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Background
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P(Xo € B) :/ exp{(¢(z),0) — A(0)}v(dz) Often intractable

B (e.g. NP-complete

for non-planar
Ising models)

A(6) = log / exp{(p(x), 0)}v(dx)

X

D =# O vertex X #{0,1} +# I edges X #{00,01,10,11}

Overview

Tool: Legendre-Fenchel transformation

[ (x) = sup{(z,y) — f(y) : y € dom(f)}

Theorem: If fis convex and lower
semi-continuous, f=f" =

e

University of California at Berkeley

Dichotomy of tractable mean field subgraphs

Definition: an acyclic subgraph with edges E'C E'is ...

* v-acyclic, if for all e € E, E' U{e} is still acyclic

* p-acyclic, otherwise
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Step 1: Express inference as a constrained optimization problem
using convex duality:

A(8) = sup{(0, ) — A*(n) : p € A}

M ={p R :30 € ©st. E[¢p(Xp)] = u}

Easy special case: dynamic programming can be
O O—0—0O used when the graph is acyclic
T~ 9 Problem: ignores 36 of the 128 components of the
O O—0O—0O parameters and sufficient statistics in the example

Structured mean field harnesses an acyclic subgraph, but also takes
into account all components

Question: how to choose the acyclic subgraph?

* Adding an edge in the subgraph can only increase quality

* But what is the impact on computational complexity?

Preview: Q000 0o—0—0-0 O—0O—0—0
0000 0-0—0—0 0 O—0—0
Complexity OOOO S : : & - .
of computing O—O0—0 O 0_03
gradient O (n) O(n) O (n )

First result: dichotomy in terms of a graph property, v-acyclic and
b-acyclic subgraphs

Second result: improved algorithm in the b-acyclic subgraph case

Step 2: Relax the optimization problem using a subset of the initial
exponential family (defined by a subgraph)

Y, wE = CRY

Tractable r.v.

Tractable parameters

Subgraph

A(8) = sup{(0, ) — A*(p) : p € Mur}

My = {u €M 3w EE st. Elp(Yy) = u}

Consequence: on p € A r, A" () is tractable

Examples of v-acyclic graphs
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Factorial Maximum

Example of a h-acyclic graph

Step 3: Solve the simplified optimization problem
A(6) = sup{(w, ) + (9, T (7)) — Aj(7) : 7 € A}

realizable moments in the subgraph
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Necessary optimality condition:

0= w+ J(r)0 — VAL ()
T = VA (w+ J(1)9)
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Easy ?
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Bag of tricks

Properties of A(6) Hammersley-Clifford Theorem

VA(6) = E[p(Xo)]
H(A(0)) = Var[¢p(Xo)]

Consequence: if a, b belong to
different cliques,

Y, 1Y,

Var = 0 = A(6) is convex

Chain rule for Jacobian matrices

VA* =VA~!

when the family is regular and minimal

lq] [g]
-5, k-5,

— J=KTI"

v-acyclic subgraphs

Connected component decomposition:
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Technique: auxiliary exponential families

Form of J :

(1) 0 g = edge (a,b) —»

Jpqg(T) = %E[cbg(Yr)}

= iIP’(Ya =35,Y, =1)

f = vertex a —»

0
= 8—77P<Y“ = 5)P(Y} = 1)
0

—T, , Tb,t = T
an . bt

For fixed g, construct an exponential families such that its partition

function satisfies:

Z[g](o[gl): Z exp{(qb(a:),O[g]}}

zexk—1

= (ZT(a,m),(s,s'))
DI

Z T(po,p1),(¥0,y1)

Y1 EX (¢ Twowpn).(wo.s)

T(pk—2:Pk—1)s(Yk—2,Yk—1)

ya2€X Yp—1€X (ZS/ T(pk—27pk—1)a(yk—278/))

T(pr—1,Pk)(Yk—1>Uk)

X

( Zs’ T(Pk—lypk)a(yk—lvsl))

Why? We can get all the derivatives of the log-partition function in

one shot using sum-product
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How can we get the partial derivative with respect to 7 ?

Experiments

Relation to block Gibbs sampling

x?|X,_, ~ MRF (w<2> +B® (Xt_l)ﬂ)
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Adding edges improves the
quality of the approximation

Using a b-acyclic subgraph is
significantly more expensive
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b-acyclic subgraphs

Form of J :

0
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