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ABSTRACT

tn this paper a regression mode! Is develcped for the post-censal
estimation of the pogulation sizes of ssall-arecas. The approach is
nonstochastic. It is assumed that current population sizes have been
determined by a function of those cdtained at the last censes, together
with the associated values of certain sysptomatic variables. As well,
the current values of these variadles are assumed to be imn-hand.
Natural properties of such a rule are shown to imply a specific, log linear
form for this function. Existing models are shown 10 B¢ approximations
Lo the resulict.

An objective function for evaluating arbitrary estimation procedures
or fitting regression models, Is derived an the assemption that revesue
allccation s the cbjective of the estimation program, By appealing to
an equilibriue thecry for group decision processes, it Is shown that under
certain conditions the agpropriate criterion is given by the Kul ldback-
Leibler discrimination functioa.

KEYWORDS fatio-correlation; difference-correlation; populations of
sall-areas; local-areas; log=lincar models;
ullback=Leibler Information; Mash soletions.
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3.

i INTROOUCT ICH

Covernment and private agencies depend on estimates of the populations
of small-areas for 3 variety of purposes, such as reverue allocation and
plasaing. In the Unlted States, for example, annual, post-censal estimates
are prepared under the Federal-State Co-cperative Progras (FSCP) for some-
thing like 39,000 municipalities, counties and so on (Kizagows et o, 1983).

The great scale om which this activity is carried out makes the need
for sccurate, sieply applled procedures acute. A variety of methods exist
(Purcel! and Kish 1979, Kitagawa et al, 1850, lidek 1982). None are
simplar and more adaptable than those which use regression models for making
these estimates (Schmitt and Crosett! 1954, Morriscon and Relles 1975,
0'Mare 1976).  These models turn cosy-to-messure guantities (symptomatic
varlables) Into estimates of populaticn sizes which are wxpensive to measere.
The coefficients obtained by fitting these models wiing two successive
censuses and the measured values of all variables, cne set per sud-area,
(lmpliclitly) account for migration, desographic trends and 30 on, 30 that
the lattor are not sweded in the preparation of the estimates a5 they would
be in, say, administrative records methody, Different symptomatic
variables may be wsed In different subrarcas, depending on what data Is
readlly avallable in cach, And comparative emplrica) studies In the works
clted above, show that these methods can be very effective, surprisingly se
since the rogression methodology s misappropriated In the sense that there
is no conceivable experiment which generates these variable-values at rendos
a3 in the conventlional case. One such method, that using the ratio~
correlation model, Is among the three, regression and other, which consti~
tute the overall strategy used in the FSCP (Kitagawa et al. 1380).

In spite of the relatively Aigh precision of regression-based methods,
thelir simplicitly and adaptability, there Bave Been surprisingly few models
proposed and these have not beea very much refined. Rosendery (1563)
points out the need 1o stratify local-arcas by the dichotamies, first of
urban versus rural and second of rapld versus slow growth.  His propesal
seems 1o Bave bees ignored. Namboodirl (19)2) argues purswasively agaimst
the noeded temporal stationarity of regression models and gives an analysis
which may well show the ill-effects of sulticollinearity among the symplo~
matic varlables. A systesatic residual analysic Bas not Been published
and llttle seoms to be known atout the possibly serlcus negative ispact of



influential observaticas ia this context (see Belsey, Kuh and Velsch
{1580) for a general discussion of this problem,

Existing rogression models have deen proposed on an ad hoo basis.
The major result of Secticn 3 Is & new model which is obtained by what
might Be called as axiomatic approach. Stechastic and approxismation
errors aside, it Is supposed that population sizes of small-areas are
assigned, Bypothetically, by some wnspecified function of the sympto-
matic voriables and previous counts. The wost ressenable requirements
Of such & rule are specified and then shown to be equivaleat to 2 log*
linear mode! similar but not Identical to that of Morrisom and Relles
(1976), The mode! has yet to be espirically assessed.

