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Abstract

In survey sampling, ratio and regression estimadoesoften used to estimate the mean of a finifuladion. These
estimators make use of information on an auxilizasiable that is assumed to be available over tiieeepopulation.
Generally speaking, the higher the correlation betwthe response and this auxiliary variable, tbeerefficient the
ratio and regression estimators will be relativéht® simple random sample mean. However, theseesiimators are
quite sensitive to outliers. In the survey sanmpliontext, Chambers (1986) distinguishes betwepresentative and
non-representative outliers. The former type dlieuis defined as an observation with similar emuparts in the
non-sampled portion of the population, while thiéelais unique. Most research on outlier-robutgrahtives to the
ratio and regression estimators tends to focusepresentative outliers. In this paper, we compé@ea simulation
study the performance of a number of these altewwmunder the presence of representative and eumesentative
outliers, including those based on M-, GM-, andstegbsolute valué, estimators considered by Bassett and Saleh
(1994). We also extend MM-estimators (see Yoha87)9to the survey sampling context, and evaluatsr th
performance as well.

Keywords: M-Type Regression Estimators, Non-representatiudli€s, Representative Outliers, Super-population
Model, Winsorization.

1. Introduction

It is often the case in survey sampling that irteentres on the estimation of the unknown m¥amwnf a response
variable,Y, associated with a finite population. An obviamice of estimator is the mean, of a simple random

sample drawn without replacement from the poputaticHowever, such an estimator can be extremelialviar
depending upon the variability of the responsealde across the population. Alternatively, prodidieat information
on a positive auxiliary variabl¥ that is highly correlated witl is available for alN units in the populatiot) = {1,

.o Js -, N}, estimators with greater efficiency thayi can be considered that acknowledge the associbétmeen

the response and auxiliary variables.
Two such estimators are the so-called “ratio” &egdression” estimators. Both are based on drawihivariate
simple random sample ofof the §;, Y;) pairs { = 1, ...,N) that define the population. Since complete imfation is

available for the auxiliary variable, the populatimean and varianc&X and S>2( are known. Both the ratio and
regression estimators are based on the premiseroparing X to the mean of the auxiliary variable, over the
sample. Provided that there is a high degree ofetadion between the auxiliary and response vegbthis
comparison would lead to the consideration of aimnesor for Y that would be derived by adjusting the sample mean
of the response variablg upwards or downwards depending upon whetkewas larger or smaller thax.

Specifically, the ratio estimator fof is given bYY atio = Y(X /X). This is a good estimator fof when it can

be assumed that the survey population can be ndasldahe realization of a super-population (seeh@uor 1977)
where the response variable values in the populatie assumed to be realizations of the randonablasy;, j = 1,
..., N, according to

Y = %8 + V(X)e, )

whereV(X) = X;, and theg are i.i.d. random variables with mean zero andawaeos” that are assumed to follow a
distributionf. This is due to the fact that for a bivariate plax, y;) of sizen, the weighted least squares estimator for

Bis B=YIX.
Alternatively, the regression estimator is given iqeg =y +b(X - X), whereb is an estimator of the true slope
between the response and auxiliary variables. Kweif b is assumed constant, the value lfiathat minimizes the
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varianceV()?reg )is b* = p Sy / Sk , whereS; is the population standard deviation of the respovariable, and is
the correlation coefficient between the responsa aunxiliary variables over the entire populatioitherefore, the

regression estimator will be a good choice forneating Y when the response variable values in the populatie
assumed to be realizations¥yfaccording to

Yi=a+Xp+8, )
since for a bivariate samplg,(y;) of sizen, the least squares estimator fois ,[?= ,Z)sy /s, where p is an estimate
of p, ands, ands, are sample standard deviations. In other wortigrmmodel (2) above holdsA/,reg = 7+,[?()7 -X)

is optimal among those estimators of the foym b(X - X) .

Both the ratio and regression estimators are lglesgnsitive to outliers. In the survey samplingntext,
Chambers (1986) distinguishes between two typesoudfiers, which he refers to as representative and-
representative. Chambers (1986) defines a repagenoutlier as “... a sample element with a vatuat has been
correctly recorded and that cannot be regardechiggie”. Thus, in this case the non-sampled portibtine population
may contain units with similar values; however,stheinits possess values that differ significartyrf those of the
majority of the units in the population. By corsraChambers (1986) refers to non-representatitienas one that
“... is typically associated with a sample datum tisaeither incorrect (due, for example, to errarscoding) or is
unique to the particular population element invdive

Most research on outlier-robust alternatives ®rdtio and regression estimators are proposed tenfbcus on
representative outliers. In principle, a non-repreative outlier can be dealt with using survegireglif it is deemed
the result of an error, or, if it is unique, by igig it a weight of one in order to exclude it (&&ambers 1986 and Gwet
and Rivest 1992). Consequently, the case of npresentative outliers has not received much attenith the
literature. However, if an atypical observatiordétected in a sample, it will generally be difficior the practitioner,
if not impossible, to categorize it as represeméatir non-representative, since knowledge of tlsparse variable
distribution over the entire population will not beailable. It is therefore important to assess tiee classical and the
different outlier-robust estimators perform whemrth are both representative and non-representatitters in the
sample.

