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Abstract

Additive models provide an attractive setup to estimate regression functions in
a nonparametric context. They provide a flexible and interpretable model, where
each regression function depends only on a single explanatory variable and can be
estimated at an optimal univariate rate. It is easy to see that most estimation proce-
dures for these models are highly sensitive to the presence of even a small proportion
of outliers in the data. In this paper, we show that a relatively simple robust version
of the backfitting algorithm (consisting of using robust local polynomial smoothers)
corresponds to the solution of a well-defined optimization problem. This formulation
allows us to find mild conditions to show that these estimators are Fisher consistent
and to study the convergence of the algorithm. Our numerical experiments show that
the resulting estimators have good robustness and efficiency properties. We illustrate
the use of these estimators on a real data set where the robust fit reveals the presence
of influential outliers. Supplementary materials for this paper are available on-line.
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1 Introduction

Consider a general regression model, where a response variable Y € R is related to a vector
X = (Xy,...,X9)" € R? of explanatory variables through the following non-parametric
regression model:

Y =go(X)+o0pe. (1)

The error ¢ is assumed to be independent from X and centered at zero, while oq is the
error scale parameter. When ¢ has a finite first moment, we have the usual regression
representation E(Y|X ) = go(X). Standard estimators for gy can thus be derived relying
on local estimates of the conditional mean, such as kernel polynomial regression estimators.
It is easy to see that such procedures can be seriously affected either by a small proportion
of outliers in the response variable, or when the distribution of Y| X has heavy tails. Note,
however, that even when ¢ does not have a finite first moment, the function go(X) can
still be interpreted as a location parameter for the distribution of Y'|X. In this case, local
robust estimators can be used to estimate the regression function as, for example, the local
M —estimators proposed in Boente and Fraiman (1989) and the local regression quantiles

studied in Welsh (1996).

Unfortunately both robust and non-robust non-parametric regression estimators are
affected by the curse of dimensionality, which is caused by the fact that the expected
number of observations in local neighbourhoods decreases exponentially as a function of d,
the number of covariates. This results in regression estimators with a very slow convergence
rate. Stone (1985) showed that additive models can avoid these problems and produce
non-parametric multiple regression estimators with a univariate rate of convergence. In an

additive model, the regression function is assumed to satisfy
d
90(X) = po + Zgo,j(Xj) ; (2)
j=1

where o € R, goj : R = R, 1 < j <d, are unknown smooth functions with E(go ;(X;)) =
0. Such a model retains the ease of interpretation of linear regression models, where each

component go; can be thought as the effect of the j-th covariate on the centre of the
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conditional distribution of Y. Moreover, Linton (1997), Fan et al. (1998) and Mammen et
al. (1999) obtained different oracle properties showing that each additive component can

be estimated as well as when all the other ones are known.

Several algorithms to fit additive models have been proposed in the literature. In this
paper, we focus on the backfitting algorithm as introduced in Friedman and Stuetzle (1981)
and discussed further in Buja et al. (1989). The backfitting algorithm can be intuitively
motivated by observing that, if (2) holds, then

goj(z) = E(Y —a— Zgo,e(Xe)

£#y

X, = x) . (3)

Hence, given a sample, the backfitting algorithm iteratively estimates the components gy ;,
1 < j < d, using a univariate smoother of the partial residuals in (3) as functions of the j-th
covariate. This algorithm is widely used due to its flexiblity (different univariate smoothers
can be used), ease of implementation and intuitive motivation. Furthermore, it has been
shown to work very well in simulation studies (Sperlich et al. 1999) and applications,
although its statistical properties are difficult to study due to its iterative nature. Some
results regarding its bias and conditional variance can be found in Opsomer and Ruppert

(1997), Wand (1999) and Opsomer (2000).

When second moments exist, Breiman and Friedman (1985) showed that, under certain
regularity conditions, the backfitting procedure finds functions my(X3), ..., mq(Xy) min-
imizing E(Y — po — 3¢, m;(X;))? over the space of functions with E[m;(X;)] = 0 and
finite second moments. In other words, even if the regression function gy in (1) does not
satisfy the additive model (2), the backfitting algorithm finds the orthogonal projection
of the regression function onto the linear space of additive functions in L,. Equivalently,
backfitting finds the closest additive approximation (in the Ly sense) to E(Y| X7, ..., Xy).
Furthemore, the backfitting algorithm is a coordinate-wise descent algorithm minimizing
the squared loss functional above. The sample version of the algorithm solves a system of
nd x nd normal equations and corresponds to the Gauss—Seidel algorithm for linear systems

of equations.

If the smoother chosen to estimate (3) is not resistant to outliers then the estimated
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additive components can be seriously affected by a relatively small proportion of atypical
observations. Given the local nature of non—parametric regression estimators, we will be
concerned with the case where outliers are present in the response variable. Bianco and
Boente (1998) considered robust estimators for additive models using kernel regression,
which are a robust version of those defined in Baek and Wehrly (1993). The main drawback
of this approach is that it assumes that Y —go ;(X;) is independent from X;, which is difficult
to justify or verify in practice. Outlier—resistant fits for generalized additive models have
been considered recently in the literature. When the variance is a known function of the
mean and the dispersion parameter is known, we refer to Alimadad and Salibidn-Barrera
(2012) and Wong et al. (2014), who consider robust fits based on backfitting and penalized
splines M —estimators, respectively. In the case of model (1), the approach of Wong et al.
(2014) reduces to that of Oh et al. (2007) which is an alternative based on penalized splines.
On the other hand, Croux et al. (2011) provides a robust fit for generalized additive models
with nuisance parameters using penalized splines, but no theoretical support is provided

for their method.

In this paper, we consider an intuitively appealing way to obtain robust estimators
for model (1) which combines the backfitting algorithm with robust univariate smoothers.
For example, one can consider those proposed in Boente and Fraiman (1989), Héardle and
Tsybakov (1988), Hérdle (1990) and Oh et al. (2007). One of the main contributions of
this paper is to show that this intuitive approach to obtain a robust backfitting algorithm
is well justified. Specifically, we show that applying the backfitting algorithm using the
robust nonparametric regression estimators of Boente and Fraiman (1989) corresponds
to minimizing E[p((Y — po — Y20, m;(X;))/00)] over functions my(X1), ..., ma(Xy) with
E[m;(X;)] = 0, where p is a loss function. Furthermore, this robust backfitting corresponds
to a coordinate-wise descent algorithm and can be shown to converge. We also establish
sufficient conditions for these robust backfitting estimators to be Fisher consistent for
the true additive components when (2) holds. Our numerical experiments confirm that

these estimators have very good finite-sample properties, both in terms of robustness, and

efficiency with respect to the classical approach when the data do not contain outliers.



