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1. Proofs of Auxiliary results of Section 4.

Proor oF LEMMA 1. We prove invariance using the approach developed
in [1], see also [2], where a link is provided between the invariant measures
of {Z; : t > 0} and those of the embedded discrete-time Markov chain
{© : k >0} := {(X;,,V;,) : K > 0}. The Markov transition kernel of this
chain is given for A x B € B(Z) by

Q((x,v),A x B)
= / exp{—/ Az + uv,v) du} Mz + sv,v)K ((x + sv,v), A x B) ds,
0 0

where K is defined in equation (2.7) of the main manuscript. We also define
for A x B € B(Z) the measure

(A X B) = //_\(x,v)ﬁ(dx, dv)K ((z,v), A x B)

= [Aret(z) + Az, R(z)v)] w(dzx, dv)
AxB

= / Mz, —v)r(dz, dv),
AxB

as Az, R(z)v) = A(z, —v). This measure is finite by the integrability con-
dition (A1). We set € := (u(Z2))™! and p := £u. The measure ji satisfies
f = Tm, where T is operator defined in [1, Section 3.3] mapping invariant
measures of {Z; : ¢t > 0} to invariant measures of {Oj : k > 0}. By [1, The-
orem 3|, T is invertible. Therefore, from [1, Theorem 2], it suffices to prove
the result to show that p is invariant for {©} which we now establish.

For continuous, bounded f : Z — R we have

¢ [ ntaz, ava @, v). dy, dw) (g0
_ / / U@ daap(dv)A(z, —v)
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x/ooexp{ /)\az+uv v) duyA(x + sv,v)K f(x + sv,v) ds

—/ ds // ~U@) dzyp(dv)A(z, —v)

X exp{—/ Mz + uv,v) duy (@ + sv,v) K f(x + sv,v)
0

and letting z =z + sv

—/ ds// dzp(dv)e VEIX (2 — sv, —v)

X exp{—/o Mz + (u— s)v,v) du}A(z,0)K f(z,v)

= /5:00 ds/ dzap(dv)A(z — sv, —v)

x exp{—U(z — sv) — /OS Mz — wv,v) dwi(z,v)K f(z,v).

Since t — U(x + tv) is absolutely continuous, we can write

U(z) =U(z — sv) +/s (VU(z —wv),v) dw

w=0

=U(z—sv)+ ) [max{(VU(z — wv),v),0}

w=0

+ min{(VU (z — wv),v),0}] dw,
and it follows that
U(z) + /S max{(VU(z —wv), —v),0} dw
=U(z —sv) + /wszo max{(VU(z — wv),v),0} dw.

Therefore

¢ ][] ntaz. an @ v), dy, dw) f(g.0)
:/j ds//dzw (dv)A\(z — sv, —v)

x exp{—U(z / Mz — wv, —v) dw}A(z,v) K f(z,v)
= // e U@ dzyp(dv) A (z,0) K f(z,v)

X / dsA(z — sv, —v) exp{—/ Mz — wv, —v) dw}
s=0 0
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= // ¢ V@) Az (dv)A(z,0) K f(z,v)
—C// dz, dv)A(z,v)K f(z,v) C/ dz, dv) f(z,v),
proving that y is invariant for Q. O

PROOF OF LEMMA 2. The proof is inspired by [5]. Let f : B(0,7/6) x
§9=1 — [0,00) be a bounded non-negative function. Let £ be the event
that exactly two events have occurred up to time 7', and both of them are
refreshments. Then

E*[f(Zr)]
> E*[f(Z7)1E]

/ Y(dvy)Y(due) / / ds dtA(zg + tvo, vo)
§d-1 Jgd—1 t=0 Js=

N Are 3 3
X exp { / AMzo + uvg, vo) du} f(x——i_vo))\(:vo + tvg + sv1,v1)
)\(3} +t’Uo,UQ)

Avet(x + tvg + svy)
Mz + tvg + sv1,v1)

xexp{ / x0+v0t+wvl,vl)dw}
w=

T—s—t _
X exp {— / Ao + vot + sv1 + rvg, v2) dr}
r=0
X f(xo+tvg+ svr+ (T —s—1t) 1)2,112)
= W(dv)(dug) / / dsdt Aves(z + tvo)
$d—1 Jgd-1 t=0 Js=
t
X exp{—/ )\(aro—l—uvo,vg)du} Avet (2 + tvg + svy)
u=0
s —
xexp{—/ )\(xo—l—vot—l—wvl,vl)dw}
=0

T—s—t _

X exp {—/ Axo + vot + sv1 + rva, v2) dr}
r=0

X f (o +tvg + sv1 + (T — s — t)vg, va).

Since the process moves at unit speed and |zg| < T/6, it follows that
sup<p | X¢| < 7T/6. Let

K = Sup{j\("z‘?’l]) : |$| é 7T/6, RS Sd_l} < o0,

and recall that A(x,v) > Aot > 0. Therefore
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4 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

E*[f(Zr)]
T T—s
= /Sd—l gd—1 ¢(d1)1)’l/)(d1}2) /5:0 /t=0 dsdt Avef Aref

t s T—s—t
xexp{— Kdu—/ de—/ Kdr
u=0 =0 r=0

X f(zo + svg + tvg + (T — s — t)va, v2)

= P(dwy)p( dug) / / ds dtA\2,;
$d—1 Jgd—1 s=0Jt
X exp{—Kt—Ks—K(T —s—1t)} f(xo+ svo+ tvr + (T — s — t)va, v2)

T T
= Y(dwy)p( dug) / B ds dt\3;exp {—~KT}

gd—1 Jgd—1 t=s
X f(xo+ svo+ (t — s)vy + (T — t)ve, v9)
T
= Y(dvy)Y(dog) dt
Sd 1 Sd 1 t=0

/ ds\2pexp {—KT} f (xo + svo + (t — s)vy + (T — t)va, va),

/ / d'l}1 d’l)g)/ de
gd—1 Jgd— 1 t=5T/6

/ ds\2;exp {—KT} f (xo + svo + (t — s)vy + (T — t)va, vo)

—/ / d'l}1 d’l)g)/ dtt
gd—1 Jgd— 1 t=5T/6

/ drA2 exp {—KT} f (ﬂso + rtvg + (t — rt)vy + (T — t)v2, v2)

T
/ / d'l}1 dv2)5 dt
gd—1 Jgd— 1 6 t=5T/6

X /_0 dr\2pexp {—KTY} f (xo + trvg + t(1 — 7)oy + (T — t)ve, v2) .