Early outlier-robust alternatives that have beewetbped for the standard-type estimators of aefipppulation
mean are based on winsorization (due to Charle®/iRsor; see Tukey 1962), which consists of repladarge
observations by either a pre-determined valuepertbat is determined according to the sample daia.a commonly
used technique to reduce the importance of outfimrshe location modeY; = 1 + g, whereyu is a constant. This
methodology has been investigated in the surveypbagncontext by Searls (1966), Ernst (1980), Ru(k991), and
Rivest (1993). Despite the fact that the winsatizample mean is a biased estimator of the firdfgufation mean,
Searls (1966) demonstrated that for skewed populstiit possesses a smaller mean square errorttieasimple
random sample mean.

Noting that both the ratio and regression estinsatan be derived from a regression super-populatiodel, an
intuitively clear strategy to obtain outlier-robugternatives to these estimators is to use rofaggession estimators.
Huber (1973) introduced M-estimators for linearremgion models. However, these estimators atesssiteptible to
the effect of high-leverage outliers. Generaliddstimators (GM) attempt to control the effect tofih-leverage
outliers on the regression estimators (see Hill71%fasker 1980, Krasker and Welsch 1982, and Haetpa. 1986).
In the survey sampling context, M- and GM-estimataere studied by Bassett and Saleh (1994), Chan{héB6),
Gwet and Rivest (1992), and Hulliger (1995), amotiters.

The breakdown point of an estimator is the largesportion of arbitrary observations that can bespnt in a
data set before the estimator is driven beyonbalhds (see, for example, Donoho and Huber 19B&jronnaet al
(1979) showed that GM-regression estimators hawebiieakdown point when high-leverage outliers maypbesent
in the sample.

In this paper, we propose to extend MM-regressgistimators (see Yohai 1987) to the survey samplongext.
In the infinite-population model, these estimatars able to simultaneously achieve high-breakdowintpand high
efficiency when no outliers are present. Our satiah results indicate that this property extendsthe finite
population case.

We report the results of a simulation study tlmhpared the performance of outlier-robust altewestio the ratio
and regression estimators based on M-, GM-, and édktnators under the presence of representativenand
representative outliers. In Section 2, we desdtileeoutlier-robust estimators that have been megan the literature,
along with those based on MM-estimators. SectiatisBusses the details surrounding the simulatiodys while a
conclusion and discussion is given in Section 4.

2. Outlier Robust Alternative Estimators
Note that both the ratio and regression estimatoescalculated using a least squares regressionagst. In the case

of the former estimatory, ;o = ﬁ)? where /3’ =y/X, while for the Iatterf/reg =y+ ,@()7 -X) where ,é: ﬁsy /sy .
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Hence, a first approach to obtain robust altereatifor these estimators is to replace the leasareguregression
estimator/} above by a robust regression estimator.

To fix ideas, assume that the response variablleesan the population are realizations of the camdvariablesy;,
j =1, ...,N, according to

Y =X +V(X)s, ©)

where theg are as defined in (1) above, av@X) is a known function. It is easy to see thathiis tcase the least

squares estimatdy, satisfies
2
n L — d
b, =minp 3 Yizbx |
i=ll oV (%)

Let p be an even and non-decreasing loss function im)Y@uch thap(0) = 0. The associated regression M-estimator
b, (see Huber 1973) solves

b, =miny Zn: p[}/l——b)(,],
i=1 | gV (%)

or equivalently

n Yi —ani Xi
=0
Elw[& V(Xi ) J[\’V(Xi ) J

wherey(u) =p'(u) and & is a robust estimator of the error scald/ify; ) = O'ZV(Xi ).

Unfortunately, M-estimators are not robust agaligh-leverage outliers (Maronre al 1979). To address this
problem, GM-estimators (see Hill 1977, Krasker 19Béasker and Welsch 1982, and Hampelal 1986) down-
weight the role of high-leverage observations ia #stimating equations by incorporating a weighicfion w(x).
Specifically, they are defined as the solution to

n yi —bpX; XW(X;) | _
=0,
El‘//[@'\/z W(Xi)][ \/Z J

for a particular choice of weight functiom(x). One such choice would be the distance betweand a location
parametefy for the auxiliary variablé.

Gwet and Rivest (1992) suggested an outlier-roblistnative to the ratio estimator that is basedo M- or a
GM-estimator. They showed that if the score funetiy(u) is monotone increasing (which corresponds to an
unbounded convex loss functign) and the covariates are strictly positive, thee #esulting estimators are
asymptotically design-consistent (see Wright 1983%ing a first-order linearization of the estimatiequations, they
were able to calculate the asymptotic bias of thygufation mean estimator, and also the finite-pafioh equivalent of
the influence function of the regression estimésee Hampeét al. 1986). They also conducted a Monte Carlo study
using two different populations containing outliensorder to compare their estimators to, amongmththose of
Chambers (1986), and the standard ratio estim&tbeir results demonstrate that the mean squaoe efthe outlier-
robust estimators can be substantially smaller thahof the ratio estimator.

Bassett and Saleh (1994) proposed an outlier-toimeshodology for estimating the population medafna
response variable under the assumption of compieieledge of an auxiliary variable. Their estinratms based on
the super-population model defined in (3). Howevather than using weighted least squares to atgif) Bassett
and Saleh (1994) suggest using the least absohlt® \(;) estimate based on a bivariate simple random sampl
instead. The estimator for the population meditih® response variable is then specified simplthasproduct of the
L, estimator fop? and the population median of the auxiliary vamgbvhich is known.

