,6 395 457 526 377 460 512 570 63.1
BIC 370 463 497 526 551 392 526 554 581 603 505 651 673 693 711

Uyc 344 389 443 501 567 376 466 517 571 629 453 569 613 657  70.6

U 50.1 537 570 60.1 626 497 621 649 672 690 550 716 737 757 773

M4 MIC 391 513 551 589 627 482 611 645 679 710 708 79.6 82.7 851 873
BIC 447 595 615 634 649 520 688 703 71.6 727 740 853 867 87.6 832

Uy 581 615 653 692 732 613 729 755 786 81.5 748 881 899 914 929

U 69.7 723 746 764 782 69.1 828 840 853 8.3 782 934 942 948 952

M5 MIC 318 382 439 500 570 400 468 529 580 641 569 647 695 740 779
BIC 460 548 576 602 629 525 633 666 688 709 679 782 804  82.1 832

Uy 436 485 535 590 650 484 569 613 663 713 634 738 774 803  83.8

U 584 620 650 678 70.1 595 706 732 756 774 708 849 867 878 89.0
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Table 4
The powers comparison between U-statistic based MIC and others for o = 0.05 by
using &(x,y) = x — y in Models 1, 3, and 5, h(x, y) = x*> — y* in Models 2 and 4

n =60 n =100 n =200

k 6 9 12 15 30 10 15 20 25 50 20 30 40 50 100

Ml MIC 10.3 14.6 198 246 378 145 222 306 384 552 274 444 578 69.8 87.1
BIC 11.2 159 187 223 306 182 250 319 369 489 323 46.0 557  66.1 79.4

Uyic 9.7 14.3 194 235 345 145 230  30.1 387 555 279 447 595 69.1 88.0

U 10.5 15.1 19.1 21.7 285 164 233 296 351 462 320 463 574 646 8l.1

M2 MIC 103 14.8 199 222 318 16,0 239 299 378 51.7 30.0 451 575 674 846
BIC 11.7 15.9 198 206 250 173 246 283 346 419 335 464 563 636 756

Uvic 186 229 262 266 223 28.0 341 37.5 421  40.5 449 557 633 679 755

U 212 242 268  26.6 182 294 348 358 388 282 467 555 604 629 578

M3  MIC 7.1 9.0 10.7 13.1 184 9.1 12.7 160 198 296 148 228 314 373 559
BIC 7.7 9.1 10.5 122 144 103 13.0 160 181 234 162 237 300 334 439

Uyiic 12.9 14.7 15.9 17.1 16.5 15.5 183 212 231 238 230 29.1 359 398  48.0

U 150 156 16.7 17.5 13.8 16.9 198 216 216 175 257 305 353 359 358

M4  MIC 102 13.1 154 199 250 179 257 345 40.1 549  36.5 54.1 680 783 914
BIC 9.7 11.7 13.0 16.1 170 162 224 278 319 388 349 496 613 706 81.6

Uyiic 247 296 330 368 31.0 352 439 484 518 512 556 682 763 824 888

U 267 310 329 354 241 378 457 476 488 383 588 689 752  79.1 77.6

M5  MIC 9.9 157 206 246 347 145 223 299 359 530 286 455 580 694 853
BIC 122 176 212 243  31.7 173 245 315 365 463 336 465 568 659 79.0

Uyic 16.8 214 258 267 31.8 225 287 353 395 477 383 531 62.1 70.7  84.1

U 18,6 229 267 259 259 254 31.1 356 373 389 412 534 598 664  73.1
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The corresponding results for the U-statistic based MIC, U-statistic, likelihood-
based MIC and BIC methods in percentages are placed in the columns of U, U,
MIC, and BIC in Tables 1-4.

4.1. Comparison of Estimator of Change Point

The modified information criterion is expected to have better efficiency at estimating
the change point 7 than other methods if it is close to the middle of the sequence.
It is important to investigation its efficiency when 7 is at the beginning or end of the
sequence.

We calculated the corresponding proportions of |7 — | < nrd in 5,000 repetitions
for a number of choices of 9, denoted as ﬁ(l% — 1| < nd). We present the results for
0 = 50%, 25%, and 15% in Tables 1-3. We use 7y, , Tyc, Tgc, and 7, for estimators
based on modified U, MIC, BIC, and unmodified U methods, respectively. From
these results, we conclude that:

1. The probability P{|T — 1| < nd} increases as n increases in all cases;
2. when 7 = 50%n, we have in all models

P{lt,, — 1| <nd} and P{[tyc — 1| < nd)

> P{|tge — 1l <nd} and P{|%, — 1| < nd}. (11)

That is, the modified U and the MIC are more efficient estimators compared to
the unmodified U and the BIC in almost all cases.