Fix t € (5T/6,T] and vs € $97! so that 2’ := x¢ + (T — t)vs is now fixed.
Since T' > t > 5T'/6 it follows that T'—t < T'/6. Since also |zo| < T'/6 we
must have that |2'| < T/3. Let 2” € B(0,7/6) be arbitrary. Then it follows
that |2/ —2"| < T/2.

We will now show that there exist v, € $9~! and r, € [0, 1] such that

' +trovg + (1 —r)ve = 2”.
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In the trivial case where a” = 2/ + trvg for some r € [0,1], then since
t > |2” — 2'| it must hold that r < 1 and thus the representation is trivially
satisfied with v, = —vg and 7, =7+ (1 — 1) /2.

If this is not the case, then for any r € [0, 1] define I(r) := rt + |2" — 2’ —
rtvg| > rt and consider the path f,. : [0,1(r)] — R? given by

fr(s) = 2’ + svg, for s € [0,7t],

2 — 2’ — rtyg

fr(s) =’ +rtvg + (s — rt) for s > rt.

|z — 2! — rtvg|’

For each r € [0,1] the path starts at 2/, ends at z” and has length given
by I(r). By definition we have [(0) = |z” — 2’| and since ¢t > |2” — 2] it
follows from the triangle inequality that |z” — 2’ — tvg| >t — 2" — 2/| > 0
and thus that {(1) > ¢. Since I(-) is continuous, by the intermediate value
theorem there exists r, € [0,1] such that [(r,) = t, whence the definition of
[(-) implies that

|2" — 2" — retvg] = (1 — ro)t.

Letting
'’ — ' —ritug c gi-1
Vy 1=
U el — af — ratuo) ’

we have
2" =2+ rotvg + (1 — 7)o,

To proceed we define the measure p = ¢ 44,0, ON R¢ as

u(V) = P(dvy) /;0 drly (2’ + rtvg + (1 — r)v1) ,

Sd—l

for Borel sets V' C RY. It is obvious that p is absolutely continuous with
respect to d-dimensional Lebesgue measure. Letting R ~ U[0,1] and V ~ ¢
be independent, we have for any § > 0 and 2 € B(0,7/6)

p(B(z",8)) =P {|z' + tRvy + t(1 — R)V — 2"| < &}
=P {|tRvy + t(1 — R)V — trovg — t(1 — ry)v| < 0}
=P{|t(R—r)vo +t(V —vs) —t(RV —revy)| < 6}
=P{|t(R —ro)vo +t(V —vs) — t(RV — Rv, + Rvu, — rv,)| < 0}
=P{|t(R—r)vo+t(V —vs) —tR(V —vy) —t(R — ri)vs)| < 6}
>P{TIR—ri| +T|V —vi| + T|V —vi| + T|R — 14| <0}

0
=P — Tx _*<7
{iIR=r)+W-u< 2]
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6 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

)
> — x|y — Ux S T
> IP{max{|R T, [V — vi| } 4T}

5 5
1P{|R r| < 4T}IP{|V v < 4T}

b 5 \\d-1 p
> Zi;x ((71(1§;>) ZZCb(YU5 ,
where C7 > 0 is a constant, and where C;(-) denotes quantities depending
only on the variables in the bracket. Therefore, for all ¢ > 57'/6 and vy €
$9-1 we can bound the density of y with respect to Lebesgue measure, on

the set B(0,7'/6), from below by a constant C3(T’,d) > 0
1
/d 1¢(dv1)/ drf (zo + rtvg + t(1 — r)vy + (T — t)va, v2)
$a— =0

> /M( d.ﬁlf”)f(.’B”,’Ug) > 03(T7 d)/ f ($/,7U2) dx”>

B(0,7/6)

and thus
T

E(f(Z0)) 2 CulT.d ) [ 0lde) [t F (@, vg) da”
$d—1 t=5T/6  Jx7eB(0,1/6)

> Cs(T, d, Mves) / / £ (2", v) da”( do).
$d-1 J1e B(0,T/6)

Since f is generic, we conclude that for all z = (z”,v) € B(0,7/6) x $¢71,
and any Borel set A C B(0,7/6) x $¢~1

P*(Zr € A) > Cs(T, d, Met) //A o(dv) de,

whence it follows that for any R > 0 the set B(0, R) x $?~! is petite.

Given any compact set U C R? x $9!, we can find R > 0 such that
U c B(0,R) x $97!, and we can easily conclude using the above that U
must also be petite.

Finally let A C Z such that [[,4¢(dv)dz > 0. We can find R > 0
such that the set A’ := AN (B(0,R) x $¢71) satisfies [[, 1 (dv)dz > 0.
Let z = (z,v) € Z be arbitrary and for some fixed ¢ > 0 define T :=
max{6|z| + ¢,6R 4 ¢}. Then z € B(0,T/6) x $¢~1, A’ C B(0,T/6) x §¢!
and thus by the first part of the lemma

P*(Zr € A') > Cs(T, d, Avet) //A ¥(dv)dz > 0.

Therefore since A’ C A, writing 75 := inf{t > 0: Z; € B} for a measurable
set B C Z, we have

P?{r4 < oo} >P*{r4 <0} >P*{Zp € A’} > 0.
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Irreducibility then follows from [4, Proposition 2.1]. O
2. Proofs of results of Section 5.

PROOF OF LEMMA 4. That V € D(L) follows from the discussion in Sec-
tion 5.1. We now establish that V is a Lyapunov function. First we compute
LV (x,v). Notice that if (VU (z),v) # 0, then by continuity there will be a
neighbourhood of (z,v) on which V(z,v) will be differentiable. Therefore at
those points we will use equation (2.8) of the main manuscript.