Soth the fitting of regression models and the assessment of esti-
mation methods requires a criterion function which accumulates In some
sensible way the errors made over all subrareas. Mo particular choice
has yot Seen indicated and varlous altermatives such a3 aversge relative
aclute error are wied, sometimes soveral in the same stody. Nome of
these criteris scom dircctly relatod to 4 primary objective of the
progranm, namely, the allozation of revenue. In Section 2 is derived
from first principles, & criterion function which takes account of the
need to choose an allocation schese which would e a jointly acceptable
compromise to al) sembers of the comwunity, provided their desires cbey
certain weak comtraints, The derivation is based oa the theory of

Mash (1959},

2. CRITERIA

Evaluating the performance of an estimation methodology requires
answers 1o two fusdamestal questions. Against what are the angwers It
produces to be compared and by what criterion is the comparisos to be
made? This section is addressed to the second of these questions, e
have no alternative 1o propose to the practical answer which is commonly
given to the first question, namely, the corresponding census counts.
The latter typically enderestimate the true counts By something Vike 2%
{®auser 1981) and therefore seem somewhat wnsatisfactory.

Kitagawa et al, (1982} describe various estimation porformence criteria
tn torem of P., the Yactual® and P,, the estimated population sl2zes for
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subregion €= I, ..., m  The former weuld B¢ the Jast available censes
counts corrected, possibly, as Spencer suggests (Appendix I, Kitagaws et al,
1980) for wndercoverage. These criteria include average error, average
relative error, sumber of extremaly large relative orrors and Dias. The
first two of these are cbtained by putting a=1,b=0 and a=~J, 3=,
respectively, In the general index IIP. e, Ia/Pi g

Wile Kitagawa et al.{1580) refer to the mecd to take account of the
purposes of the estimation program, no criterion has been given which does
s0, other than that which is derived Selow.

Its derivation relies on NMash's theory of bargaining as it might de
spplied in the present situation (Mash 1950), et P ond 4 dencte,
respectively, the population size and amcunt (of revenue, say) to be
allocated, Lot A= (4, ..., 4.} be o feasible aliocation of 4 amonp
the n subregions and u‘.j(f). o3 savy P £ =1, vees B represent
the gain-ia~value (utility) 2o individual J in ssbregion £ which would
reswit from this allocation scheme.  Certain weak assusptions ieply that
vy equilibrium solution must maximize an objective function which will
now be described,

Scfore doing so, it should be pointed out that Nash's theory adaits
as potential solutions, not oaly the allocations, A, themselves But as
well, all randomized mixtures of the A's. Deadlocks can therefore Be
broken by Lossing a coin, a3 it were. The domains of the uu‘s are
extended to this more general solution set by invoking the expected
wtility hypothesis. However, the feasidle solutions, randomized and non=
randomized alike, are reguired 1o satisfy “‘J"’ 0. In this way, the
Nash theory ensures that no Individual can be made to suffer 4 net expec-
ted loas of utility as a result of the proposed allocation.

In agreement with practice, we will restrict curselves to nonrandom-
ized allocations and define as cptimal any that are feasible and maxiwize
the so-called Nash product glven by

¥PA) = BN uf:g’ () (2.1)

i

if the '{j.‘ are usknown, 35 would be the case in the sitastion
wnder conslideration, an sgpruximation to (Z.1) becomos necessary. IFf the
A's are modorate, it is reasonable that w,.(4) would equal, approximately,
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A‘JP‘ for al} £ and J. This spproximation is supported by the
assunptions that the (-1h subregion's sllocation is ownly distritatied
among [ty constituents, that they receive no benefit from the allocation
sade 1o other scbregions and that the utilities are linear. This approx-
imation yields

wig) = 1 )P (2.2)

whera | P P‘/P is the proportion of the gpopulation in subregion
for all €.

fquation (2,2) may be reduced further by letting A; = a.h,
‘ — 1. sesy N mﬂ

W) = W) el 1 (g, (2.3)

ware I(p,a) = p; toglpy/a;) 2 0 is the Kullback-Leibler “distance"
tetwoen @ and p.