3. When © =25%n, Eq. (11) is true, or there is no difference among the four
methods in model 1. That is, the modified U and the MIC are more efficient or
comparable estimators to other two methods in Model 1. However, in Models
2-5, we find:

P{lty, — 1| < nd} ~ P{|t, — 1| < nd}

= ,ﬁ{l%MIC — 1| <né} = ,ﬁ“%zzlc — 1| < né}. (12)

That is, the modified and unmodified U estimators are more efficient.
4. When 7 = 15%n, the outcomes are mixed. The unmodified U seems to out
perform, and the modified U is comparable to other methods in Models 2-5.

4.2. Power Comparison

Under the same simulation setup described above, the powers are calculated for
each method. However, we only present the results for nominal level 0.05 in Table 4.

The results in Table 4 provide some additional information on the methods
considered. First, all methods seem to be consistent, and their powers increase
significantly as the sample size increases. Second, all methods have better powers
in detecting the change when the change point is located around the middle of
the sequence. Third, the performance comparison between the U-statistic based
MIC and the likelihood based MIC is not always in favor of the likelihood based
MIC (see Models 4 and 5 in Table 1) even though it is often so as expected. In
detail, the U-statistic based MIC has better powers compared to the likelihood
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16 Pan and Chen

based MIC when the change appears early or late in the sequence. When the
change is located in the middle of the sequence, the likelihood based MIC has
marginally better or comparable powers. Finally, the U-statistic based MIC has
comparable powers for change appearing early or late, and has significant better
powers for change appearing around the middle compared to U-statistic. It is
similar when comparing the likelihood-based MIC to BIC method. This is expected
because the main difference between the MIC and other traditional information
criteria is the preference of the MIC for the model with change located in the
middle of the sequence. We also notice that the U-statistics based MIC method has
consistently better powers compared to BIC method in all cases in Models 3, 4, and
5 and most of the cases in Models 1 and 2.

We conclude that the U-statistic based MIC method is comparable to or
sometimes better than the likelihood-based MIC and U-statistic methods when some
suitable kernels are identified, and better than the BIC method in most of the cases.
Hence, we suggest using the U-statistic based MIC rather than the likelihood-based
MIC, the BIC, and the (unmodified) U-statistic methods when we do not have
sufficient knowledge about the physical background of the sample.

Appendix: Proofs of the Main Results
A.1 Existing Results

One commonly used approach in large sample theory is to link the statistic under
investigation to a summation of independent random variables. In the literature of
U-statistics, it is known as the projection method.

Let & be a symmetric kernel function of order 2 (the general result is
also true) and X,,..., X, be an iid sample. Assume that E[h(X,, X,)]* < oo and
Eh(X,, X,) =0. Define

Tn: Z h(Xi’Xj)

I<i<j<n
and the projection of i(X,, X,) in the o-algebra of X, as:
il(Xl) = E[h(XU Xz) |X1]

Let

Po= Y [h(X) +h(X)] = (1 = 1) Y h(X)).
i=1

I<i<j<n

Note that P, is a summation of independent random variables, which is regarded as
a projection of 7,.
It turns out that the difference between P, and T, is not large compared to

the values of P, or T, as n — oco. More precisely, we have the following theorem
by Hall (1979).

Lemma A.1. With the notation and assumptions stated in the Appendix, we have:

max |T, — P| = O,(n).

1<k<n
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Based on this result, it becomes possible for us to study the property of
the U-statistics through that of sum of independent random variables. The next
result from Gombay and Horvéth (1995) further approximates a U-statistic based
stochastic process with a well-known Brownian bridge.

For each given k, let @1 (k) and @z(k) be defined as in (2). Define, as in Gombay
and Horvith (1995), for -2 <1 < “=2:

n+1 n+
a2 . .
Q,(1) = 5 —1(1 = D10, ([(n + De]) = 0,([(n + DD}, (13)

and Q,(f) = 0, otherwise. We have the following result from Gombay and Horvath
(1995).

Lemma A.2. Assume that E|h(X,, X,)|" < oo for some v > 2 and o> = Var[h(X)] > 0.
Then there exists a sequence of Brownian bridges {B,(t),0 <t < 1} such that:

e e
forall0 <d <4 -1
Obviously, we have
Sup. 0,(1) = B,(0] = 0,(n™) (14)
and
wp 1O =BOL_ ) s

Lt BTEnEE

where 0 < ¢; < ¢, <1 are two constants. The results enable us to assess the order
of V(V(k) defined in (3) conveniently with the help of the next result which is from
Csorgo and Révész (1981).