Case (VU (z),v) > 0. We have
1
<VV($, U)a U> = §V(95» U) <VU($), U>7
and adding the reflection part we obtain

(VV(x,v),v) + (VU (x),v) [V(x, Ryv) — V(z,v)]
= %V(m,v)(VU(m),v}

eU(@)/2 Vet + (VU (z), —v) &
Vet + (VU (2), —0)+ /et + (VU (2),0)

*—1 T,V ZT),v T m
= V@ DVUE), ) + (VU@ 9V (o 0) e

—V(z,v)

+ (VU (z),v) [

The refreshment term is given by

U(z)/2 L -
e [ 0(dw) [wref TV, 0 Ve

1
:WWM/ d — etV (2,
e Vv T R

1
_ V@2, / dw
of <VU(z),w>>0¢( )\/)\ref+<vU(x)7w>+

1
+ eU(m)/2)\ref ¢( dw)i - )\refv(xa ’U)

(VU (z),w)<0 Aref

1 1
=" d — S AretV (2,
) “ <VU(z),w>>0¢( w)\/)\ref+<VU(x)7w>+ o 7ref (, v),

since Y{w : (VU (x),w) > 0} = 1/2. Thus overall when (VU(z),v) > 0 we
have

LV (z,v) = %V(az,v)(VU,v) + (VU(x),v) [V(x, Ryv) — V (z,v)]
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8 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

1 1
1 eV@)/2) / d —
© of Fd—1 d)( w) \/)\ref + <VU($), ’LU>+ Aref

(VU)o
\/)\ref+<VU() >

_ 2)\3/2/ Y(dw)
ref
(VU ()0)>0 V/ Avet + (VU (), w)

_ —%V(:U,v) [(VU(:n), v) — + Aref

1 (VU (), 0)V/ Avet
= —=V(z,v) [(VU(z), 2 Are
gV ) [< (@),v) - ¢Aref+ VO@), 0
- 2)‘ref )
(VU (2),w) >0 VU ”c)

ref

Case (VU(zx),v) < 0. In this case

1
Aret + (VU (2), —v)

(VV (2, ), 0) = —%V(w,v) [(VU, o) — (v, AU@:)@} .

Since (VU (x),v)4+ = 0 there is no reflection and thus overall

LV (x,0) = —%V (2,v) {WU ()=o) = 3 <v1U<:c> —v)

1 V@2
— )\rer(x 1)) + /\ref
Aref

(v, AU(QS‘)’U):|

\/)\ref + (VU (), —v)
+ AtV (2, v) /<VU(z),w>20w(dw) Vet + (VU (z), w)

= =3V (VU@ 1) = 5y oy (AU @) + 2

1 )\r T
4 5)\refv($, U) \/ of + <ZU(x) U> +
ref

Vet + (VU (), —0)
+ )\refv(‘rv U) /(VU(x)ﬂU)ZO 1/}< dw) \/)\ref + <VU(35)5 w>

1
Aref + (VU (), —v)

— _%v(x,v) [WU@), —0) 4 2\ — (v, AU(z)v)

Vet + (VU(z), —v)
)\ref

- )\ref

\/)\ref + <VU($)’ _U> )

- 2)\re w
f (VU (z),w)>0 w \/)\ref + <VU($)7 ’UJ>
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Case (VU (z),v) = 0. In this case we compute LV (z,v) as
(2.1)
EV(a) = GVl t0)] e | [ 0(dw)V (@ w) - Vo).
+

since the reflection term vanishes.

We first compute the directional derivative for which we can distinguish
two cases. Suppose first that (AU(z)v, —v) > 0. Then we have that for all
t > 0 small enough

(VU(z +tv), —v) = 0+ t(AU(z)v, —v) + o(t) > 0.

Therefore, since (VU (z),v) = 0, in this case we can compute the first term
of (2.1) as follows

d
EV(:E + tv,v)‘t:0+
~ i 1 [ epU(r+1)/2) e <U<x>/2>]

t—0+ ¢ \/)\ref + <VU($ + t’U), —U>+ Aref
~ Jim © [ exp(U(z +1v)/2)  exp <U<w>/2>1

t—0+ ¢ \/)\ref +(VU(z + tv), —v) Aref
~ i 1 [exp(U(ZU +tv)/2) —exp (U(x)/2)

t—0+ t Vet + (VU (z + tv), —v)

1 1
+exp (U(x)/2) (\/)\ref T (VU(z +tv), —0) N >\ref>}

o lexp(U(x)/2) 1 (AU (x)v, —v)
—0— §T(AU(gc)fu, —v) = —§V(x,v)T

Now consider the case where (AU (x)v,—v) < 0, then for all ¢ > 0 small
enough

(VU (x +tv), —v) = 0+ t(AU (x)v, —v) + o(t) <0,
and therefore

d
EV(:E—I—tv,v)L:O+

~ lim 1 [ cpUr +10)/2) _ exp <U<m>/2>]
t—0+ ¢ \/)\ref + <VU(.T + tU), —U>+ Aref
exp(U(z +tv)/2)  exp (U(m)/2)} —0.
)\ref +0 )\ref

o1
= lim -
t—0+ ¢
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10 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

Overall we have that
1
%V(m + to, v)‘t:m_ = —§V(x, v)(AU (x)v, —v) 4.
Adding the refreshment term we find that in this case

1 |:<AU(CL‘)U, —v)4

LV(x,v) = —§V(x,v) - + Apef

—2A

ref

Y(dw) ]
(VU(z)w)>0 /1 + <VUA(x),w>
ref

Combining the three cases we obtain
(2.2)

_ [<AU(§)TZU>+ et

VAret? (dw) o
=2A et JivU(2),0) >0 W] (VU(z),v) =0,

_ _ 5 (VU®),0)VArer
(VU(),0) — 2 FEDG Pty )

LV (z,v) _ Verd(dw) V/\ref?/’(dw)}, (VU (z),v) >0,

7‘/(‘%’ 1)) = —2)\rcf f(VU(x),w>20 Mvet+ (VU (z),w)
— l<VU($), _'U> + 2>\ref — m<’l}, AU(.’L‘)’U>
et v Aret H(VU (z),—v)

Aref

)‘ref+<VU($)’7v>
—2\ref f<VU(x),w>20 P(dw) U] ], (VU(x),v) <O0.
Condition (A). We have that lim,_,« [|AU(z)|| < o and Lm0 [VU(2)| =
0. Since Aot > 0 and 1/4/cos(f) € L'([0,7/2], df), for any € > 0 we can
find K > 0 such that for all |z| > K
w/2

o | olde) P _ e

(VU(2)w)>0 /et + (VU (), w) 6=0 /|VU(z)[cos(0) = v Aret

Case (VU(z),v) = 0. Suppose that |z| > K. Then from (2.2), by drop-
ping the first term which is negative,

LV (x,v) Vet (dw)
27 S - )\ref - 2>\ref
V(x’ U) (VU (z),w)>0 \/)\ref + <VU(IL‘), ’LU>

< _)\ref(l - 26)
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11
Case (VU(zx),v) > 0. Again let |z| > K. From (2.2)

EV(Z’,U) <VU($)7U> Aref
m < - <VU(33)7U> -

2 Vet + (VU (), v)

+ Aret(1 — 2€) | .

