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Research in this area is progressing rapidly, and I would like to draw connec-
tions to some concurrent work. See also Janson (2017, Section 5.1) for related
ideas.

For every model based on an exchangeable random measure (ERM) (see also
Veitch and Roy (2015, 2016), Borgs et al. (2016), Janson (2016)), one can con-
struct a so-called edge exchangeable model (Crane and Dempsey, 2015, 2016;
Williamson, 2016; Cai et al., 2016; Janson, 2017) that coincides with a finite re-
striction of the ERM model. The converse is true only in some cases. (See Cai
et al. (2016) for an example of when the converse does not hold). I consider the
CRM case for concreteness.

Let X1, X2, . . . be an exchangeable sequence of edges, and let En be the di-
rected multigraph composed of the first n edges labeled by their order of appear-
ance. If one considers the edge(s) connecting a pair of vertices as having a ‘color’
unique to that pair, Kingman’s paint-box theorem shows that every such graph can
be generated by sampling

Φ ∼ µ

Xi | Φ
iid∼ Φ for i = 1, . . . , n ,

where Φ is a random discrete probability measure sampled from a mixing measure
µ (Crane and Dempsey, 2016). Denote such a graph by EΦ

n .
Consider when Φ is the normalized CRM product measure defined in Section

5.5.1., Φα := Wα ×Wα/W
∗
α

2. Then the graph Dα, with D∗
α edges, and EΦα

D∗
α

have
the same conditional law,

L(Dα |Wα, D
∗
α) = L(EΦα

D∗
α
| Φα, D

∗
α) .

If µ places non-zero mass only on normalized CRMs with mean measure ρ(dw)λα(dθ),
then equality in distribution holds unconditionally. However, an ERM model and
its counterpart edge exchangeable model intersect only for a particular α. Dα

and EΦα
D∗
α

grow differently: Fix ε > 0, and let Dα grow to Dα+ε, denoting by
D∗
α,ε := D∗

α+ε −D∗
α the number of additional edges. Then

L(Dα+ε | Dα,Wα+ε, D
∗
α,ε) 6= L(EΦα

D∗
α+D∗

α,ε
| EΦα

D∗
α
,Φα, D

∗
α,ε) .
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The inequality reflects a fundamental difference in how the two model classes
encode the notion of growth, and offers practitioners guidance when choosing a
model appropriate for their data. Edge exchangeable models posit that graphs grow
one edge at a time; growth in ERM models is by a random number of edges as α in-
creases. As a consequence, as an edge exchangeable graph grows to arbitrary size,
an edge may occur between two vertices that were previously not connected. This
is not true for ERM models; exchangeability of the random measure requires that
new edges form only between new vertices. Furthermore, ERM models allow for
a growing population of edges from which to sample; edge exchangeable models
sample from a fixed (possibly infinite) population.
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