To maximize A7 is 1o minimize I, i.e. to choose a=p. Homewer,
in practice e would not de known. It would seem natural then 1o
choose for @ the best available ostimate, say é of P

The approximate BP-criterion given im equation (2.3) can be cbtained
by entirely different reasoning. Suppose & random sasple of the region's
current population is drawn with replacesent and each individual
scrobtalned s classified by scbregion, Let p, be the cbierved sample
fraction of individuals from subregion ¢. Then the function of a
given in equation (2.3} Is the likelihood function for these deta, It
would be maximized 1o find the optimal estimate amcng allowable choices
of g to find the maxisus likelihood estimate of the tree subregion

population proportions, This wouid be a=p unless a were constrained.

This sampling=thecretical point of view sugpests a natural alternative
to the criterion givea in equation (2.3). If the hypothetical sample were
large and the ai's were the “true” reglomal proportions, thea the consis-
tency of the (usconstrained) maxioum likelihood estimator, p, would
yleld the spproximatica logla /p ) = (atfp‘.-rl-(ai/p‘-ﬂ'/!. This, in
turn would yield
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W) = W) exp [=45ta om0, ] (2.0

fquation (2.4) suggusts the minimum akf=squered criterion for cheosing
the {c‘l. namely mininilze

X = Ilayp)'/e,. (2.5)

Again, If g were unconstrained, @ = p would be optimal.

This last criterion among others receives special attention in Kitagows
ot 21, (1980), It represonts according to these authors, & compromise between
flagp)* ond Tlagp.l/o;-  The flrst would be undely semitive to large
Iindividual, subregional misallocations and the second, to misallocations in
ssall arces.

3. RECRESSION METHODS

Such methods yield post-censal estimates, ;’“ of current (time ¢t = ¥,
say) population sizes, Pysv for subregions.  They rely on models which
involve coufficients which must be fitted, the observed current values of
symptosatic variables, 5, = (3“,. s S:ip" and their corresponding
values at time £ = ], glt' when gepulation sizes, P“. are available for

all regions, €=1, ..., n

To fit the coefficients, » critericn Is chosen, wsually least squares
but peasibly that given &y I or %' in eguations (2.3) or (2.5) respec-
tively, The times, ¢t~ ] and 2, are taken %0 be successive censuy
years so that the (PJ‘). {gﬂl F=1,2, £=1, ..., n are observable.
Then P¢ is taken Lo be the observed value of the "dependent' variable,
PoullByr s £ =1, cuiy m while @, Is sspplied by the regression model,
aldeit with as yet unspecifled coafficients. The coefficients are then
chasen 1o give the criterion-functicnal its least possidble valee,

Erickson (1973, 1374) proposed an Interesting variation of this scheme
which might be called “sampling=regression™. The time €= 2 Is the
present and the model iy fitted 1o the results of 3 census carried out on @
subsasple of subreglons, This approach tekes account of the ineviesble
temporal noostaticnarity of any regression model by “tening” its confflicients
*n the oresent. The saspling scheme which was Introdaced in Sectica 2 10



provide a Interprotation of the NI criterlion could provide 3 (no
dosbt infarior) altermnative to Ericksen's plan, A bonus of the

serp ling=regrassion approach which Is pointed out by Purcell and Kish
(1979) is tat, ualike the conventional approach, it carries with it
4 basis for Inference,

It remaing to choose » suitable model. As will sow be shown,
simpie intuitive requirements lead quite emily to particular models.

For exponitory simplicity It will e assumed that p =~ I so that
the symptomatic variabies at times ¢~ ] asd 2~ % become su.
and 5, respectively. The "dot' will as wsual represent swsmaticn
over any subscript it replaces. Thus P,. would demote the popula-
tion of the entire region at tise ¢ = 2.