For w > 0 consider the function

9 w Aref

Vv )\ref +w
Since for w > 0, Ayt + w > 24/w/ Aer We have that

w — —I—)\ref(1—26).

WA Aref WA Aref

_g_—viret _ > _
w QW + )\ref(l 26) > w — \f)\1/4w1/4 )\ref(l 26)
(2.4) =w— fw3/4)\igf4 + Apet (1 — 2¢) =: fe(w) =:
Then 14
3\
! —1— ref ,
f (w) 2\/§w1/4

and thus f is minimised at w, = 81 /64 and

) = (5~ 2¢) d.

For any Aot > 0 we can choose € > 0 small enough so that f(w.) > 0. From
(2.3) we can choose K large enough, so that for all |z| > K and all v such
that (VU (z),v) >0 B

LV (x,v) <_s
Vi(z,v)

for some § = f(ws) > 0.

Case (VU(z),v) < 0. Then from (2.2)

LV (x,v)
V(x,v)

1
Aref + (VU (2), —v)
Vet + (VU (), —0)

)\ref

= — [<VU($), —v) 4 2 ef — (v, AU (z)v)

- )\ref

- 2)\ref w(dw) \/)\ref + (VU($), _U> ,
(VU (z),w)>0 \/)\ref + <VU($), 'LU>
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12 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

and arguing in the same way as in the previous case, given € > 0 we can
choose K > 0 such that for all |z| > K we have similarly to (2.3)

1 1
P(dw) \/)\ref +(VU(x),w) = /<VU(x),w)>0 4 dw)m
(™2 py(0) df < €
~ Jo=o /[VU(x)[cos(0) = Aet

Since lim,|_,o [|AU(2)|| < a1, for K large enough and |z| > K we have
|AU (2)|| < 2ay. Thus overall when (VU (z),v) <0

/(VU(I),w) >0

2

LV (z,v) < 1
Aref + (VU (2), —v)

V(z,v) — 2

) Vet + (VU (), —v
— Aref
Aref

(VU (x), —v) + 2 ef — aq

) _ 26\//\ref + (VU (x),—v)|.

For w = (VU (x),—v) > 0 define

200 V Aref + W
g(w) =w+ 2)\ref S )‘refL - 26\/ )‘ref + w,

Aref + W Aref
201 Aref €
"(w) =1+ — — —
g ( ) ()\ref + w)2 2\/)\ref +w \/)\ref +w
2041 1 € 1 20&1 €
>4 s =

o (’U) + Aref)2 2 )\ref 5 * ('U) + )\ref)Q a /\ref’

and thus for all A\ef we can choose e small enough so that ¢'(w) > 0 for all
w > 0. Therefore

20[1

g(w) > g(0) = Aper — 26/ Aot — )\—f

If Aref > (201 + 1)? then for € small enough we have that g(w) > ¢ > 0, for
some 0.

Thus, there exists K > 0 large enough so that for all |z| > K and v such
that (VU(z),v) < 0 we have LV (z,v)/V < —§. Therefore (D) holds with
C = B(0,K) x 891,

Condition (B). Recall that 2ay := lim, . [VU(z)|, so that we can
choose K large enough so that for all |z| > K we have |VU(z)| > as. Thus
when |z| > K

/ W»( dw) [ po(d6)
(VU(2)w0)>0 Vet + (VU (2),w)  Jo=0 /et + [VU(x)[cos(0)
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< 1 /”/2 py(do)
T Vet Jo=0 1+ 2 cos(0)

1 (6% )
- (2 4),
Aref (Aref

I(¢ € [0,7/2])
V1+ucosd
with py as defined in equation (2.2) of the main manuscript. Clearly F'(u, d) <
F(0,d) = 1/2 for all v and F(u,d) — 0 as u — oo for all d. Thus we can

choose a sequence {cg}q>0 such that F(cq,d) < 1/4. One such choice given
in the statement of the Theorem is ¢g = 16v/d. Indeed as d — oo,

where

F (u,d) ::E[ } W ~py (),

/2 (sin )92 d6
Flend) =g [ L0200
(¢a, d) = Fa 9=0 v 1+ cqcosf

1 /”/2 rq(sin 0)=2 d6
= 4dr/4 Jo—o Vcosé

w/2
Kd . d—2 —1/2 39 _
— sin 6 cos do =
< g7t Jy_, Gn0)* Heont) 817" Beta (41,

1 1 Beta (%

<

DO | =
IS

)
)

Case (VU(zx),v) =0. For |z| > K and (2.2) we have

LV (x,v) ™2\ Aetpo (0) d
27 S - Aref - 2)\ref
V(z,v) 0=0 /Aret + VU (z)] cos(0)

< —Apef (1 —2F (012/>\ref7 d))

1 A
< —Aref (1_2 X 4> = _%ef’

as long as as/Aef > c¢g, with ¢4 defined as in the statement of Theo-
rem 3.1(B).