Lemma A.3. Let €, be a decreasing sequence of numbers such that €, — 0. Then, for
all real y:

, B(1) ( l—¢ )} _
lim P{ sup ——=— <aly,2lo z = exp(—e™),
n—oo { e,,<t<P—E,l \/ t(l — t) - Y £ €, p( )

: |B(1)| ( — € y
lim P{ sup ———— <a|y,2log = exp(—2e7),
n—>00 { e, <t<l—€, 4/ l(l — l) €, ( )

where {B(t),0 <t < 1} is a sequence of Brownian bridges, and

1 1
a(y, T) = <y +2logT + EloglogT -3 logn>(2log )12
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By taking €, = ﬁ we will be able to show that:

wp B0

tent JH(1 — 1)

This with the following classical result from Darling and Erdés (1956) are very
handy in our future proof.

= 0,[(loglogn)'?]. (16)

Lemma A4. Let X,,...,X, be independent random variables with mean 0 and
variance 1, and a uniformly bounded third absolute moment. Put R, = Y_i_, X, and let

R
U, = max —.

1<k<n

§|

Then:

lim P{U, < b(y,logn)} = exp(—e™/271'/?),

n—oo

for any —oo < y < oo, where

loglog T y

b(y, T) = (21 172 )
1) =Qlog "+ 35 a2 ¥ Glog 12

By taking y = loglogn, we have:

R, _ 1/2
max — = 0,[(loglogn)'’] (17)

which will be used to prove the consistency of 67,.

In the following lemmas, we assume that 4 is an anti-symmetric kernel.
Theorem 3.2 can be proved with the help of the following Lemmas A.5-A.7 from
Csorgo and Horvath (1997). Lemma A.5 implies that the penalty is a prominent term
in U® if the null model is true, which is the key to prove the limiting distribution
of test statistic.

Lemma A.5. Under the null hypothesis H,, assume that (8) and (9) hold, and
E{l*(X,)loglog[|h(X,)| + 1]} < eo,

then we have:

Z
lim P{A(log n) max ,

Isk<n g /nk(n —k+1)

<y+ D(log n)} =exp(—e™)

and

Z
lim P{A(log n) max 1l

Isk<n g /nk(n —k + 1)

<y+ D(log n)} =exp(—2e™)
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for all real y, where

A(x) =+/2logx

and
1 1
D(x) =2logx + Eloglogx -3 log .

By taking y = logloglogn, Lemma A.5 implies that:

Z
max 1zl 0,[(loglogn)"/]. (18)

1<k<n-1 /I’lk(l’l _ k)

Lemma A.6. Under the conditions of Lemma A.S, there exists a sequence of Brownian
bridges {B,(t),0 < t < 1} such that:

Z[(n+l 1]

on’/? —B.(0)

sup
O<t<l1

=o0,(1).

Lemma A.7. Assume that (7)—(8) hold, then we have under the alternative hypothesis
H, there exists one change point at T = [nl],

1 \
2.~ i1 = A

in probability.

A.2 The Consistency of 63, and 67,

In this subsection, we present the proofs for the consistency of &7, and &3,
(Propositions 3.1 and 3.2) with the help of Lemmas in Sec. A.1.

The Proof of Proposition 3.1.

Part 1. To show that

max |67, — ¢*| =0 (1) (19)

1<k<n
under the null hypothesis H,. Let
k R n R
I (k) = Z[hkl(xj) - Ql(k)]z» L(k) = Z [th(Xj) - 92(k)]2,
Jj=1 j=k+1

then, Ukl = 211 (k) + L(k)].
It is obv1ous that

max |67, — o°| = 0,(1 20
Xl

2<k<n-2
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implies (19). We now prove (20) by considering k <. /n(logn)~! and
k > /n(logn)~', separately. Note that:

k 1 2 R
W =xf 5 T o) o) - -0

Jj=1 k- L<isk,ij

By Kolmogorov Maximal Inequality, we have:

k
YIh(x,

i=1

max

k= /n(logn)~! = 0,[n"*(logn)™""?]. 2n

Also, it is obvious that k[@, (k) — 0, is 0,(1) if k is finite. Hence, we assume that k
is large enough, then we have by Lemma A.1 and Eq. (21):

ma k[0, (k) — 0,T*
ksﬁ(logn)fl{ [0,(k) — 0,]°}

<  max
 k=ynllogn) ! (k —1)3

{ = mocx) - 911}2

1<i<j<k

{6= D 20ix) ~ 01+ 0,1 togm 1

< =

o kS\/l%}l?)?n)’l (k — 1)3
k 2

=2C max [A(X;) — + 0 [n(logn)™

k<ﬁ(logn)l{§ (X) — 0, } ,[n(logn)™]