Let - f(f by ) represent an unspecified post-censal
ugmslcn nnutlm -odol Mere 7' = (?’, vees T, 7 s the vector of
subreglonal emuuon wodels while 5. = (sﬁ. "nvp s‘h) J=1,2, and
- (P”. S h) are the corresponding vectors of symptomatic
variables and population sizes at time £ = 1." Chserve that, in general,

r‘ is a function of §".S and PI for all ¢,

Suppose, hypothetically, that subregional population sizes were to be
assigned without error by means of the model, T Introduced above.
Various reasonable requiresents of swch 3 rule swggest themselves and lead,
a5 is shown below, to explicit forms for 7.  These may be taken as first
approximations o the actual pepulation sl;n and 30 used to obtain
estimates. The precision of such estimates and hence the value of the
models suggested by the approach cutlined above, would need 10 De ascer-

tained by empirical study.

Possible requirements for T Jare presented and discussed. Their
implications are given below.

Pegional population sizes may be estimated with o relatively high
precision compared to those of its subregloms. So they may be regarded
3z krown. The following requirement s therefore considered a3 funde-

rental:

CTT {Controlled=tonlotall. F, =7,



It implies that we may regard P, and P, as vectors of proportions,
cach set suming to 7, rather than 35 veclors of population counts

whenever it is expedient to do so.

Mother important condition is:

Pl {(Permutation Invariance). For all n x = garsutation

matrices ¢

T8y ).

) = ¢ 25y Sy By

This condition simply ensures that the order in which the sub-regioms
are listed is irrelevant. It is not the same as spatial homogeneity
because the symptomatic variables, .53 and §’. My contaia informa-
tion pertaining to the geography of the see-reglons.

The following invariance requirements ensure that the model has
good robustness properties, They make wse of the fact that the scale
on which the symptomatic variables are measured is viuvally arditrary.
Furthermore, if the sysptomatic variadles are counts computed focally
e.g. births, marriages, deaths) there may be a degree of under-
reporting that varies from one region to ancther. To some extent
these effects are elininated If the following imvarisnce condlticns
are satisfied:

RI (Sogional lavariance). For all positive diagonal matrices D
!(“izn w_:a {’2) — r(éso §)o ?1’

1t (Yemporal lnvarlance). For all positive scalars @,, 4,20
Tlay Sp a3 S0 B) =705, Sp By

The sext condition embraces & natural eguivariamnce requirement.
It derives from the recogniticn that the estimated growth rate in esch
region, ¥, ;Siﬂh" would mot change even if F,'s comordinates were
replaced &y their corresponding densities, say per heclare or per square
kilometre, for exasple, This suggests the condition
(500 S0 BYRY) = T, (8 Sy BOYNG, Pyp) 373y aney my Tor any
positive 0= dln[d,. b dn}. This is equivaleat to



T 2y BBy = PGy 510 B)). Ve Tyl 5 B)) = Py Bl ),
= 1, vuvs n for some function N, Mowever, this cendition is
inconsistent with CTT which Is considered more fundamental. And It

is umnecessarlly strong for it is possible, as cur analysis will show,
to derive & sufficiently small ¢class of potantial -ouu -Mor the

weaker requiresent that g“(s S F)4 (P ‘/P“)O(Pu(

relative growth rates of regions ¢ amd J, €, 5=1, ..., =% be
Invariant in the sense described above. This conditien is

’ij‘f)’ T Q’,) -eu(._'!,. Sp P 6di=1, woium, for all positive
diagonal matrices, O which is equivalent te

BERI sululn Growth Rate lnvarlmnz. For i,j=1, esuy, B
4 2!l positive D= Dlog(d), ssey cg.l,

CgSge 8p0 BF)) =Gy y(Sg S 1))

were 0, (z,p.00 = [r‘cg.g.oy/d;' [fl(g,!,ng)/da'l

for all =, wond 2 in T's domain,

Instead of regarding, as we may because of (17, P and fx s
voctors of proportions, It is more conwvenient to deal ulth the (n-1)-
vector of ratios, ’).' with elements "/Ph' t=]1, ..., n=], Similar
chasges in T yields F,*=74(5,, 5, {' ‘). The afvantage of F,* over
5. the vector of proportions, is that the elesents of {'3' are unres~
trictod even when CTIT Is Imposed.