Hulliger (1995) developed design-based outlierasibiM-estimators for a finite population mean thare based
on data obtained via unequal probability samplipecifically, the simple linear model that impiigiunderlies the
Horvitz-Thompson (HT) estimator is explicitly expeed as a least squares functional of an empidistiibution
function that acknowledges the complexity of thengke design. This leads to a straightforward rdification of the
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HT estimator. Hulliger (1995) also developed aagive version of this robustified estimator, amandnstrated via a
simulation study that his proposed estimators afdp@ed the standard HT estimator in many outliragions.

Unfortunately, M-type estimators with unboundesssléunctiorp have low breakdown point against high-leverage
outliers (see Maronnat al. 1979). High-breakdown point robust regressiotinegors include S-estimators (see
Rousseeuw and Yohai 1984). These estimators diredeas the vector of regression coefficients thatimizes a
robust M-scale estimator of the residuals. Spediff, for eachh, define the scale(b) as the solution to

12 Yi =bx

Eglp[a(b),/wxi ) J -

where 0 <a < 1 andp(u) is an even, non-decreasing function in{ ,such thap(0) = 0. The S-regression estimator

b, is defined as

b, = arg min, o(b)

Associated with the S-regression estimator is aisbiscale estimator of the residuals, namély=o(b, . The

constanta determines the consistency and the breakdown pbitite S-estimator, which is mi(1 —a). It follows
thata = 1 / 2 gives the highest possible breakdown poirite functiorp is then chosen such th& p(u/o)} = 1/2

whereu ~ N(0, 6%). Unfortunately, high-breakdown S-estimators hioxe efficiency when the data do not contain
outliers (Rousseeuw and Leroy 1987). To obtainukameous high-breakdown point and high-efficien¥gphai

(1987) proposed the class of MM-estimators thatlafsed as the local minimutn, of

h(b) = 3 p{ﬂJ

i=1 | 0%

such that h(Bn)s h(f)n), where Bn is the S-regression estimator associated withS#seale g,,. Moreover, the

function p, satisfies the same regularity conditionsp@s) and additionallyp;(u) < p(u) and sup p1(u) = sup p(u),
wherep is the function used for the S-estimator. In wiedibws, we use functiong(u) in Tukey’s bi-square family

(see Beaton and Tukey 1974); in particular, we pgéu) =3(u/d)? = 3(u/d)* + (u/d)® for |u| <dand pg(u) =1

for | u| > d, whered is a tuning constant, which can be chosen {fandp,) to obtain the desired breakdown point
and efficiency.

We conjecture that the approach used in Gwet anesR(1992) to prove the asymptotic design-coasisy of the
estimators based on a GM-estimator can be extetad&d and MM-estimators. Although our numericathsiation
results are encouraging, this question is beyoadtiope of this paper.

Rather than replacing the least squares regresstomator by a robust alternative in the formdtaethe ratio and
regression estimators given above, Chambers (198®)osed an estimator that maintains the prediceoor
relatively stable under the presence of outli&pecifically, for a robust estimatby, and a functiony(u), he proposed

an estima’[orfn for the population total of the form

th= 2y +by T X + Tugdl(y; ~bnX)/ 03] 4)
is j0s ids

In this expressiorg; =V (X; )02, the sumil[Js is over all sampled units, while the sujnJ<is over all non-

sampled population units. In addition, the qugntif = X; O'i_l 2 X /inzai_2 . The robustness of the estimator in
jOs ils

(4) will depend upon the choice bf andy. Typically, the former will be a robust and eiffint estimator off. The

choice of the real-valued functignis more difficult. However, it should be boundat skew-symmetric so thgaf-t)

= -y(t). In addition, from the point of view of efficiem under the super-population model (3), it musbaatisfy

| Ii‘m W(t)/t=1. Under certain regularity conditions, Chambei@8@) finds the asymptotic bias and variance of the

t|-o0

associated population total estimators under asgeo®r contamination model. Furthermore, to assie

performance of the estimator in (4) for differehibies ofy in practice, Chambers (1986) conducted an intensiv

simulation study involving numerous estimators, andriety of sample designs. A study populationsisting of 557

census blocks in east metropolitan Baltimore wasl wghere the response variable was defined toé&3f0 census
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count of the total population in each block, anel #uxiliary variable was the corresponding 1960susrcount of the
number of occupied dwellings in each block. Evétithe assumption of super-population model (3hwi(X) = X;,
it was deemed that outliers were present in theuladpn. The results of the simulation conductgdGhambers

(1986) suggested that an estimafpbased on a function

W) =tlexp{-(a/2)(t|-0b)*} ,

in whicha = 0.5 andb = 6 had the smallest root mean square error f@aatpling schemes considered.

3. Simulation Study

In this section, we discuss a simulation study W conducted in order to compare the performafeenumber of
the standard and robustified estimators for adipibpulation mean when representative or non-reptatve outliers
exist. These populations were created using ¥eesons of the generic super-population model

Y = %8 + V(X)e, ®)

whereg was set as 1.7, thg were assumed to follow a beta distribution withhbparameters equal to 0.1, while the
were assumed to be normally distributed with a nmefarero. The features that distinguished theetlwersions of the
super-population model were restricted to the fiamcspecified forv(X), and the variance proposed for #e For
Version 1,V(X) = 1 while the standard deviation of thedenoted by, was set at 0.75. In Version U(X)) = X; ando

= 0.75, while for Version IIV(X)) = ij and the standard deviatierr 0.10.