These robust estimators cannot be interpreted as orthogonal projections of the regression
function onto the space of additive functions of the predictors. However, the first-order
conditions for the minimum of this optimization problem are closely related to the robust

conditional location functional defined in Boente and Fraiman (1989).

The rest of the paper is organized as follows. In Section 2, we show that the robust
backfitting algorithm mentioned above corresponds to a coordinate-descent algorithm to
minimize a robust functional using a convex loss function. We also prove that the resulting
estimator is Fisher consistent, which means that the solution to the population version
of the problem is the object of interest (in our case, the true regression function). The
convergence of this algorithm is studied in Section 2.1, while its finite-sample version using
local M —regression smoothers is presented in Section 3. The results of our numerical
experiments conducted to evaluate the performance of the proposed procedure are reported
in Section 4. Finally, in Section 5 we illustrate the advantage of using robust backfitting

on a real data set. All proofs are relegated to the Supplementary file available on—line.

2 The robust backfitting functional

In this section, we introduce a population-level version of the robust backfitting algorithm.
By showing that the robust backfitting corresponds to a coordinate-descent algorithm to
minimize a “robust functional”, we are able to find sufficient conditions for the robust

backfitting to be Fisher-consistent.

In what follows, we will assume that (X*,Y)T is a random vector satisfying the additive
model (2), where Y € R and X = (Xi,...,Xy)", that is,

d
Y:/L0+Zgo,j(Xj)+aoa. (4)

j=1
As it is customary, to ensure identifiability of the components of the model, we will further

assume that Ego ;j(X;) =0, 1 < j < d. When second moments exist, it is easy to see that



the backfitting estimators solve the following minimization problem

d 2
i (Y =0 = mX) ®)
where Hod = {m(x) = 0 (), my € Hj} CH,H = {r(x) : (X)) = 0, E(r*(X)) <
oo} and H; is the Hilbert space of measurable functions m; of X;, with zero mean and
finite second moment, ie., Em;(X;) = 0 and Em7(X;) < oo. The solution to (5) is
characterized by its residual Y — pu — g(X) being orthogonal to H®. Since this space is
spanned by H,, 1 < ¢ < d, the solution of (5) satisfies E(Y — u — ijl g;(X;)) =0 and
E(Y —u— Z;.lzl 9i(X;)| Xe) =0, for 1 < ¢ < d, from where it follows that y = E(Y)
and go(Xe) = E(Y —p — 32, 9;(X;)[Xe), 1 < € < d. Given a sample, the backfitting
algorithm iterates the above system of equations replacing the conditional expectations

with non-parametric regression estimators (e.g. local polynomial smoothers).

To reduce the effect of outliers on the regression estimates, we replace the square loss
function in (5) by a function with bounded derivative such as the Huber or Tukey’s-loss
functions. For these losses, p.(u) = ¢?p1(u/c), where ¢ > 0 is a tuning constant to achieve
a given efficiency. The Huber—type loss corresponds to p; = py with py (u) = u?/2 if
lu] < 1, py(u) = |u| — 1/2 otherwise, and the Tukey bisquare loss to pi(u) = pr(u) =
min (3u? — 3u* 4 u°, 1). Other possible choices are p;(u) = /1 + u? — 1 which is a smooth
approximation of the Huber function and p;(u) = u arctan(u) — 0.51In(1 + u?) which has
derivative pj(u) = arctan(u). The bounded derivative of the loss function controls the
effect of outlying values in the response variable (sometimes called “vertical outliers” in

the literature).

Formally, our objective function is given by

Y —v—-30, mj(Xj)>

(6)

go

T (v, m) :Ep<

where p : R — [0,00) is even, v € R and the functions m; € H;, 1 < j < d. Let P be
a distribution in R4 and let (XT,Y)T ~ P. Define the functional (u(P),g(P)) as the



solution of the following optimization problem:

(u(P),g(P)) = argmin  T(v,m), (7)

(v,m)ERXx Had
where g(P)(X) = Zle g;(P)(X;) € H.

To prove that the functional in (7) is Fisher-consistent and to derive first-order condi-
tions for the point where it attains its minimum value, we will need the following assump-

tions:

E1 The random variable ¢ has a density function fo(¢) that is even, non-increasing in |t|,

and strictly decreasing for |¢| in a neighbourhood of 0.

R1 The function p : R — [0,00) is continuous, non-decreasing, p(0) = 0, and p(u) =

p(—u). Moreover, if 0 < u < v with p(v) < sup, p(t) then p(u) < p(v).

A1l Given functions m; € H,;, if ]P’(Z;.l:1 m;j(X;) = 0) = 1 then, for all 1 < j < d, we
have P(m;(X;) =0) =1

Remark 2.1. Assumption E1 is a standard condition needed to ensure Fisher-consistency
of an M —location functional (see, e.g. Maronna et al., 2006). Assumption R1 is satisfied
by the so-called family of “rho functions” in Maronna et al. (2006), which include many
commonly used robust loss functions, such as those mentioned above. Since the loss func-
tion p can be chosen by the user, this assumption is not restrictive. Finally, assumption

A1 allows us to write the functional g(P) in (7) uniquely as g(P) = 2?21 gi(P).