Case (VU (x),v) > 0. From (2.2) we have

LV (z,v) (VU(), V)V Aret s
Vo) = [WU(”’” T e T (0, e T P <Afd>1 |

For w > 0, using again that Aper + w > 2y/wv/Arer, we have

Wy Aref 174 3/4
W — 2———— 4 Apef(1 — 2¢ > w — VoA Fwd/ 4+ Aref (1 — 2€) = fe(w).
,7>\ref+w f( )— ref f( ) f( )
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14 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

Recall from (2.4) that for all w > 0

37
> — =
fe(w)>Apet (64 26) >0,

as long as € < 37/128. For each d and ay > 0 we can choose Ayf small
enough so that F(ag/Aef, d) < 37/128. Then following a similar reasoning
as before it can be easily seen that, as long as s is small enough, then
there exists a § > 0, such that for all |x| > K and (VU (x),v) > 0 we have

LV (x,v)

2———= < —o.
V(z,v) — 0

Case (VU(z),v) < 0. Suppose that A\ < aa/cq or equivalently that
a2 /Aref > ¢q. Then since ||AU(z)|| — 0, for all €; > 0, there is a K > 0 such
that for all |z| > K and Ay small enough

LV (2,v)
Vix,v)
< [(VU(x),v> + 2t = <le Ty AU @)
- )\ref \/)\ref * <ZU(x)7 _v> - 2)\ref \/)\ref * <ZU<x)7 _v> F(OCQ/Arefa d):|
ref ref
<~ (VU (@), ~0) + Dot — 1 WlU(x) 0 AU )
e VAref + ZU(&?), —v) Dt Vet + (VU(2), —v) Flew, d)]
ref )\ref
<- [(VU(x), —0) + 2ot — 1

Aref + (VU (), —v)

g Y2t I 2 23+ (VU )=o)

-

Let w = (VU(x), —v) > 0 and consider

V Aref + 1
g(w) =W A+ 2Apef — S Aref;w - 5 V )\ref\/m-

Aref + W Aref

Then we obtain

3V A
gl(w) -1 + €1 _ ef Z 0.

()\ref + ’IU)2 4\/ )\ref +w .
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Thus, we have
>\ref €1
w) > 0 — — ,
g(w) 2 9(0) = = Nt

which is strictly positive as long as €; < )‘?ef /2, and the result follows. [

PROOF OF LEMMA 5. First notice that V' with A\f(z) as defined in the
statement of the Lemma also belongs to D(/j) from the same arguments as
in the proof of Lemma 4. We now prove that V satisfies (©). From the form
of (D) it follows that we can assume without loss of generality that |z| > 1,

so that
VU ()|

|z

Aref(x) = )\ref +

First we restrict our attention to the case where (VU (z),v) # 0, for which
we compute

T = 3V
1 eU(x)/2 9 5
2 (Aot (z) + (VU (z), —0) 4 )3/ aixiAref(x) + oz, (VU (z), —v)y |,
(VV,v) = %V(x,v)WU(x)’w
1 eU(@)/2
3 (@) 7 (VT (@), oy )72 LV Arer(@),0)

— (v, AU (z)v)1{(VU (z), —v) > 0}]
_1 .U ). v) — <VAref(x)7’U>
=5V ){WU( ) K@) + (VO @), —o);
(v, AU (z)0)1{(VU (x), —v) > O}}
Aver(z) + (VU (2), —v) + '

After adding the reflection and refreshment terms we get

- _ 1 <VAref(x)7U>
LV(w,v) = 2V(x,v){<VU(x),v>  Avet(z) + (VU (), —0) 4

(v, AU ()0)1{(VU (z), —v) > 0}}
Aret(z) + (VU (), —v)+

4 Arer(2) / V(, w)d( dw) — Ape(2)V (2, 0)
+ (VU (z),0)1{{VU(x),v)>0} [V (z, R(z)v) — V(x,v)],

imsart-aos ver. 2014/10/16 file: finalversion_supp_submitted.tex date: May 3, 2018



16 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

and thus
ZV(LU,U) 1 ) v (VAret(2),0)
V(z,v) 2{<VU( ) = Aver(z) + <VU($
L (0 AU ) >]1{ VU }
ref
\/Aref U>+
ref [ \/Aref >+ 1 ¢( dw)

+ (VU (2),v)1{(VU(x),v)>0}

\/Aref (z) + (VU (), U>+_1]
Vet () + (VU (2),0) '

Thus when (VU (z),v) > 0 we have

25)
Ty = 3V - g TR
VAt (2)
+ (VU(x),v) l\/Aref(x) +(VU(x),v) - 1‘|
VAret ()
(26) T Aref(l') /(VU(x) w)>0 [%Aref(x) + <VU($)’ w>+ B 1] w( dw)

When (VU(z),v) < 0 then

LV(z,v) 1 oy (Vhser(z),v) — (v, AU()0)
V(m,v) N 2{<VU( ), > Aref( )+<VU($)’_U> }

(2.7) + Aver(e) [ MAA”ff 2k VVIJU((;) w“>++ _ 1] (dw).

When (VU (z),v) = 0, similarly to the proof of Lemma 4, by considering
separately the case where (AU(z), —v) > 0 and (AU(z),—v) < 0 we find
that

d
tl—l>%l EV(J} + tv,v)

= t1—1>%1+ n {V(l’ +tv,v) — V(z,v)}
1

~ lim © { exp (U(x +tv)/2) _exp (U(x)/2)}
=0+ t | /Ager(z + t0) + (VU (z + tv), —v)+ Aot (2)
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_ 1eXp( (z)/2) [(VAret(2),v) + (AU (z)v, —v) 4]

2 et (@)’
_ _V( ) ) [<VAref( ), U> + <AU(IL‘)’U, —U>+]
2 Aref(x) '

Thus for (VU (x),v) = 0, after adding the refreshment term we have

LV(z,0) _ 1(VAgi(2),v) + (AU (2)0, —v) 4
V(z,v) 2 Avet ()
V Aref(x)
(28) _’_Aref(x)/ [JAref(w) T <VU(ZL‘),’UJ>+ - 1] ¢(dw)
S e

Aref( )
+ At /l\/Aref e >+—1] W(dw).

From the definition of Ayf(z) and the chain rule
Vet (z) = [2[~VIVU (2)| + [VU (2)|V (2]~ -

We first compute

O VU@ =

ox; ox;

whence it follows that

5y 1/2
v IVOl = (VOIS ii LT
— |z ox am,axj
< IVU(x)!”!VUIHAUH NG
Thus we have that
VAG@) _ IAU@I | IVU@)
Ro@)] = VU@l T 2l X VU@l
AU
+ Lo,
U@ Tl

where we also used the fact that |V (|z|~¢)| = €|z|~17¢. It therefore follows
that

(2.10) fm [(VAret(2),0)]

=0,
|z| =00 Aref(.%')
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18 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

so that this term can be ignored for large |z|. Also notice that

1
Y(dw
/w:<VU(x),w)>0 ( )\/Aref(az)+<VU(:::),w>Jr
_ 1 / P(dw)
VU @)[V2 JuVU @) 20 [ Arer(@) (e )
VU ()] VO ()] Y

/2 py(do)
VU 1/2 / z ’
IR N o= —

where d is the dimension. As |z| — 0o, our definition of A.cf(z) ensures that

[ w5 ()00
=0 [l foos(e) =0 Ve svar (§-4)

[VU(2)]
Case (VU(z),v) =0. Thus when (VU (x),v) =0, for |z| large we have

EV(%’,U) N Aref( ) o w
V(z,0) Arer (@ /[mref ¥ (VU (2),w) 1]““

=:v4 > 0.