These three versions of the super-population mgideh in (5) were used to create finite populagiofi sizeN =
600. In what follows, we refer to these threetérpopulations created using Versions | througloflthe model given
in (5) as I(a), ll(a), and lli(a) respectively. tdothat all three reflect a relationship betweea tvo variables that
passes through the origin. However, for the pdmrabased on Version | of (5), the variance of tbgponse variable,
V(Y)), is constant. By contrast, for the populatioesgyated using Versions Il and Il of (8)(Y)) increases as the
value of the auxiliary variable increases; for \i@msll the increase is linear, while in Version,Ithe increase is
proportional to the square of. The distribution of the response variable focheaf the three finite populations is
illustrated graphically on the left hand side ofifiie 1. For the population created using Versiohthe model in (5),
the distribution ofY; is unimodal, symmetric, and bell-shaped. Thetdirpopulation generated under Version I
possesses a distribution for the response varthlaleis right skewed, while the distribution gffor the population
created using Version lll is right-skewed and bimdod

Populations I(a), ll(a), and lll(a) do not contaimtliers. Random samples from these populatioesew
contaminated by the addition of 10% or 20% of lawhigh-leverage outliers. These samples thusatowutliers that
are non-representative. Note that we also intensetect samples from contaminated populationstestigate the
behaviour of the estimators considered in thisystuden the samples contain representative out{gsshe outliers
present in the samples correspond to actual oltgmmgan the finite populations being sampled). ac@omplish this,
four additional populations were created from eaicRopulations I(a) and li(a) by randomly replacbfg and 10% of
the observations by low- and high-leverage outlidfer example, a finite population I(b) with= 600 was obtained
by randomly substituting 5% of the units in popigiati(a) with low-leverage outliers aroun#(Y;) = (0.5, 5). The
outliers were randomly generated by following aabiate normal distribution with independent co-aedes with mean
(0.5, 5) and standard deviations equal to 0.1 mil&ily, by replacing 5% of the units in populatit@) with high-
leverage outliers around (3, 20), a population Wa}p created. Populations I(d) and I(e) were akthianalogously to
I(b) and I(c) respectively; however these two pagiuahs consisted of 10% low- and high-leverageienstias described
above. Counterpart populations ll(b) through IM&re obtained in an identical manner using ll(B)nally, a finite
population 1V(a) was constructed to mimic the papioh in Figure 2 of Gwet and Rivest (1992). Insists ofN =
235 observations with thirteen outliers. For corafige purposes with populations 1(a), ll(a), atida) that do not
contain outliers, the right hand side of Figurergésgnts the distribution of the response variabtel(g), Ili(e), and
IV(a).

A total of 5,000 samples of size= 60 were drawn from each of the populations ti@ugh I(e), l1i(a) through
li(e), and Ill(@). This process was then repedtedsamples of sizea = 30. To be consistent with Gwet and Rivest
(1992), 5,000 samples of sizes= 10, 20, and 40 were selected. For each samglienates for the finite population
mean based on eight different estimators were lzfmll Specifically, these estimators were

LS-1: Yratio = V(X /%)
LS-2: Yreq = Y +b(X = X)

LS-3: )A’reg_ls_rob =Viob * b()? ~Xron)
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MM-L: Yratio_rob = Y(X / %rop)
MM-2: Yreq rob = Yrob +Bron (X =Xrop)
L1-1: Yreg 11 = Y+ba(X -X)
L1-2: Yreg_ 11 rob = Yrob +DL1(X =Xron)

CH: 9Chamb:fn/N where tAn =2y thy X X+ 2Ul(y; —bnxi)/ oil
ils jOs i0s

Note that LS-1 and LS-2 are simply the standari mtd regression estimators, wheXe is the population mean of
the auxiliary variablex and y are sample means of the auxiliary and respongebles, and is the least squares

estimator ofs that is based on a model containing an interaapt.t The estimateg,,, and Y, in LS-3 are robust
M-estimators of the centre of the samples. Spmtlfi, for a tuning constamt> 0, let

¥(u) = min[max(- c, u), ¢,

be Huber’s score function (see Huber 1964) anc g be the solution to

liwc[—xi _?f"b]:o,
Ni=1

ag

where ¢ is a robust scale estimator. In our simulatiom, wsed o = median| x, —mediar (x]-)|, the median

absolute deviation from the median (Rousseeuw a@rdyL1987) anat = 1.345. The latter choice was motivated by
the fact that, in the infinite population setups tiesulting estimator is 95% efficient when theesbationsx,, ..., x, are
normally distributed. The location estimatgy,, was computed analogously with the valueg;daf= 1, ...,n.

The estimators MM-1 and MM-2 are robustified Miesttors of the ratio and regression estimators Ll LS-
2. In addition to X, and y,q, used in MM-1, the estimator MM-2 also employs bust MM-estimatorb,,, of the
slope parameter. The tuning constantspfol) in Tukey’s bi-square family for the S- and MM-tiesators wered =
1.548 andd = 4.685 respectively. In the infinite populatisetup, these choices yield a regression estimatbrhath
50% breakdown point and 95% efficiency when thersrare normally distributed. The two estimatotslland L1-2
were based on the estimator for the slope parameter fozonsidered by Bassett and Saleh (1994). The afstirh1-
2 is simply a robustified version of L1-1, with tMeestimatorsX,,, andy,,, used instead ok andy. Finally, CH

is based on Chambers’ (1986) estimator given invwHgre b, is the same MM-estimator used in MM-1, and
w(t) =tlexp{~(a/2)(t| -b)?}] witha= 0.5 ancb = 6 (as recommended in Chambers 1986).