Assumption A1 appears to be the most restrictive and deserves some discussion. It is
closely related to the identifiability of the additive model (4) and holds if the explanatory
variables are independent from each other. Indeed, let us denote (x,X,) the vector with
the a—th coordinate equal to z and the other ones equal to X;, j # a and by m(x) =
Z?Zlmj(xj), for m; € H;. For any fixed 1 < a < d, the condition P(m(X) = 0) = 1
implies that for almost every z,, P(m(z,,X,) = 0|X, = z,) = 1. Using that the com-
ponents of X are independent, we obtain that P(m(z,, X,) = 0) = 1 which implies that



[ m(zq,u,)dFx, (u) = 0, where Fx_ denotes the distribution function of X,. Note that
since Em;(X;) = 0 for all j, [m(za, uy)dFx,(0) = ma(za) + [ 3., mi(u)dFx,(0) =
ma(zs). Hence, my(z,) = 0, for almost every z, as desired. However, if the compo-
nents of X are not independent, then P(m(x,,X,) = 0/X, = z,) = 1 does not imply
[ m(zq,u,)dFx,(u) = 0. This has already been observed by Hastie and Tibshirani (1990,
page 107). The fact that H is closed in H entails that under mild assumptions, the
minimum of E(Y — m(X))? over H exists and is unique. However, the individual func-
tions m;(x;) may not be uniquely determined since the dependence among the covariates
may lead to more than one representation for the same surface (see also Breiman and
Friedman, 1985). In fact, condition A1l is analogous to assumption 5.1 of Breiman and
Friedman (1985). It is also worth noticing that Stone (1985) gives conditions to ensure
that A1 holds. Indeed, Lemma 1 in Stone (1985) implies Proposition 2.1 below which
gives weak conditions for the unique representation and hence, as shown in Theorem 2.1
below, for the Fisher—consistency of the functional g(P). Its proof is omitted since it follows

straightforwardly.

Proposition 2.1. Assume that X has compact support S and that its density fx is
bounded in § and such that infycs fx(x) > 0. Let V; = m;(X;) be random variables such
that P(327_, V; = 0) =1 and E(V;) = 0, then P(V; = 0) = 1.

The next Theorem establishes the Fisher—consistency of the functional (u(P),g(P)).
In other words, it shows that the solution to the optimization problem (7) are the target

quantities to be estimated under model (4).

Theorem 2.1. Assume that the random vector (XT,Y)" € R4 satisfies (4) and let P

stand for its distribution.

a) If E1 and R1 hold, then Y(v,m) in (6) achieves its unique minimum over R x H
at (1(P),g(P)) = (u(P), 32, 9;(P)) when u(P) = po and P(325_, g;(P)(X;) =
Zj:l 90,4(X;)) = 1.

b) If in addition A1 holds, the unique minimum (u(P),g(P)) = (M(P),Zgzlgj(P))
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satisties p(P) = po and P (g;(P)(X;) = go(X;)) = 1 for 1 <j <d.

It is worth noticing that a minimizer (u(P), g(P)) of (7) always exists if p is a strictly
convex function, even if E1 does not hold. If in addition A1 holds, the minimizer will have

a unique representation.

For v € R, x = (z1,...,29)7 € R and m = (my,...,mq)T € Hy x -+ X Hy let

F(V7 m, X) - (FO(Vv m)7F1(V7 m, xl)? B 7Fd(V7 m, xd))T7 where
(Y v = my(X)) ]
) 8 ¢< S my( n)
g0

g0

[ d . .
Fg(l/,m,l'g) = E ¢<Y_V_Zj1mj(Xj>> Xg:l’g], 1§€§d (8)

Our next theorem shows that it is possible to choose the solution g(P) of (7) so that its
additive components g; = g;(P) satisfy first order conditions which are generalizations of

those corresponding to the classical case where p(u) = u?.

Theorem 2.2. Let p be a differentiable function satisfying R1 and such that its derivative
o' = 1 is bounded and continuous. Let (X, Y)T ~ P be a random vector such that
(u(P), g(P)) is a minimizer of Y (v, m) over R x H* where u(P) € R, g(P) = Z?Zl gj(P) €
H ie., (u(P),g(P)) is the solution of (7). Then, (u(P),g(P)) satisfies the system of

equations I'(v,m,x) = 0 almost surely Px.

Remark 2.2. a) It is also worth mentioning that if (X', Y)" satisfies (4) with the
errors satisfying E1, then I'(uo,g0,x) = 0. Moreover, if the model is heteroscedas-
tic, ie, if Y = go(X) + 0o(X)e = po + Z?Zl 90.;(X;) + 00(X) e, where the errors ¢
are symmetrically distributed and the score function v is odd, then (ug,go) satisfies

o <(Y — o= 0 go5(X))) /JO(X)) — 0and for 1 </ <d,

[ o (S Tanoa) ),

which provides a way to extend the robust backfitting algorithm to heteroscedastic models.



b) Assume now that missing responses can arise in the sample, that is, we have a sample
(X}, Y:,0,)", 1 < i < n, where §; = 1 if Y; is observed and ¢; = 0 if Y; is missing, and
(X}, Y;)T satisfy an additive heteroscedastic model. Let (X',Y,d)" be a random vector
with the same distribution as (X}, Y;, d;)". Moreover, assume that responses may be miss-
ing at random (MAR), i.e., P(§ = 1|/(X,Y)) = P(6 = 1|1X) = p(X). Define (u(P),g(P)) =
argmin, ,epxpea L5(v,m) where Ts(v,m) = Edp <(Y i Z;l:l m; (Xj))/JO(X)> =
Ep(X)p <(Y —v— Z;l:l m; (Xj))/O’O(X)>. Analogous arguments to those considered in
the proof of Theorem 2.1, allow to show that, if E1 and R1 hold, Ts(v, m) achieves its
unique minimum at (v,m) € R x ‘H where v = iy and P(m(X) = Z;l:1 90;(X;)) = 1.
Besides, if in addition A1l holds, the unique minimum satisfies that u(P) = po and
P(g;(P)(X;) = g0,(X;)) = 1, that is, the functional is Fisher—consistent.

On the other hand, the proof of Theorem 2.2 can be also generalized to the case of an
homocedastic additive model (4) with missing responses. Effectively, when inf, p(x) > 0,
using the MAR assumption, it is possible to show that there exists a unique measurable
solution gy(x) of Ay s(x,a) = 0 where

Y = u(P) = 2052095(P)(X;) — &) ' X, = x} .