= 0,[n(logn)~*]. (22)

For j =1, ..., k, denote that

ij = _1 Z {[h(Xn Xj) - 01] - [il(XJ) - 01]}~

I<i<k,i#j

Then from (22), we have uniformly for k < /n(logn)~!:

> {ij + [h(X) — 91]}2 ko

j=1

|11 (k) — ko®| < +0,[n(logn)~]

k

< | Y {lAX;) — 0, — o

j=1

+Z

12 + 0,[n(logn)~’]

k
> Wlh(X,) - 0]
=1

<2Z 2 1+ 0,[n(logn) 2], (23)
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the last equality is due to, for k < /n(logn)~",

k k k

2| Wlh(X) = 0,1 < > Wi+ Y [h(X;) -0,

j=1 j=1 j=1

=> Wﬁ( + 0,[/n(log n)~'.

j=1

We now claim that:

k
w2 = 0 [n(l -1y y
ks\/rﬁr}%?n)—n 2 Wi p[n(logn)~] (24)

j=1
Since {h(X;, X;),i=1,...,k,i+# j} are conditionally independent given X, and
EW;}( < oo, we have by Kolmogorov inequality:

Y. Y P{Wi > n(klogn)™'}

Jallogm)™' k
}<
k=1 j=1

k

P max W2 > n(logn)~"

{k<~/ﬁ(10gn)]§ Jk ( g )
Jn(logn)~!

< Cllogn)’/n* Y k= C(logn)™ — 0.

k=1

Hence, (24) follows. Equations (23) and (24) imply that:

max  |I,(k) — ko*| = 0,[n(log n)~'. (25)
k<y/n(logn)~!

For k > \/n(logn)~!, we have by the Extension of the Kolmogorov Maximal
Inequality for the reverse martingale (see Sen and Singer, 1993),

W.|=o0[n"*1 , 26
k) Jg}g:n)_,l il = O0,[n~""logn] (26)

uniformly for j, and by (17) in Lemma A.4:

= 0,[(loglogn)'/]. (27)

1| & -
max ——= h(X;) =0
k> ynlogn) ! Nk ,;[ =0l

Hence, by Lemma A.1 and (27):

A~ C ko 2
max k[0, (k) — 0,]*} < max —{k hX;)—0,]+0 n}
Lm0 0P = max 6K 01+ 0,

1 & - ?

<c, max |2l -0}
+0,(m)[Viilogn) ]

= 0,[n'*(logn)’]. (28)
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Similar to the discussion in (23), by using (28), we have for k > /n(logn)™':

SHW, + [(X)) — 0,1} —ko®

J=1

|1,(k) = ko?| < 0,[n'"*(logn)’]

k

YAh(X) = 0,F ~ 0%

j=1

k
+Y Wi

i=1

+ 2J ij ij [A(X;) — 0,12 + O,[n'*(log n)*]. (29)
j=1 j=1

(26) implies that

max n'?(logn 30
_max IZ (log )] (30)
It is obvious that
k ~
max Z[h(Xj) - 91]2 = 0,(n). (31

k>/n(logn)~! =1
Thus, (29)—(31) and Kolmogorov Maximal Inequality indicate that:

max |I,(k) — ke’| = O,[n*"*(logn)]. (32)
k>/n(logn)~!

Hence, we have from (25) and (32):
_ 2 — -1
,max _|I(k) — ko”| = Oy[n(logn)™"].
Similarly,
_ _ 2 -1
,max _|L(k) — (n —k)o*| = O,[n(logn)~"].
Thus, we complete the proof of Part 1 because
1 2 1 2
,max, 64 — 0’| < —omax [ (k) —ko| + - max [L(k) — (n —k)o7| = o,(1).

Part 2. The proof,

61, — Aot + (1 =)ol =g,

uniformly for all k such that |k — 7| < n(logn)~!, is similar to the proof in the first
part. We only need note that in the current case:

1 1
;Il (k) = Ao} +0,(1) and le(k) =(1—- 2103+ 0,(1)

uniformly for k such that |k — 1| < n(logn)~".
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The proof of Proposition 3.2 is almost the same, hence we will not repeat the
proof here.

A.3 The Null Limiting Distributions of Test Statistics

Now we are ready to prove Theorems 3.1 and 3.2.

The Proof of Theorem 3.1. The proof is divided into several small steps. We proceed
as follows.