The estimates obtained for each of the 5,000 Emmfzontaminated or not) drawn from a particuliaité
population were then used to compute estimatelseofdlative bias (RB) and relative root mean sqeam (RRMSE)
for each of the eight estimators according to

(5000 = _ _
RB=| > (Y —Y)/5000}/Y
L i=t

and

5000 . _ 5 _
RRMSE =| [ ¥ (y; —=Y)“/5000 |/Y
i=1

respectively, whereY is the population mean, anizl]- is, for a particular estimator, the estimate fog population

mean obtained from thieth sample. Note that there are twelve finite papons in total, labeled I(a) through I(e),
lI(a) through li(e), lli(a), and IV (a).

Table 1 presents the estimates obtained for RBnwhe eight estimators were used to estimate thennoé
population I(a) under the five scenarios of no ieuticontamination, and the four different degredsnon-
representative outlier contamination described abofResults obtained for both= 30 andn = 60 are presented.
Tables 2 and 3 contain analogous RB estimates dégmulptions lli(@) and Ili(a). For the case of notlieu
contamination, the standard least squares estimba®+l and LS-2, along with thg estimator L1-1 have the smallest
estimates of RB for all three populations. Giverme level of non-representative outlier contamorgtiMM-1
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possesses relatively small estimates of RB fothatle populations, and generally speaking, seemerform the best
with respect to relative bias. Similar results aptained for MM-2 when samples from populatior{a)liand Ili(a) are
contaminated; however RB estimates are noticeabtyeh than for MM-1 for population 1(a). With thexception of
20% high-leverage outlier contamination, L1-2 perfe similarly to MM-1 when non-representative aerdi are added
to any one of the three populations. The LS-3 @Hdestimators perform well for low-leverage outleamtamination.
Across the three populations, estimates of RBHerformer estimator under this type of contamimatice similar to
those of MM-1. Analogous low-contamination RB esttes for CH are similar to those of MM-1 under yagion
I(a), notably smaller for population li(a), butder for population lli(a).

Tables 4 through 6 give the counterpart RRMSHregts of the estimates of RB presented in Tabtesoligh 3,
respectively. For the case of no outlier contatima the standard least squares estimators LS31.8A2, along with
theL; estimator L1-1 have the smallest estimates of RRMS populations I(a) and ll(a). There is litdéference
among all estimators for the case of populatiofa)livhen there is no contamination with non-reprtséve outliers.
When non-representative outliers are incorporattd population I(a), it would appear that CH posesesthe best
results with regards to RRMSE, with the exceptib8@% high-leverage contamination (and 10% higletage withn
= 60) , where MM-1 is better. Estimates of RRMStler this latter estimator are generally similathose of CH.
Also of note for population I(a) is the admirablerformance of LS-3 and L1-2 for low-leverage ousie Similar
results regarding the relative performance of thtn®tors are obtained when population ll(a) istaoiinated with
non-representative outliers. However, one notalifierence with population I(a) is the similarity the RRMSE
estimates for MM-1 and MM-2. This similarity holédhen outliers are introduced into population ljj(&here these
two estimators tend to produce the best results wispect to RRMSE, followed by L1-2, and then AH.addition,
relative to the other estimators, LS-3 once agaitiopms well for low-leverage observations. Thiossummarize, in
the presence of non-representative outliers, MMeédnss to perform relatively well with respect to RBEl The
performance of CH is also notable; however thigregtor did not manage well in the situations whgopulation Il1(a)
was contaminated.

In order to assess the performance of the estimatben representative outliers are present, Talplesents the
estimates of RB obtained for the eight estimatonemwestimating the finite population means of papaohs I(a)
through I(e), ll(@) through li(e), lli(a), and 1V)(a With the exception of population IV(a), resuétee reported for
samples of siza = 30 andh = 60. For IV(a), in order to be consistent withvé&® and Rivest (1992), sample sizesof
= 10,n = 20, andn = 40 were used. Regardless of the nature (lowusehigh leverage, 5% versus 10%) of the
representative outliers incorporated into popufati@), the estimates of RB are similar and smaftesLS-3, MM-1,
L1-2, and CH. For population ll(a), a similar cargion can be drawn with regards to these founegtrs; however,
with the exception of 10% high-leverage represé@raatutliers, the estimates for CH seem to be rgptsimaller than
those for LS-3, MM-1, and L1-2. In addition, estit@s of RB for MM-2 for populations li(b) througl{d) are close to
those associated with these latter three estimatbisally, for population IV(a), estimates of RBeabest for MM-1
and L1-2. However, with the exception of this plapion, in the presence of representative outli€id, seems to be
the estimator of choice with regards to RB.

The analogous RRMSE estimates obtained for tH# eitimators when estimating the finite populatieeans of
populations I(a) through I(e), ll(a) through li(d)l(a), and IV(a) are given in Table 8. Generadlyeaking, in the
presence of representative outliers, the RRMSHEnastis appear to be smallest for CH. Estimates $68, MM-1,
L1-2 are better than those obtained for LS-1, L& L1-1 when populations I(b) through I(e) ar@)through li(e)
are considered; however, they are clearly worse thase of CH. Also worthy of note is the simitardf the MM-1
and MM-2 estimates of RRMSE for populations II{jaugh ll(e), and the closeness of the estimatealf@stimators
when population IV(a) is considered. Neverthel@sgiould appear that, as was the case with RBQHeestimator
seems to be the one of choice with regards to RRMISEN representative outliers are present.

4. Conclusion and Discussion

A simulation study was conducted in order to evi@uand compare the performance of the standard eatd
regression estimators (denoted by LS-1 and LS-@pemively) with outlier-robust alternatives in tpeesence of
representative and non-representative outlierse Idtter type of unusual observation has receiitée &ttention in the
literature.