00

As(wa) = E {p<X> y (

More precisely, let Ts(v,m,x) = (Fos(v,m), Ty 5(v,m, z1),...,Tys(v,m,z4))" with m =
(1, ma)", Tos(v,m) = E [p(X)e (¥ = v = S0 my(X;)) /oo ) | and, for 1 < ¢ < a,
Lys(v,m,z) = E [p(X) P ((Y — u(P) = > mi(Xy) — mg(Xg))/O') ’ Xy = l‘g]. Similar
arguments to those considered in the proof of Theorem 2.2, allow to show that if there exists
a unique minimizer (u(P), g(P)) € R x H of Ys(v,m), then (u(P),g(P)) is a solution of
I's(v,m,x) = 0. Note that instead of a simplified approach, a propensity score approach
may be considered taking ¢/p(X) instead of ¢. In this case, Ts(v,m) = T (v, m) defined
in (6) and I'ys = I'y defined in (8). The propensity approach is useful when preliminary
estimates of the missing probability are available, otherwise, the simplified approach is

preferred.
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2.1 The population version of the robust backfitting algorithm

In this section, we derive an algorithm to solve (7) and study its convergence. For simplicity,
we will assume that the vector (X', Y)T is completely observed and that it satisfies (4).
By Theorem 2.2, the robust functional (u(P),g(P)) satisfies (8). To simplify the notation,
in what follows we will put p = p(P) and ¢g; = g;(P), 1 < j < d and ) ", a, will be
understood as 0 if m < ¢. The robust backfitting algorithm is given in Algorithm 1.

Algorithm 1 Population version of the robust backfitting

1: Let £ = 0 and g(®© = (g%o), e ,gc(lo))T be an initial set of additive components, for

example: g(® =0 and x° an initial location parameter.

0o

2: repeat
3 l+—1+1
4: for j=1toddo
50 Let RY =v —p) - 37 150(x) - Y0 0l V(X))
6: Let ﬁj(-z) solve
E | <R§£) _gﬂ('g)(Xj))'Xj :x] =0 as.
00
7. end for
8: for j=1toddo
oo g\ =7 —E[F" (X))
10:  end for
11:  Let p© solve
_p <Y —pu® =37 g](-e)(Xj))] o

12: until convergence

Our next Theorem shows that each Step ¢ of the algorithm above reduces the objective

function Y (u®, g®).

Theorem 2.3. Let p be a differentiable function satisfying R1 and such that its derivative

P = 1 is a strictly increasing, bounded and continuous function with lim,_, . 1¥(t) > 0

11



and lim,_,_ 1(t) < 0. Let (u“), g(e))e21 = (u®, gy), o ,g((f))gzl be the sequence obtained
with Algorithm 1. Then, {T(u®, g®))},>, is a decreasing sequence, so that the algorithm

converges.

3 The sample version of the robust backfitting algo-

rithm

In practice, given a random sample (X!, Y;)" 1 < i < n from the additive model (4) we
apply Algorithm 1 replacing the unknown conditional expectations with univariate robust
smoothers. Different smoothers can be considered, including splines, kernel weights or
even nearest neighbours with kernel weights. In what follows we describe the algorithm for

kernel polynomial M-estimators.

Let K : R — R be a kernel function and let K (t) = (1/h)K(t/h). The estimators of
the solutions of (8) using kernel M —polynomial estimators of order ¢ > 0 are given by the

solution to the following system of equations:
n -~ d ~
5 Yi— iYL Gi(X,
n i1 (o)

1 - }/i_/\_ "7 Xz - qi s'Zi's
n > K (Xij — x) < B 2 9050) ~ o Prsis ) Zij(z;) = 0,1<j<d,
=1

00

where Zi,j(xj) = (Zi,j,(]?Zi,j,l)"'7Zi,j,q>T with Zi,j,s = (Xi,j — xj)s, 0 S S S d. Then,
we have g;(x;) = foj, 1 < j < d. The corresponding algorithm is described in detail in

Algorithm 2. The same procedure can be applied when responses are missing.

Remark 3.1. A possible choice of the preliminary scale estimator o, is obtained by
calculating the MAD of the residuals obtained with a simple and robust nonparametric re-
gression estimator, as local medians. In that case we have 5y = mad;<;<, {Yi — AZ}, where
17; = median;<;<, {Y; : [ X;x — Xix| < hg, V1 <k < d}. The bandwidths hy are prelimi-

nary values to be selected, or alternatively they can be chosen as the distance between X; j

12



Algorithm 2 The sample version of the robust backfitting

1: Let £ = 0 and g© = @(0) e gc(lo) be an initial set of additive components, for
example: g = 0, and let 5, be a robust residual scale estimator. Moreover, let 7i(?)
an initial location estimator such as an M —location estimator of the responses.

2: repeat

3 U141

4: for j=1toddo

5: for ip =1 ton do

6: Let z; = X, ;

7: for i =1 ton do

8: Let Zij(xj) =(1,(Xi; —xj),(Xij; — ;)% ..., (Xi; — 2;))" and fil(e]) =Y, -
= XI5 (Xie) = a0 ().

9: end for

10: Let B;(x;) = (Boj(x;), Bij (), - -, Bes(x;))™ be the solution to

n n) 3 T

1 R;: — B;(x)) Zz(x)
= Kn(Xij— ;)0 < S Z () = 0.
N 20

11: Let 39 (x;) = Bo; (;

: et g; (7;) = Boj(xy).

12: end for

13:  end for

14: for j=1toddo

~(0 ~(l n ~(
15: 9]( )= 93(' ) — D i 93(' )(Xi,j)/n-
16:  end for

17:  Let 19 solve

n 00 '

18: until convergence

and its r-th nearest neighbour among {X ;. };4.
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3.1 Selection of the smoothing parameter

As with other nonparametric procedures, the selection of the smoothing parameter is an
important practical issue when fitting additive models. The importance of using a robust
criterion for selecting smoothing parameters, even when one uses robust estimators, has
been described, for instance, by Leung et al. (1993), Wang and Scott (1994), Boente et al.
(1997), Cantoni and Ronchetti (2001) and Leung (2005). Several proposals have been made
in the literature, including L! cross—validation (Wang and Scott, 1994), a robust version
of C, and cross-validation (Cantoni and Ronchetti, 2001) and a robust plug-in procedure

discussed in Boente et al. (1997).