Ave () 1
~ A / 1— 1] 0(dw) + Apep(z) | Yzl 2
1(@) (VU(x),w)<0[ Jy(dw) t() l Vo) 2]
Avet () 1
Are T T~ T T —al
t() [ NU ()] 2]
and from the definition of A,cf(x) it easily follows that
LV (x,v) 1
m ~ —§Aref($) — 0.
Case (VU (zx),v) > 0. For |z| large we have
EV(JU,'U) 1 Avet(2)
EVARY) L NU(x),0) + (VU 1
V(.%', U) 2< (:L') > < ( > [%Aref VU( ) >
Avet () 1
+ Are —=—=d — 5| -
t(z) [ \VU(m)ﬂd 2]

Using the definition of Aef(z), and letting (VU (z),v) = |VU(x)| cos(9) for
0 € [0,7/2) we have for (VU(z),v) > 0 as |z| = o0

LV (z,v)

Vi) ~ %|VU($)|COS(9)
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VU (z)|/]z|°
+ |VU ()| cos(6) [\/\VU(@VME T VU (z)[cos(8) 1]

VU (@)| | VIVO@)[/lz[¢ 1
T l NU@] 2

1 1 1T A 1
= |VU(2)| [005(9) (2 = o] 1) - R [Mj/z — 2”
_ [VU(@) 1 1 1 [ v 1
|z| o l (0 )<_2+ 1+\x|eCos(9)> T [|m|€/2 _2H

1 1 1T g 1]
< )| —= -
< le] |cos(6) ( 2T 1+ |x\€cos(0)> * |z|€ [|a:|6/2 2 ] ’

since |VU(x)|/|z| — oo and the quantity in brackets is clearly negative for

large enough |z|. Let u = cos(f) and r = |z|. Then observe that we can
rewrite the right hand side as

1—e, € ( 1 1) rl_G +O( 1/4)
T ru | ——=—-< ) — T
V1i+rew 2 2
1—e 1—e

r.__r 1-3¢/2\ _ VT 1-3¢/2
< 5 + O(r ) 1 +O(r ),

since for w = r“u > 0 it can be shown that

1 1 1
)<z
v (x/l +w 2) — 4
Thus it follows that for (VU (z),v) > 0 we have that Iim ;| LV]V = —c0

Case (VU (x),v) < 0. From (2.7) and (2.10) we have as |z| — oo
o Tm LV (z,v)
|z]—o00 V(.’L‘, ’U)

= Tm o VAt (@), 0) — (v, AU(2)0)
- x1|—>oo{<VU( ), > Aref(x) + <VU(SC) —’U>

\/Aref )"‘ VU( )v_ >
-+ 2Aref( / l \/Aref {L‘ ($),w> + 1‘| w(dU))}

— o (v, AU<w>v>
n x1|—>oo{<VU( ), >+ Aref( ) < (x) >
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20 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

Vet (2) + (VU (2), —v) _
+ Aref(l') [ /7Aref(x) 1
+ 2Aref(x) \/Aref<x) Té;([igr)’ _U>+7d - Aref($)}

|z|—o00

= lim {<VU($),U>+Aref($)[
(

+ 2Aref(ﬂ§)

since lim|y| o0 |AU ()| /Ares(2) — 0. Thus letting 6 be the angle between
U(z) and —v, we have

— LV(x,v)
2 1 _—
\x|1£>noo V(SE,’U)

= Jim {—rVU(:c>cos<e>+ VU(@) lx/!VU@)!/IxH\VU<w>|cos(e> . ]

| —00 || VU (z)|/]x]°
VU (@) (VIVU(@)]/]2] + [VU(2)[cos(6) 1

Rl ( O] " 2) }
= xl|1inoo{ — |VU(x)| cos() + ‘VUS)’ { 1+ |x|€cos(f) — 1}

+2 [VU()l ( = + cos(0)yq — 1) }

|| |z 2

= ‘x@w |VU(:1:){ — cos(0) + BT { 1+ |z|¢cos(8) — 1] +

2 1 1

ER ( 2 + cos(8)vq — 2) }
= ‘x@m ]V?{Lﬁx) |m|{ — cos(0) + ’;F { 1+ |z|¢cos(f) — 1}

2 1 1
2 (fEvemone 1))
|| < || 2

< lim |x|{ —cos(f) +

X |:
| |

|z|—o00

imsart-aos ver. 2014/10/16 file: finalversion_supp_submitted.tex date: May 3, 2018



21

2 1 1
B
|| ( || 2

since the right hand side is clearly negative for |z| large enough.
For u = cos(0) € [0, 1] define the function

1 2 1 1
f(u) == —u+ E[\/1+|xl€u—1}+e< €+wyd—>.
] 2l \ Y || 2
Then .
Flw) = - A 1

1+ + d-
2alvi+lzlw jzle /e 4+ u

This is negative for all u > 0 for |z| large enough. Therefore

) < £0) = (,/,xﬂew - ;) ~ o

as |z| — oco. Hence
T 2@
|z|—o0 V(.%‘,’U)

and the result follows. O

PROOF OF LEMMA 6. Checking Assumption (A0’). Notice that from equa-
tions (3.6), (3.7) and (3.8) of the main manuscript, the functions h(), are
infinitely differentiable except perhaps for x = 0 and |z| = 1/b for i = 1, or
|z| = R for i = 2. Thus U}, will satisfy Assumption (A0) for |z| large enough
and in fact everywhere except for |z| = 0,1/b for i = 1, and |z| = 0, R
for @ = 2. It remains to show that the mapping ¢ — (VU (x + tv),v) is
locally Lipschitz at these points. First, from the definition of f = f®, it
follows easily that the mapping t — (VU (x4 tv), v) will be continuous and
piecewise smooth, and thus locally Lipschitz, at || = 1/b and |z| = R for
i = 1,2 respectively. To deal with the remaining case x = 0, we next show
that ¢ — (VU (tv),v) is in fact differentiable at ¢ = 0.