Part 1. To show that UV — 7 in distribution under the null hypothesis H,,.
Step 1. First we show that
max V{"(k) = 0,(loglogn)

1<k<n-1

where V(V(k) is defined by (3).
By the definition of Q,(¢) in (13) and Proposition 3.1, for some constant C:

max V" (k) = max { ! k(l—5)[91(@—@)z(k)]z}[1+op(1)]

1<k<n-1 1<k<n—1 | 402 n

[2.()F

<C sup —————
- 1§t§¥)71 t(l—[)

0,() —B,(n7’ B() T
=C, 5 [ N ]+C;§2?;L/t(1—r)}

= O,(loglogn),

1 1
astsl—g

where we have utilized the results (15) and (16) in Lemmas A.2 and A.3.

Step 2. To show that 7/n — % in probability, where 7 is defined by (6). For
any € > 0, define

A = {k: |2k — n| < ne}. (33)
It is seen that:
2 1) M
Pl € &) = P{U(n/2) = max U"(b))
2 @ —_yM
> P{4e logn > I%?AX V. (k) -V, (n/2)] —1

since maxy, VY (k) — V¥ (n/2) = 0,(loglog n).

Step 3. To derive an upper bound on the size of U{". Since 7/n — 1, we have
by noting the relationship of Q,(7) and VD (k):

(1) M
Uy” = max V.2 (k) + 0, (1)

[0,()F
= e 11=0)

+0,(1)
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sup [Q,(D] +0,(1)

li—11<e

4
<
T 1 —4e?

4
=——— sup [B,(0]+o0,(1),
- |t—l/21|)§e[ ()] (1)

where the last equality comes from (14) in Lemma A.2.

Since the sample path function of Brownian bridges {B,(¢),0 <7 <1} is
continuous in ¢ with probability 1 and 2B,(1/2) ~ N(0, 1), we have shown that U{)
is bounded by a random quantity whose limiting distribution is chi-square with 1
degree of freedom because € can be taken arbitrarily small.

It is obvious that this upper bound is also a lower bound, since

U = v (n/2) = 4[0,(1/2)] + 0,(1)
= 4[B,(1/2)]* + 0,(1) = 1.

Hence, the result under the null model is proved.

Part 2: To show that U")) — oo in probability under H,.
When the alternative model is true such that 0, # 0, and © = [nd] with
2 € (0, 1), we have:

UV > vi(r) — (24 —1)*logn
= w[él (2) = O,()[1 + 0,(1)] — (24— 1)* log .
0y

By Lemma A.1, we have:

T

010) — 0 = 2 0 (X) ~ 011+ 0,(7") = 0,(1)

i=1

and
N 2l .
O0,(v) — 0, = P Y (X)) = 0,14 0,(n™") = 0,(1).
i=1+1
Hence,
@1(7) - 92('5) =0, —0,+0,(1).
Consequently,

Lol =)
U = Ry a—

0

0, — 0, + 0,(n) — oo.

Thus we complete the proof.

The Proof of Theorem 3.2. (1) To show that %—> 1 in probability, where % is
defined by (10).
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For any € > 0:

A ofn @)
P{reA}zP{Un (2>zr}3§&xUn (k)}

72 472
>P{max —% — — —2 < g’ logny,
kgA nk(n — k) n’

where A is defined in (33). Due to

Z 4Z§ logl
Tk 2 _
grie nk(n—k)y  n p(loglogn)
from (18), we have P{T € A} - 1 as n — oo.
(2) By Lemma A.6 and Proposition 3.2, we have, for any € > 0:

z:
@ I S +
U = rilean { a’nk(n — k) }[1 op(D]

o AL Jooo

ZZ
<4 sup 5;;1;’][1 +0,(1)]

\tf%\<e

=4 sup BX(1)[1+ o,(1)],

\tf%\<e

where {B,(t),0 <t < 1} is a sequence of Brownian Bridges, which have continuous
sample path functions in ¢ with probability one. Note that:

1
2Bn<—> ~ N(0, 1).
2
Hence, as n — oo:
1
U < 4B§<§> +o0,(1) = 1,

since € can be made arbitrarily small. On the other side, we have:

2

@ " 42’5’ 2 1 2
U”?=>=vol =)= +o0,(1) =4B 3 +o0,(1) = 1

2 on3

Hence, U® —7 2 as n — oo.

(3) When + — 1€ (0, 1), we have by Lemma A.7:

ZZ
UP > ————[l140,(1)] — 24— 1)*logn
nt(n — 1)o; r
(1= )p?
= (—2)'un +0,(n) —
9

in probability. Thus, we complete the proof of the theorem.
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