Here we use an intuitively simple K —fold cross-validation method related to the pro-
cedure described in Bianco and Boente (2007). As usual, first randomly partition the data
set into K disjoint subsets of approximately equal sizes, with indices C;, 1 < 7 < K, so
that Ule Ci={1,...,n}. Let G C R? be the set of bandwidth combinations to be consid-
ered, and let /g\ff )(X) be the robust backfitting predictor for X, computed with smoothing
parameters h = (hy,...,hq) € G and without using the observations with indices in C;.

For each ¢ = 1,...,n, the prediction residuals e; are
6 =Y -9VX,), ieC,j=1,..,K.

Noting that the classical cross-validation criterion can be decomposed into the sum of
the squared bias and the variance, it would be natural to use robust measures of bias
and dispersion instead. Let p,(Z1,...,7,) and 0,(Z1,...,Z,) denote robust estimators
of location and dispersion based on the sample {Z;,..., Z,}, such as the sample median
and the MAD (median of the absolute deviations with respect to the median). The robust
cross-validation smoothing parameters are selected by minimizing over h € G the following

criterion:

Le(h) = (2 (E1,....8) + 02 (61,....8.) . (9)

Leave—one—out cross—validation is a particularly important case of K —fold obtained when

K=nandC;={j},1<j<n.
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4 Numerical studies

In this section, we report the results of our numerical experiments designed to compare our
proposed estimator with other alternatives proposed in the literature. All computations
were carried out using an R implementation of our algorithm, publicly available on—line at

http://www.stat.ubc.ca/~matias/soft.html.

We generated data following additive models with d = 2 and d = 4 components. Our
experiments involved N = 500 samples for each simulation setting. For models with two
additive components (d = 2) we include here the results obtained with samples of size
n = 100 and bandwidths chosen using K—fold cross-validation. For d = 4 we used n = 500
and fixed bandwidths set to their asymptotic optimal values. Additional results for d = 2
and n = 500 are reported in Boente et al. (2015).

We considered samples without outliers, four types of possible data contaminations,
independent and correlated covariates, and also cases where the response variable was
missing, as described in Remark 2.2. More specifically, we first generated observations
(XT,Y;)" satisfying the additive model Y = go(X) + u = o + Z;lzl 9o0,;(X;) + u, where
u = ope. We then generated independent Bernoulli random variables {d;}7, such that
P, = 1|Y;, X;) = P(5; = 11X;) = p(X;). For models with d = 4 we considered the case
without missing data (p(x) = 1) and also used p(x) = ps(x) = 0.4 + 0.5(cos(z; x3 +
0.2))?, which produces approximately 33% of missing Y;’s. Since other robust estimators
proposed in the literature for this model cannot be applied directly to samples with missing
observations, we ran a series of experiments with d = 2, n = 100 and no missing data.
Comparisons between the robust and classical backfitting algorithm for d = 2 and missing
data generated with p(x) = pao(x) = 0.4 + 0.5(cos(z; + 0.2))? can be found in Boente et al.
(2015).

We compared the following estimators:
e The classical backfitting estimator adapted to missing responses.

e A robust backfitting estimator using Huber’s loss function with tuning constant ¢ =
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1.345. This loss function is such that p.(u) = ¥.(u) = min (¢, max(—c,u)) .

e A robust backfitting estimator using Tukey’s bisquare loss function with tuning con-

stant ¢ = 4.685. This loss function satisfies p.(u) = ¥e(u) = u (1 — (u/c)?)’ Ij—cq(u).
e The estimator defined in Bianco and Boente (1998).

e The estimator proposed by Croux et al. (2011), denoted geg.

The univariate smoothers were computed using the Epanechnikov kernel K (u) = 0.75 (1—
u?*)[[_1 1)(u). We used local linear polynomials with ¢ = 0 and ¢ = 1 in Algorithm 2. Not
surprisingly, our results for d = 2 show that in general local linear smoothers outperform
locally constant ones. Hence, here we only report the results for ¢ = 1, but see Boente et
al. (2015) for additional tables. In what follows, classical backfitting estimates obtained
using local linear smoothers (¢ = 1) are indicated as gse 1, while the robust counterparts
based on Tukey’s bisquare and Huber’s loss functions are denoted gyp r,1 and Gug u,1, respec-
tively. Note that in order to perform a fair comparison between estimators we adapted the

proposal in Bianco and Boente (1998) to the case ¢ = 1, which we denote by Gup 1.

The performance of each estimator g; of goj, 1 < j < d, was measured through the
following approximated integrated squared error (ISE):

n

—~ 1 ~ 2
ISE(G)) = s~ > (905 (Xig) =G5 (X)) 6
Zi:l ( i=1
where X;; is the jth component of X; and 9, = 0 if the i-th response was missing and d; = 1
otherwise. An approximation of the mean integrated squared error (MISE) was obtained

by averaging the ISE above over all replications. A similar measure was used to compare

the estimators of the regression function gy = o + ijl 9o,j-

4.1 Monte Carlo study with d = 2 additive components

Our data were generated according to the additive model in (2) with n = 100, gy = 0.5

o =0, go1(x1) = 24 (xq — 0.5)2 — 2 and goa(z2) = 2msin(mzy) — 4. The distributions of
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X, and X, were U([0, 1]) and we considered two situations for the distribution of the vector
(X1, X5)": independent components, and cor(X;, X3) = 0.7. The latter was generated as
follows. Let Z ~ N3(0,3) be a bivariate Gaussian random vector where ¥;; = ¥p5 =1
and X1, = X9y = 2sin(p7/6), with p € (—=1,1). Let X; = ®(Z;), j = 1,2, where ® is
the cumulative distribution function of a standard normal distribution. It follows that the

marginal distribution of each X; is U([0,1]), j = 1,2 and that their correlation equals p.

To select the bandwidths of the classical backfitting estimator we used the standard
K-fold cross-validation procedure with a square loss function, while for the robust backfit-
ting and the estimator of Bianco and Boente (1998) we used the robust K —fold method
described in Section 3.1. In all these cases we set K = 5. The parameters involved in the

estimators defined by Croux et al. (2011) were chosen as described therein.