Conditicns Ri and T1 are equivalent to T4(5,, §,, P, =
!'[‘iﬁx" L f:'] and BRI to T,4(5y S5 By P01 S S D)

£=J, coey n. SO RI, TI and RGRI combined are equivalent to

o Jhc o o> R B [“-’s’fz"] 3.1)

for some function &‘, $§*= 2, caey R

Vo regard CTT, PI, RI, TI and RE2I as important: the first two
would scom to be essential dut it is possible to think of conditions undar



which the invariance requiremonts are not 10 compeliling. The following
conditions, although plausible, seem loss importent.  They, or conditions
like tham, are needed to reduce the general sode! given In equation (3.1}
to a more explicie, applicable form:

TC ’Tagnl Cohn-u_c:!. Given an additional time, &t =0

T(Sg g 2y) = TS, 5, Py)  where

Py = 26y 5p B

TR (Tive knrsiblll!x!. For all 8,. S,, P:

- !(.f‘, Sar le where

Lo
|

18 3p B9

The intuitive Dasis for TC Is clear and it nearly Implies TR
since the latter becomes the former when the past is reflected into the
future provided !(go. Sy l.") is given the valee F,, the subregiom’
knower population sizes when the symptomatic variable, §0. reassumes its
original {time ¢ = 2) valoe.

These conditions imply an easily derived explicit form for the
fomction U, of equation (3.1). The solution, fly) =ay of Evler's
fenctional eguation flrey) = flx) 4 fly), [ continuous, is used. The
solution obtains even If the requirement x ¢y < X is imposes, 05x, p<X.
The resqlt is

L] Q
5}
B, ()= N (3.2}
c 0= 5%

for certain constamts, == < aq <w,

If conditicn PI is Imposed, a straightforward argument which is
omitted for Brevity shows that a..=a or 0 according s <=7 of
£ AJ for some comstant 4. The mode! implied by all of the conditions
given atove is, thes, in susmary,



12,

.

P

o -i o om=-1
- P 2 F K [ P R ]
14 2 it "¢ A ik “k

were &, -8“/3“. Of course, Pu and R, can be replaced by

P“" and 8" in equation (}.3) without changing the result. Alterna-
glvely, they can be replaced by their corresponding “shares", Pu/P y
and 8‘./1.. rospectively, In the case of more thas one symptomatic
variable, obvious extensions of the conditions stated Move lead o o

gereralization of the sode! glven In equation (3.)) :
Py = P Ry [ Tr, 0 u]-z (3.8)
F. - P .

where ’ij' the counterpart of &., s the growth rate for symptomatic
variable J, J =1, ..., P

M alternative form of the model derived abowve s cbtained By taking
legarithes. The result is & variant of that suggested by Morrison g
Rolles (1996)

log (P /Fy.) = ‘j-: a, log Ay (3.5)

The basis for their choice is not given. The resulting estimate,
P‘_. would not necessarily satisfy CTT and would therefore need to be
“controlled" after the parameters, oj. J= 1, vevs p wore fltted., The

resulting estizmates would, in general, differ from those obtained by
applying the model given in (3.4), Nelther of the models (3.8) or (3.5}

M5 undorgose a comparative espirical stedy,

foproximations to thoso medels may Be derived using the approxinme-
tion, log x » x=] which is accurate if = = J, So in stable subregicons
{, that is, those undergoing slow changes in population size, equation
{3.5), for example, would yleld the approximate model

Pe/Pye = @y ¢ ,i! TR {3.5)
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This madel, or that cbtaised by replecing all its components by their
shares, is called the ratiotcorrglation sudel. It I3 the moct
commonly used of the various elternatives and |s the regressiom
component of the composite methodology used In the Federal State
Coscperative Progras of the United States (Xitagawa et al. 1981).
[epirical studies presented in this last~cited work show that this
model yields very good results in exactly those subregions where the
atove spproximation would B¢ accurate,

If in the mode! of equation (3.5) the P's are replaced by their
shares and logarithes are taken, an agproximate mode! is cbtaimed !