Recall the decomposition of VU}, given in (3.10) of the main manuscript.
The first term of (3.10) is given by

) gy (£ 1Y) & 0
(2.11) Vlogdet(Vh(z)) = {(Ef’(lml) +@=0 (55 - )] d# 7&0’
9 T = ?

whence we can compute
1
n [(V1ogdet(Vh(tv)),v) — (Vlogdet(Vh(0)),v)]
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22 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET
f"(t) fi) 1 tv

= L @0 (g =) o)
(@) t) 1
t[f'u)“d”( 01
1)

we have

In the case f = f(

f(0)=0, f(0)=

and thus using Taylor expansions

b [ 00 (50 )]

f@) ot
=0+ (d—1)lim t2f( ol JHOENIO)
3
= (d-1)lim % (tf (0) + 2£"(0) + %f’”(o) - £(0)
¢ / 0 t2 " 0 tg " 0 t3
10 = 5110 = 50 + o))

_ 1 t5 " t3 " _ (d* 1) f”/(O)
= (d=Dlim sy <2f ) -5f (0)+o(t3)>— 5 70)

In the case f = f©@), we have for ¢ > 0 small enough

| [f”(t) (f’(t) 3]
- +(d-1 ~ )| =o.
el T U
Thus overall ¢ — (Vlogdet(Vh(tv)),v) is differentiable at t = 0 and thus
locally Lipschitz.

We now deal with the second term of (3.10). From (5.1) we have

| =

[(Vh(t)VU (h(tv)), ) — (VR(0)VU(0),v)]

= L {(VA() VU (h(t0)), v) ~ (O)(VU(0), )]

S , U gy J0O] (0,00 (VU (1)), 1)
- ¢ [ wvn. o) - royvuo.n] + 1o - 22 ;
=1 + I.

For the first term we have

1 = OO (G 10)), 00 + 17 0) (VU (1)), ) — VU 0), 0]
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Since U satisfies (A0) and h is differentiable, the second term of I clearly
converges. The first term also converges since VU is continuous and

f() —tf'(0) _ £(0) +tf'(0) + £ (0) + o(t*) — t.f'(0)
12 12 ’

For the second term we have

1

B =110 - 2.0

_ W(VU(h(tv)), v)

_ (Ot + £7(0)t2 + o(t?) — f(0) — tf'(0) — %f”(()) (v, V)(VU (h(tv)),v)

t2

— 0.

It follows that ¢ — (Vh(z + tv)VU (h(z + tv)),v) is differentiable at ¢t = 0.
Checking Assumption (A1). For both h = h() and h = h(?), a change of
variable leads to

(2.12)
/ 7 (v) VU (v) | dy

2))| VA~ (2)|[V U (h ™ (2))] dz

Il
\\

VUL @)IIVA(A (2))[[ VA (2)] do

(2.13)

~ [ 7@ VU0 @) do

< [R@IVIR}B (@) TU@)] + [V log det(V{r} (b )))] do
(2.14)

< /W(m)[llv{h}(h_l(a«"))ll VU (2)] + |V log det(V{h} (h ™" (x)))]] da.

Here for clarity we use the notation V{-}(x) for the gradient of the func-
tion in the bracket evaluated at x and we will similarly use A{-}(x) for
its Hessian. We begin with the first term in (2.14). Under the assumptions
of Theorem 3.3(A) we have, for |z| > R and some constant C' > 0, that
VU (x)| < Clz|~! and thus

/W(x)IVU(:v)IIIV{h}(h_l(x))lldwSC+C (@) £(h @) de

|z|>R |z
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24 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

<C+C W(m)i|xld$§20,
jol>r [
since clearly f(|h= (z)|) = |=|.
Under the assumptions of Theorem 3.3(B), by Assumption (B)-(ii), we can
assume that there exists K > 0 such that if || > K then (2, VU (z)) > C|z|?
for some C' > 0. Thus for |z| large enough, say K/|z| < 1/2, we have

/tl dU (tz) dt

=K/|z| de

U(x):U<Kx>+

|z

Y

1
U <Kx> +/ (VU (tz), tz) dt
|| t=1/2 1

(2.15)

v

1o
U (K‘T> +C “t8|2)f dt > Clz)?,
|| t=1/2

since U > 0. Therefore

[ @U@V G @) lde <[t [ a@lal T (h @) da]

|z|>R

< C[l + e_C|$|B|x|’de} < 0.
|z|>R

For the second term of (2.14), let
L'(z) := |Vlogdet(Vh(z))|.

From equation (5.2) of the main manuscript it follows easily that L’ is
bounded for both h = A" and h = K, and thus

/w(x)\Vlogdet(V{h}(h_l(x)))] dz < oo.

Checking Assumption (A2). For h = h!), notice that by [3, Lemma 4], and
the fact that h(-) is isotropic in the sense of [3], it follows that

lim |Vlogdet(Vh(y))| < C,

ly|—o00

for some C' > 0. Therefore

IVUL(y)| < [VR(y)VU (h(y))| + [V log det(Vh(y))]
< [IVRW)I VU (R(y)| + C

and using Assumption (A)-(i) and equation (5.1) of the main manuscript

< CVh)l /I(y)] +C < C,
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since ||[Vh(y)|| < C|h(y)|. Thus it follows that

eUn(®)/2

_ > C’eUh(y)/2 — 00,
[VUL(y)]

as |y| — oo since e~Ur(¥) is integrable.
On the other for h = h(® notice that by [3, Lemma 2], and the fact that
h(-) is isotropic in the sense of [3], we obtain

(2.16) im |V logdet(VA(y))| = 0.

ly|—o0

Therefore

IVUL(y)| < [VR(y)VU (h(y))| + [V log det(Vh(y))]
< [IVR) VU (R(y))] + C.

From equation (5.1) of the main manuscript it follows that ||[Vh(y)| <
C|y|P~!. Therefore, using Assumption (B)-(i)

IVUW(y)| < C|IVR(y)| |h(y)|* + C
< C‘y|p71+pﬁfp — C|y\p6*1.