For the error distribution, we considered the following settings:

o Cy: u; ~ N(0,02).

o O u; ~ (1—0.15) N(0,02) + 0.15 N(15,0.01).

e Cy: u; ~ N(15,0.01) for all #’s such that X; € Dy, where D, = [0.2,0.2 + n)>.
e C5: u; ~ N(10,0.01) for all i’s such that X; € Dy 9, where D, is as above.

o Oy u; ~ (1—0.30) N(0,08) + 0.30 N(15,0.01) for all i’s such that X; € Dy 3.

The first case, Cy, corresponds to samples without outliers and they will illustrate the
loss of efficiency incurred by using a robust estimator when it may not be needed. The
contamination setting C'; corresponds to a gross-error model where all observations have the
same chance of being contaminated. On the other hand, case () is highly pathological in
the sense that all observations with covariates in the square [0.2, 0.5] x [0.2, 0.5] are severely
affected, while Cj is similar but in the region [0.2,0.29] x [0.2,0.29]. The difference between
U5 and (7 is that the asymptotically optimal bandwidths are wider than the contaminated
region in (5. Finally, case C; is a gross-error model with a higher probability of observing an

outlier, but these are restricted to the square [0.2,05] x [0.2,0.5]. Figures 1 and 2 illustrate
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these contamination scenarios on one randomly generated sample with independent and

correlated covariates, respectively. The panels correspond to settings Cs, C3 and Cj, with

solid triangles indicating contaminated cases.

Note that for the case of correlated covariates the contamination setting Cs produces

samples with a very high number of outliers in neighbourhoods of points with one coordinate

between 0.2 and 0.5 (see Figure 2). Since all the estimators considered in our experiment

were severely affected in this setting, we omit the corresponding results here.
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Figure 1: Scatter plots of covariates (X1, X2)T ~ U([0,1]?) with solid triangles indicating observations

with contaminated response variables, for contamination settings Cs, C3 and Cj.
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Figure 2: Scatter plots of covariates (X1, X2)T with solid triangles indicating observations with contam-

inated response variables, for contamination settings Co, C's and Cy. The square regions indicate the sets

D,, for each scenario and the covariates have correlation 0.7 with marginal uniform distribution.

Tables 1 and 2 report the obtained values of the MISE when estimating the regression

function gy = 1o + go,1 + go2 and each additive component gp; and gg 2, respectively. We
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gBc,1 Jor geB,1 | BR,T1 || G1,BC1 | Giom | 9iBBa | GuBRTI || 92801 | 92.0r | G2.8B1 | G2,BR,T.1
Cp | 0.032 | 0.135 | 0.391 | 0.038 0.049 | 0.093 | 0.562 0.052 0.050 | 0.112 | 0.462 0.053
Cy | 7.641 | 3.676 | 0.430 | 0.336 1.188 | 0.491 | 0.420 0.182 1.130 | 0.476 | 0.377 0.203
Co | 8113 | 2.336 | 0.474 | 0.740 3.223 | 1.068 | 0.324 0.376 3.113 | 0.502 | 0.377 0.338
Cs | 0.153 | 0.073 | 0.385 | 0.039 0.104 | 0.064 | 0.548 0.053 0.102 | 0.076 | 0.452 0.054
Cy | 1.125 | 0.138 | 0.376 | 0.037 0.522 | 0.108 | 0.475 0.052 0.452 | 0.069 | 0.386 0.053

Table 1: MISE of the estimators of the regression function go = MO—’_Z?:l go,; and the additive components

go,1 and go 2 under different contaminations and when the covariates are independent.

gso,1 Jor gsB.1 | 98r11 || G18C1 | Gror | Gie1 | GiBRT1 || 92801 | G2.0r | 92.B | §2BRT.1
Cp | 0.035 | 0.107 | 1.299 | 0.045 0.062 | 0.120 | 1.581 0.073 0.065 | 0.141 | 1.358 0.078
Cy | 7.581 | 3.756 | 1.417 | 0.327 1.773 | 0.918 | 1.467 0.260 1.674 | 0.955 | 1.358 0.159
Cs | 0.286 | 0.056 | 1.281 | 0.044 0.173 | 0.071 | 1.561 0.072 0.168 | 0.074 | 1.345 0.076
Cy | 1.690 | 0.234 | 1.182 | 0.043 0.710 | 0.182 | 1.430 0.071 0.617 | 0.102 | 1.287 0.074

Table 2: MISE of the estimators of the regression function gg = M0+Z§:1 go,; and the additive components

go,1 and go 2 under different contaminations and when the covariates have correlation 0.7.

only report here the results for the robust backfitting estimator computed using Tukey’s
score function. Additional results obtained with the Huber loss function can be found in

Boente et al. (2015).

As expected, when the data do not contain outliers the robust backfitting estimator
Jer.ra is slightly less efficient than the least squares one, although the differences in the
estimated MISE’s are well within the Monte Carlo margin of error. On the other hand,
the estimators gop and ggs; showed much larger mean square errors. In particular, the
MISE of the Bianco and Boente (1998) estimator is more than 10 times higher than that
of gerr1. For correlated covariates this can be expected since gys1 is a biased estimator

unless Y — go;(X;) is independent from X, j =1, 2.

For the contamination cases C', and C5, when using the backfitting algorithm combined
with local linear smoothers, the MISE of the classical estimator for gy is notably larger than

those of all robust estimators (more than 20 times larger) for independent covariates. This
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difference is smaller when estimating each component gy, and gg 2, but remains fairly large
nonetheless. A similar behavior is observed under C; when the covariates are correlated.
This contamination causes the most damage to the estimator of Croux et al. (2011), with a
resulting MISE which is 10 times that of the robust backfitting and 30 times that obtained
under Cy. Quite surprisingly, under Cj3, the estimators proposed by Croux et al. (2011)

perform better than under the uncontaminated case Cj.

In general, when the data contain outliers, we note that the robust backfitting estimators
give noticeably better regression estimators (both for gy and its components) than the
classical one and outperforms the estimators proposed in Bianco and Boente (1998) and
Croux et al. (2011). Based on the above results, from its stability with respect to the
studied contaminations and the lower bias under the central model, we recommend the
robust backfitting algorithm combined with local linear smoothers computed with Tukey’s

loss function.