Among the outlier-robust alternatives investigatezte two least absolute value estimators (L1-1 and L1-2) in
the spirit of Bassett and Saleh (1994), an estimatoposed by Chambers (1986) referred to as CH,aanoutlier-
resistant least squares alternative, LS-3. IntaadiMM-estimators were extended in this studyhis survey sampling
context, and two such estimators, MM-1 and MM-2renalso evaluated in the simulation study.

When representative outliers were present in édmeptes, CH yielded in general the best results végards to
relative bias and relative root mean square erkith regards to relative bias, results obtainedMd/-1, L1-2, and
LS-3 were also promising, and in many cases vanjlai to the results associated with CH. In fdabgse three
estimators were often able to out-perform CH inghesence of high-leverage representative outlisraaddition, CH
encountered some difficulty when applied to popatatV(a), which is analogous to the one considdrgdswet and
Rivest (1992), and was dramatically bettered by MM-1-2, and LS-3. When relative root mean squarers are
considered, CH is clearly the estimator of choroetfthose investigated.
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The simulation study also investigated the perforoe of the estimators in the presence of non-septative
outliers. Generally speaking, when relative begaonsidered, MM-1, the extended MM-estimator psggbin this
study, performs well when compared to the othetisnasors included in the study. The other MM-estior, MM-2
also performed well wheWv(X)) # 1. In addition, for low-leverage outlier contamiion, L1-2, LS-3, and CH
performed similarly to MM-1. Of note is that those CH were notably smaller than those of MM-1 wh&iX;) is

proportional toX;, but larger wherV (X ;) = X 12 In terms of relative root mean square error ggalty speaking MM-

1 yields the most promising results. However thame some cases for population 1(a) with low-legerautlier
contamination where CH performs slightly bettemthéM-1.

To summarize, CH and MM-1 seemed to perform nedstiwell under the conditions dictated by the dition
study. The former estimator appears to be strangeke presence of representative outliers, witiéelatter was best
for the cases in which non-representative outlensisted. Clearly, these conclusions are limitethe simulation
study considered, and further work is necessarder to better comprehend the performance of theSmators in
the presence of these two different types of awtlieln particular, some theoretical developmentaunding the
extensions of the MM-estimator, MM-1 and MM-2, seewarranted. This research is however, beyonddhpe of
the present study.
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Figure 1: Histograms of the response variable ibisfion in populations I(a), li(a), and Ill(a) thdb not contain
outliers, along with populations I(e), li(e), and4).
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Table 1: For each estimator, estimated relatiasds based on 5,000 samples from population |f@rerthe samples
are contaminated with non-representative outliers.

Outliers n LS-1 LS-2 LS-3 MM-1 MM-2 L1-1 L1-2 CH
None 30 0.0057 0.0032 0.0380 0.0382 1.0823 0.0059 0.0388 0.0471
None 60 0.0010 0.0000 0.0394 0.0394 0.2892 0.0011 0.0398 0.0427
Low10 30 0.4890 0.4908 0.2972 0.2803 0.6699 0.4844 0.2844 0.2873
Low10 60 0.4808 0.4813 0.2808 0.2736 0.3151 0.4790 0.2754 0.2930

High10 30 0.7711 1.1893 -0.1780 0.1013 0.4954 1.4973 0.0991 0.1401
High10 60 0.7592 1.1800 -0.2496  0.0844 0.1251 1.4957 0.0253 0.2291
Low20 30 0.8895 0.8922 0.5901 0.5759 0.6667 0.8829 0.5780 0.4764
Low20 60 0.8789 0.8793 0.5750 0.5713 0.5747 0.8770 0.5721 0.4830
High20 30 1.0468 1.7126  -1.1350 0.0533 0.1617 0.8002 -1.2766  0.2381
High20 60 1.0382 17055 -1.3841 -0.0187 0.0197 0.6992 -1.6136  0.4157

Table 2: For each estimator, estimated relatiasds based on 5,000 samples from population W{gre the samples
are contaminated with non-representative outliers.

Outliers n LS-1 LS-2 LS-3 MM-1 MM-2 L1-1 L1-2 CH
None 30 0.0022 0.0021  -0.1923 -0.2139 -0.1890 0.0011 -0.1950 -0.0237
None 60 0.0005 0.0005 -0.1684 -0.1734 -0.1711 0.0001 -0.1694 -0.0023
Low10 30 0.4330 0.4348 0.0885 0.0694 0.0644 0.4253 0.0768 0.0173
Low10 60 0.4269 0.4278 0.1263 0.1212 0.1127 0.4235 0.1222 0.0567

High10 30 0.8695 1.0546 -0.3187 -0.1047 -0.0891 1.4363 -0.1202 0.0787
High10 60 0.8606 1.0473 -0.3031 -0.0606 -0.0540 1.4333 -0.0845 0.1786
Low20 30 0.7905 0.7931 0.4094 0.3926 0.3812 0.7790 0.3961 0.0565
Low20 60 0.7818 0.7831 0.4404 0.4341 0.4281 0.7763 0.4349 0.1062
High20 30 1.2001 15277 -0.9665 -0.0894 -0.0605 24722 -0.2386 0.1745
High20 60 1.1934 15218 -1.0984 -0.1064 -0.0639 2.4723 -0.2820 0.3470

Table 3: For each estimator, estimated relatiwsds based on 5,000 samples from population INgagre the
samples are contaminated with non-representatitiesu