Peg " Ppp =% * ﬁ, 95 {rags = 71} 3.1

where Dk‘-Pt‘./Pk_ and '}‘J—sk‘jﬁ&n" k*1,2 £=1, ..., n,
ond F= 1, couy pr This model would be expected to be appropriate

for subreglons whose population sizes comprise a relatively large
fraction of that of the reglon. This so-called difference-correlation
mode! was proposed by O'Mare (1976) who provides empirical resules
which show that this sode! |s marginally superior to its ratio cowmter-
pert. However, wnder this model, the data may well be heteorscedastic
(Or. O. Herman, personal cosmunication) so its value romains uncertain,

b,  CONCLUDING REMARXS

This paper presents & new regression model (equaticn (3.4)) for
estimating the population sizes of small-areas, Ity value resaing to

be determined by empirical study., Howsver, the argument of Section 3
wakes it & natural cholce. The ratio-correlation model in current use

in the U.S5.A.'s Federal~State Co-cperative Program would spproximate
the proposed mode! In sub-regions of stable population size for reasom
given in Section 3,

In ficeing and empirically evalusting & model such as derived in
Secticn 3, & eriterion or "objective function' must be specified. Thar
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obtained im Section 2 (eguation (2.3)) Is aovel in this conteat. It
is, approximately, the Nash criterion (Nash 1950) for Jetlermining the
Joint value 1o a growp [society) of any proposed growp actien (revenue
allecation schomg). 1t Implies that proporticmal allocation on the

Sasls of population size is optimal. Thus the value of a0 allccation

schome will depond on Bow well the best available estimates of sub-
regional population proportions approximate the exact values.

The proposed criterion is the product of an attespt to relate the
performance of an estimaticon method to one of the primary objectives of
the estimotion program, albeit under the oversimplification of linear
wtility fusctions., While this criterion may be used In evaluating any
ostimation procedure through the estimates of proportions, and hence
approximate allocation scheme It produces, its form is, fortuitously,
particularly appropriate for the regression model developed in Section 3.

Regression models wsed in current practice are fitted by least sguares
even though their performance is measured by other criteria, such as
average relative absolote errere. The justification for this spparent
inconsistency is unksown. In Jay case, we would propose to wse the cri-
terlon of Section 2 in both fitting and assesseent,

The regquirosents imposed in Section } are the most reascnable of the
various alternatives, The ecndlucn of reglomal independence,
r‘(sz, Sp P, ) - Ty (32(‘ 100 F ), £w=1, cia, ®, for exasple, wos
ruled out bcccuu it forces the -odot to ignore a vital plece of Inform
aticn, the (assumed) known reglomal total Pye.o 1F it were admitted,
then PI would imply that r‘ -1 for some T andall 4. On top
of these conditions spatial coberence, IP =718, 15y, 1Py for

all &g, S5y and Py, would Be oquivaleat to Py . =a, S, ¢ a, 5,. ¢
¥P,; for all <. The resclt is not incossistest with &I (ugloul invar=-
fance) and TI (tesporal invariance): however, adding this pair of
conditions would lead to ;“ -YP”_. a mode! which takes no account of
the symptomatic variables. feplecing the pair In guesticn, successively
by one of TC and then TA leads, respectively, to f'“ -a(S“°S“) +
Py w8 als, ~B85,) + 82, B =1, according as TC or TR Iy intro-
duced. The afficacy of such linear models is wnknown,
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