4.2 Monte Carlo study with d = 4 additive components

For this model we generated covariates X; = (X;1, Xj9, Xi3, Xi4) ~ U([—3, 3]*), independent
errors €; ~ N(0,1), set py = 0 and oy = 0.15. The additive components were: go1(z1) =
23 /12, goo(xe) = sin(—xa), gos(w3) = 23/2 — 1.5, goa(zy) = €™ /4 — (e — e7?)/24. Based
on the results obtained for two additive components, with d = 4 we only compared the
classical backfitting estimator and the robust proposal described in this paper. In addition
to the settings Cy and C; described above, we modified the contamination setting C5 so

that u; ~ N(15,0.01) for all ¢ such that X, ; € [-1.5,1.5] for all 1 < j <4.

Due to the intensive computational effort required to perform K —fold cross—validation
with 4 bandwidths, we report here results obtained using fixed bandwidths set to their
optimal asymptotic value. These fixed bandwidths were computed assuming that the
other components in the model are known (Hérdle et al., 2004), resulting in h)** =
(0.36,0.38,0.34,0.29). However, it was difficult to obtain a reliable estimate for the resid-

ual scale 0( using these bandwidths (see Remark 3.1), since many 4-dimensional neigh-
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px) =1 p(x) = pa(x)

gsc,l | Gsrmd | Gsrord || Gsel | Geral | Geroril
Coh | 0.0023 | 0.0023 | 0.0023 || 0.0033 | 0.0033 | 0.0033
Cy | 7.6095 | 0.0497 | 0.0046 | 8.8581 | 0.1563 | 0.0932
Cy | 4.8224 | 0.0221 | 0.0025 || 6.0121 | 0.0258 | 0.0038

Table 3: MISE of the estimators of the regression function gy = po + Z?Zl go,; under different con-
taminations and missing mechanisms. p(x) = 1 corresponds to the case of no missing responses and

pa(x) = 0.4 + 0.5 cos?(z1 23 + 0.2) to missing responses according to p.

bourhoods did not contain sufficient observations. To solve this problem we used h, =
(0.93,0.93,0.93,0.93) to estimate oy (using this vector of bandwidths we expect an aver-
age of 5 points in each 4-dimensional neighbourhood). We then applied the backfitting
algorithm with the optimal bandwidths h}/>*.

Tables 3 to 7 report the MISE for the different estimators, contamination settings and
missing mechanisms. Ratios of MISE’s for clean and contaminated settings and median

ISE’s are reported in tables included in Boente et al. (2015).

Our experiments with and without missing responses yield similar conclusions regarding
the advantage of the robust procedure over the classical backfitting. As expected, when
responses are missing, all the MISE’s are slightly inflated. It is also not surprising that when
the data do not contain outliers (Cj), the robust estimators have a slightly larger MISE than
their classical counterparts. However, when outliers are present, both robust estimators
provide a substantially better performance than the classical one, given similar results to
those for clean data. The MISE of the estimators based on Tukey’s bisquare score function
are more stable across the different contamination settings than those using Huber’s score
function. A similar behaviour was observed for models with d = 2 (see Boente et al., 2015).
Based on these observations, we also recommend using our robust backfitting method using

local linear smoothers and Tukey’s loss function.
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p(x) =1 p(x) = pa(x)
Gipel | Gierml | Guerrl | Gisel | Giesrml | GisrTl
Cp | 0.0020 | 0.0020 | 0.0020 || 0.0030 | 0.0030 | 0.0030
C1 | 0.6356 | 0.0066 | 0.0021 | 0.9703 | 0.0250 | 0.0178
Cs | 0.9897 | 0.0060 | 0.0020 || 1.1960 | 0.0073 | 0.0030

Table 4: MISE of the estimators of the additive component go,1 under different contaminations and missing

mechanisms. p(x) = 1 corresponds to the case of no missing responses and p4(x) = 0.440.5 cos? (21 23+0.2)

to missing responses according to py.

p(x) =1 p(x) = pa(x)
G2mc1 | Geprul | G2mrrl || 928c1 | G2mRul | 9281
Cyp | 0.0016 | 0.0016 | 0.0016 | 0.0024 | 0.0024 | 0.0024
C | 0.6189 | 0.0081 | 0.0026 || 0.8982 | 0.0226 | 0.0136
Cy | 0.9482 | 0.0055 | 0.0016 | 1.2339 | 0.0067 | 0.0024

Table 5: MISE of the estimators of the additive component go,2 under different contaminations and missing

mechanisms. p(x) = 1 corresponds to the case of no missing responses and p4(x) = 0.4+0.5 cos?(z1 x3+0.2)

to missing responses according to py

p(x) =1 p(x) = pa(x)
93mc,l | 93prml | 93prrl || O3mcl | 93mrml | 93mRT1
Coh | 0.0042 | 0.0042 | 0.0042 || 0.0082 | 0.0082 | 0.0082
C | 0.6741 | 0.0106 | 0.0052 || 1.0679 | 0.0449 | 0.0337
Cy | 1.0007 | 0.0085 | 0.0042 || 1.2256 | 0.0126 | 0.0082

Table 6: MISE of the estimators of the additive component gg 3 under different contaminations and missing

mechanisms. p(x) = 1 corresponds to the case of no missing responses and p4(x) = 0.4+0.5 cos?(z1 x3+0.2)

to missing responses according to py
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p(x) =1 p(x) = pa(x)

Jime | Gaprul | Gasrrl | Gasel | Gamrul | J4mrrl
Coh | 0.0036 | 0.0036 | 0.0036 || 0.0058 | 0.0058 | 0.0058
Cy | 0.7558 | 0.0097 | 0.0037 || 1.2310 | 0.0583 | 0.0429
Cy | 1.0592 | 0.0078 | 0.0036 || 1.3877 | 0.0117 | 0.0061