Outliers n LS-1 LS-2 LS-3 MM-1 MM-2 L1-1 L1-2 CH
None 30 -0.0006 -0.0011 -0.0582 -0.0636 -0.0666 0.0011 -0.0604 -0.0219
None 60 -0.0004 -0.0008 -0.0568 -0.0643 -0.0660 0.0002 -0.0600 -0.0273
Low10 30 0.3867 0.3769 0.0408 -0.0197 -0.0235 0.3743 -0.0122 0.0319

Lowl10 60 0.5317 0.5255 0.0560 0.0079 0.0071 0.5420 0.0147 0.1012
High10 30 1.2914 1.3976 0.1532 -0.0549 -0.0551 1.6598 -0.0472 0.0815
High10 60 1.6169 1.8330 0.0086  -0.0495 -0.0485 2.3981 -0.0481  0.2903
Low20 30 0.9524 0.9361 0.1738 0.1458 0.1287 0.9859 0.1462 0.2583
Low20 60 0.9296 0.9203 0.1553 0.1457 0.1364 0.9848 0.1454 0.3685
High20 30 2.3486 27771  -0.6093 -0.0345 -0.0327 4.2958 -0.0872  0.2989
High20 60 2.3236 2.7563 -0.6592 -0.0341 -0.0338 4.2954 -0.0918 0.6122

Table 4: For each estimator, estimated relativ¢ noean square errors based on 5,000 samples fopmigtion I(a),
where the samples are contaminated with non-reptabee outliers.

Outliers n LS-1 LS-2 LS-3 MM-1 MM-2 L1-1 L1-2 CH
None 30 0.183 0.190 0.396 0.398 5.430 0.183 0.400 0.141
None 60 0.127 0.129 0.283 0.284 1.338 0.127 0.284 0.101
Low10 30 0.518 0.524 0.449 0.391 2.894 0.513 0.403 0.318
Low10 60 0.495 0.497 0.337 0.316 0.510 0.493 0.320 0.307

High10 30 0.824 1.201 1.014 0.307 2.881 1.504 0.588 0.191
High10 60 0.785 1.185 0.622 0.192 0.435 1.499 0.277 0.245

Low20 30 0.906 0.914 0.646 0.616 1.266 0.896 0.620 0.499
Low20 60 0.887 0.889 0.593 0.588 0.597 0.884 0.589 0.493
High20 30 1.087 1.719 1.488 0.276 1.126 0.940 1.687 0.289
High20 60 1.058 1.709 1.525 0.171 0.164 0.763 1.781 0.423
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Table 5: For each estimator, estimated relatieg noean square errors based on 5,000 samples fopmigtion 1l(a),
where the samples are contaminated with non-reptatbee outliers.

Outliers n LS-1 LS-2 LS-3 MM-1 MM-2 L1-1 L1-2 CH
None 30 0.102 0.101 0.286 0.312 0.270 0.102 0.291 0.210
None 60 0.068 0.068 0.233 0.242 0.233 0.068 0.235 0.145
Lowl10 30 0.446 0.449 0.235 0.228 0.233 0.436 0.222 0.175
Lowl10 60 0.433 0.434 0.189 0.196 0.197 0.428 0.194 0.119

High10 30 0.887 1.062 0.614 0.217 0.204 1.438 0.232 0.192
High10 60 0.869 1.051 0.398 0.153 0.147 1.434 0.162 0.207
Low20 30 0.800 0.805 0.460 0.461 0.451 0.784 0.458 0.154
Low20 60 0.786 0.789 0.463 0.466 0.457 0.779 0.464 0.132
High20 30 1.213 1.532 1.088 0.214 0.171 2.474 0.332 0.227
High20 60 1.200 1.524 1.148 0.186 0.131 2.473 0.330 0.355

Table 6: For each estimator, estimated relatie¢ mean square errors based on 5,000 samples fspaigtion Ill(a),
where the samples are contaminated with non-reptatbee outliers.

Outliers n LS-1 LS-2 LS-3 MM-1 MM-2 L1-1 L1-2 CH
None 30 0.155 0.155 0.158 0.159 0.163 0.157 0.154 0.179
None 60 0.107 0.106 0.113 0.117 0.120 0.107 0.112 0.132
Low10 30 0.421 0.411 0.179 0.155 0.156 0.400 0.150 0.208
Lowl10 60 0.545 0.539 0.134 0.115 0.113 0.550 0.111 0.206

High10 30 1.347 1.427 0.592 0.159 0.158 1.664 0.158 0.200
High10 60 1.641 1.847 0.496 0.117 0.115 2.399 0.122 0.318
Low20 30 0.975 0.959 0.276 0.267 0.240 0.993 0.256 0.434
Low20 60 0.940 0.932 0.207 0.214 0.198 0.988 0.207 0.479
High20 30 2.385 2.799 1.198 0.174 0.160 4.297 0.225 0.360
High20 60 2.341 2.767 0.993 0.122 0.113 4.296 0.172 0.625

Table 7: For each estimator, estimated relatiasds based on 5,000 samples from populationshi@)dh I(e), 11(a)
through li(e), lll(a), and IV(a).