Table 7: MISE of the estimators of the additive component go,4 under different contaminations and missing
mechanisms. p(x) = 1 corresponds to the case of no missing responses and p4(x) = 0.4+0.5 cos?(z1 x3+0.2)

to missing responses according to py

5 Real data example

In this section, we compare the performance of the robust backfitting described in this paper
with the classical one on a real data set. We considered the airquality data set available
in R. The data set corresponds to 153 daily air quality measurements in the New York region
between May and September, 1973 (see Chambers et al., 1983). The interest is in explaining
mean Ozone concentration (“O3”, measured in ppb) as a function of 3 potential explanatory
variables: temperature (“Temp”, in degrees Fahrenheit), wind speed (“Wind”, in mph) and
solar radiance measured in the frequency band 4000-7700 (“Solar.R”, in Langleys). In our
analysis, we only considered the 111 cases that do not contain missing observations. Dengyi
and Kawagochi (1986) and Lacour et al. (2006) report a positive correlation between
ozone concentration and temperature in the Antarctica during Spring and also, in France
during the 2003 heat wave. Cleveland (1985) finds that the relationship between ozone
concentration and wind speed is non-linear, with higher wind speeds associated to lower
Ozone concentrations. Simple visual exploration of the data indicates that the relationship
between ozone and the other variables does not appear to be linear, so we propose to fit
an additive model of the form O3 = o + go1(Temp) + go2(Wind) + gos(Solar.R) + u,
where the errors u = o0( ¢ are assumed to be independent, homoscedastic and with location

parameter 0.

Based on the results obtained in Section 4, we used local linear backfitting estimators
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with the classical squared loss function and also with Tukey’s bisquare loss (with tuning
constant ¢ = 4.685) to provide a robust alternative. Bandwidths were selected using
a 3-dimensional grid search. For the bandwidth h; of the j-th covariate, 1 < 57 < 3,
we considered 6 possible values (equal to multiples of its estimated standard deviation):
G; =1{6/2,64,1.564,264,2.56;,35,}, where 6; = sd(X;). Our 3-dimensional grid is the
product of these sets: G = Gy x Gy x G3 C R®. Let (XT,Y))T, ..., (X", Y,)T be the
considered observations (n = 111). The usual leave-one-out cross-validation criterion in
this setting is given by Lis(h) = (1/n) Y1, (Y; — /g\;éh(Xi))Q, where /g\;é,h(Xi) denotes the
backfitting predictor for X;, computed with bandwidth h € G and without using the i-th
observation. For the classical backfitting estimator the smallest value of L;¢ over the grid

G was obtained at h;y = (9.53,10.67,91.15).

As mentioned in Section 3, when outliers may be present in the data, it is important
to use a robust selection criterion for smoothing parameters, even when considering robust
estimators. For this real data set, we have considered the robust leave—one—out cross-
validation criterion defined through Ly(h) in (9) taking pu, as the median and o, as the
MAD. More precisely, let gﬁTh(Xl) denote the robust backfitting predictor at X;, computed
with the smoothing parameter h € G and without using the i-th observation. The robust
cross-validation criterion used is

u(t) = (dian ¥, - ﬁB;,T,h<Xi>})2 + (ap v - @:’,T,h(Xi)})g .

1<i<n 1<i<n

The minimum of Ly over G was obtained at h, = (4.76,8.89,136.73), which leads to a
smaller bandwidth for the first additive component and a larger one for the third than the
ones chosen with the classical approach. This suggests that some influential observations
may be present, which lead to oversmoothing of the classical estimator of the first additive

component.

Figure 3 shows the estimated regression components for each explanatory variable,
both for the classical and robust estimators. The plots of the partial residual are given
in the supplemental file available on—line. Although the shape of the estimated additive

components are similar, some important differences in their pattern can be highlighted.
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Figure 3: Estimated curves for the classical (in red dashed lines) and robust (in blue solid lines)

backfitting estimators with data-driven bandwidths h;¢ and hg, respectively.

On the one hand, the classical estimator appears to magnify the effect of the covariates on
the additive components of the regression function. With the classical estimator increasing
temperatures correspond to a higher mean ozone concentration, but only for temperatures
between 70 and 90 degrees (F). Higher temperatures correspond to lower mean ozone
concentrations, and the same happens for increasing wind speeds and low values of solar
radiance. At the same time, low wind speeds and solar radiance values between 150 and
250 correspond to higher mean levels of ozone. Intriguingly, lower temperatures are seen
to result in a slight increase in mean ozone concentration. On the other hand, the robust
estimator suggests covariate effects that are more moderate. For example, in the case of
temperature, we note that the corresponding additive component is practically constant for
temperatures up to 75 degrees, and for temperatures beyond 90 degrees does not decrease

as markedly as the classical one.

20 40 60 80 100
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Figure 4: Boxplot of the residuals obtained using the robust fit with data-driven bandwidth hy.

We can use the residuals obtained with the robust fit to explore the presence of potential

outliers in the data. Figure 4 shows the corresponding residual boxplot which indicates
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5 clear outliers (observations 23, 34, 53, 68 and 77). To study the influence of these
observations on the classical fit we repeat the analysis without them. The obtained cross—
validation bandwidths for the classical estimator are now h£§5) = (4.85,10.52,138.87). Note
that these values are very similar to those obtained with the robust estimator combined
with the robust cross—validation criterion. Figure 5 shows the estimates, /55](-_5), g=1,...,3,
obtained with the classical estimator using the “cleaned” data together with the robust
ones obtained with the original data set. We see that both sets of fits are now very
similar. In other words, the robust fit automatically down-weighted potential outliers and
returned estimated additive components based on the remaining observations that are

almost identical to the classical ones when the outliers are removed by hand. Furthermore,

the residuals obtained from the robust fit allow us to identify potential outliers.
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Figure 5: Estimated curves for the classical backfitting estimator, §J(-_5) (in red dashed lines)

with data-driven bandwidth h§§5> and for the robust ones (in blue solid lines) computed with all

the data and with data-driven bandwidth hg.

SUPPLEMENTARY MATERIAL

The supplementary file includes three Sections labelled S.1 to S.3 which contain:

S.1: Empirical Influence To study the sensitivity of the robust backfitting with respect to

single outliers, we provide a numerical study of the empirical influence function.

S.2: Real Data Example Partial residuals plots for each explanatory variable, both for the
classical and robust estimators. For the classical estimators, partial residuals are given for

the complete data set and for the data without the outliers.
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S.3: Proofs Proofs of Theorems 2.1 to 2.3.
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