Population n LS-1 LS-2 LS-3 MM-1 MM-2 L1-1 L1-2 CH

I(a): None 30 0.006 0.003 0.038 0.038 1.082 0.006 0.039 0.047
I(a): None 60 0.001 0.000 0.039 0.039 0.289 0.001 0.040 0.043

I(b): 5L 30 0.318 0.320 0.166 0.156 0.904 0.315 0.158 0.151
I(b): 5L 60 0.310 0.311 0.155 0.149 0.274 0.308 0.150 0.160
I(c): 5H 30 0.661 0.658 0.113 0.120 0.903 0.660 0.119 0.124
I(c): 5H 60 0.655 0.654 0.101 0.111 0.246 0.654 0.111 0.138

I(d): 10L 30 0.625 0.631 0.341 0.325 0.835 0.617 0.326 0.258
I(d): 10L 60 0.613 0.616 0.315 0.307 0.366 0.609 0.308 0.273
I(e): 10H 30 1.302 1.298 0.230 0.265 0.810 1.298 0.260 0.246
I(e): 10H 60 1.291 1.289 0.212 0.251 0.312 1.289 0.247 0.259
li(a): None 30 0.002 0.002 -0.192 -0.214 -0.189 0.001 -0.195 -0.024
ll(a): None 60 0.001 0.001 -0.168 -0.174 -0.171 0.000 -0.169 -0.002
lI(b): 5L 30 0.192 0.193 -0.040 -0.063 -0.056 0.187 -0.049 -0.018
lI(b): 5L 60 0.188 0.188 -0.014 -0.020 -0.027 0.186 -0.017 0.012
li(c): 5H 30 0.418 0.417 -0.079 -0.091 -0.082 0.415 -0.079 0.031
li(c): 5H 60 0.415 0.415 -0.054 -0.050 -0.053 0.413 -0.049 0.071
lI(d): 10L 30 0.383 0.386 0.124 0.100 0.102 0.374 0.111 -0.007
lI(d): 10L 60 0.375 0.377 0.151 0.144 0.138 0.372 0.146 0.027
li(e): 10H 30 0.828 0.827 0.047 0.061 0.058 0.822 0.066 0.085
ll(e): 10H 60 0.822 0.821 0.076 0.103 0.097 0.919 0.100 0.143
Ili(a): None 30 -0.001 -0.001 -0.058 -0.064 -0.067 0.001 -0.060 -0.022
Ili(a): None 60 -0.000 -0.001 -0.057 -0.064 -0.066 0.000 -0.060 -0.027
IV(a): 130ut 10 0.009 0.000 -0.035 0.006 -0.011 -0.021 -0.003 0.152
IV(a): 130ut 20 -0.017 -0.021 -0.059 0.005 -0.038 -0.034 -0.007 0.154
IV(a): 130ut 40 -0.031 -0.032 -0.072 0.004 -0.052 -0.038 -0.009 0.155

11



Journal of Statistical Studies Patrick J. Farrell alMatias Salibian-Barrera

Table 8: For each estimator, estimated relatieé neean square errors based on 5,000 samples fpoigtions 1(a)
through I(e), ll(a) through lI(e), lli(a), and IV a

Population n LS-1 LS-2 LS-3 MM-1 MM-2 L1-1 L1-2 CH

I(a): None 30 0.183 0.190 0.396 0.398 5.430 0.183 0.400 0.141
I(a): None 60 0.127 0.129 0.283 0.284 1.338 0.127 0.284 0.101

I(b): 5L 30 0.455 0.464 0.437 0.409 4.816 0.450 0.405 0.271
I(b): 5L 60 0.375 0.378 0.298 0.276 0.869 0.373 0.278 0.223
I(c): 5H 30 0.842 0.841 0.578 0.398 5.020 0.840 0.401 0.257
I(c): 5H 60 0.741 0.740 0.386 0.262 0.903 0.741 0.271 0.201

I(d): 10L 30 0.747 0.762 0.540 0.506 4.380 0.735 0.494 0.396
I(d): 10L 60 0.677 0.683 0.409 0.388 0.671 0.672 0.390 0.331
I(e): 10H 30 1.472 1.469 0.704 0.467 4.740 1.471 0.466 0.436
I(e): 10H 60 1.374 1.373 0.473 0.348 0.684 1.375 0.354 0.321
li(a): None 30 0.102 0.101 0.286 0.312 0.270 0.102 0.291 0.210
li(a): None 60 0.068 0.068 0.233 0.242 0.233 0.068 0.235 0.145
II(b): 5L 30 0.274 0.277 0.261 0.274 0.259 0.268 0.259 0.206
1I(b): 5L 60 0.228 0.229 0.180 0.189 0.192 0.226 0.184 0.141
li(c): 5H 30 0.524 0.523 0.292 0.258 0.241 0.521 0.243 0.217
li(c): 5H 60 0.467 0.467 0.193 0.175 0.181 0.466 0.171 0.164
lI(d): 10L 30 0.462 0.468 0.330 0.330 0.328 0.449 0.323 0.195
lI(d): 10L 60 0.416 0.418 0.260 0.263 0.262 0.410 0.261 0.133
li(e): 10H 30 0.932 0.931 0.349 0.301 0.289 0.926 0.290 0.225
li(e): 10H 60 0.872 0.872 0.244 0.230 0.229 0.870 0.226 0.202
Ill(a): None 30 0.155 0.155 0.158 0.159 0.163 0.157 0.154 0.179
Ill(a): None 60 0.107 0.106 0.113 0.117 0.120 0.107 0.112 0.132
IV(a): 130ut 10 0.272 0.280 0.285 0.292 0.262 0.307 0.280 0.261
IV(a): 130ut 20 0.205 0.210 0.214 0.201 0.195 0.231 0.197 0.210
IV(a): 130ut 40 0.145 0.148 0.155 0.127 0.139 0.163 0.129 0.177
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