Thus
eUn(y)/2 U (h(y))/2

C .
ST~ det (Vh(y) o !

Finally, recalling (2.15), for |z| large enough, say K/|z| < 1/2, we have
U(z) > C|z|?. Since by definition h(y) ~ |y|P, and from equation (5.2) of
the main manuscript det(Vh(y)) grows at most polynomially, we obtain

U h))/2 Clh)I? /2 oClyl? /2

> >
det (VR(y))\/ly[P?=1  det (Vh(y)) /y[PP~1  det (Vh(y))/|ylPP~?

PrOOF OF LEMMA 7(A). For notational simplicity, we assume b = 1 but
the argument can be generalized to other values. We start by establishing
the first condition of Theorem 3.1(B), i.e. that U}, satisfies our definition of
exponential tail behaviour. In the remaining, assume |z| > b~! = 1.

By Assumption (A)-(i) and Cauchy-Schwartz, we have for |z| large enough

— Q.

O]

(z, VU (x))

]

“a
|’
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26 DELIGIANNIDIS, BOUCHARD-COTE AND DOUCET

hence 7 is a sub-exponentially light density as defined in [3, p. 3052]. This
combined with Assumption (A)-(iii), which is equivalent to [3, Eq. (17)],
means that we can apply [3, Theorem 3] to obtain that 7y, is an exponentially
light density as defined in [3, p. 3052]. More specifically, from the proof of
[3, Theorem 3] it follows that

i VU)o <o

|| 00 |z|

Applying Cauchy-Schwartz again, we obtain

0<b(®—d)= lim MS lim [VU(2)l,

which establishes the first condition of Theorem 3.1(B) with s = b(d0—d)/2.
We now turn our attention to the Hessian condition of Theorem 3.1(5).
We first decompose the norm of the Hessian as follows:

(2.17) [AUR(@)[] < |A{U © h}(2)|| + [|A{log det(Vh(z))}(2)].-
From [3, Lemma 1], we have for |z| > 1

log det(Vh(z)) = |z| + (d - 1)[log (el — ¢/3) —log(||)] =: L(Ja]),
hence

A{log det(Vh(x))}(z) = Ll‘lii‘g’)wm:r + L/‘(;’U‘)Id - L‘/S’?):m:r

We have

L'(r)=1+(d—1) Lje/i%_?l“]

er+l
L'(r) = (1—d) [(er_e//sg)g + 7}2] ;

so |L/'(r)] — d, |[L"(r)] — 0 and therefore
l‘iim [AU ()] < | lllim IA{U o h} ()] + I 1‘17111 [A{log det(Vh(x))}(x)]|
z|—o00 z|—o00 z|—o0

|
= Tim [|A{Uoh}()|.

|z| =00
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To control this remaining term, we bound the operator norm with the
Frobenius norm and write

IE |A{U o h}(x )H2<‘1|1m ZZIﬁa{Uoh}( )

|z|—o0 = i=17=1
2
‘xﬁ@wzz {Zak{U} ))3j{hk}($)}
i=1j5=1 k=1

where we write 0;{-}(x) as a shorthand for the i-th partial derivative, (V{-}(x));.
It is enough to bound the d? expressions of the form

(2.18)

d
{Z oAU (W())0j{hy } (= }

d
> [10:0:{U} 0 h}(2)}0; {I ()

+ 0L} (h(2)) 00 (o} (@) }}

The first term in Equation (2.18) is controlled as follows:

(2.19) 10:{0k{U} o h}(2)0;{hs} ()|
d
(2.20) <10 {h} (@) D |0mOk{UH(W(@))[|0{hn } ()]
m=1

Using again [3, Lemma 1], and the fact that |h(z)| = f(|z|) < f/(|z]), for |z|
large enough,

22 oty = [ Dags =+ [y - L0ED] 2222

z| ]

hence using Assumption (A )-(ii), for |z| large enough,

5 (3f (1))

3f(l=)),

0AOKU} 0 @03 (I} (@) < dp s

The second term in Equation (2.18) is controlled similarly, this time using
Assumption (A)-(i), for |z| large enough,

22) VIR @Y < s (85 (aD).
since it follows from [3, Lemma 1] that
10:0j{ .} ()] < 8f(|z])- ]
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PROOF OF LEMMA 7(B). Let f := f& h:= h(? given in (3.7) and (3.8)
of the main manuscript respectively. We need to check that the assumptions
of Theorem 3.2 are satisfied. First we check that

b VU@ _

From (2.16) and (3.10) of the main manuscript it follows that

b VU@L IVR@YU ()]

Recall from [3, Lemma 1] that for x # 0

.CU(ET

"

] ]

where 1, is the d x d-identity matrix. Therefore we have

ViU (1) = 90 o) + [0 - L] (90 (o, ) 2

|z || x|/ ||

= ey (VU () ) 7+ L PoU ),

] ]

where P;- denotes the orthogonal projection on the plane normal to 2. There-
fore, since by definition h(x) := f(|z|)z/|z|, we have that

[Vh(z)VU (h())| > f'(z) ’<VU (h(@)). |zy>‘

L) —
(lz])

TED)

f'(l]
Since |h(z)| — oo as |x| — oo, Assumption (B)-(ii) and the definitions of f
and h yield

[h(@)|? [[h(@)] =2 (VU (h(2)) , h())]]

im W im |zt f'(|=[) 218 )8 . .
AT { gy e @2 190 (e n ]
(2.24) >C lim |z = OlafP? = oo,

|x|—o00
since Bp > 2.
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Finally we need to check, that for some € > 0 we have

A

)]

Recall the expression (2.17). It follows easily from the definitions of h, f and
[3, Lemma 1, Eq.(13)] that

lim ||Alogdet(Vh)(z)| = 0.

|z|—o00

Therefore we focus on the first term of (2.17). As in the proof of the first
part of the Theorem, we need essentially to control terms of the form (2.19)
and terms of the form (2.22). To this end, using Assumption (B)-(iii), we
estimate

|0i{Ok{U} o h}(w)a'{hk}(fﬂ)l
< [9{he}(x IZ |0 Ok {U }((2)) ][0 } ()]
< Claf~ 2|h(x)|’3 < ClafPmHPP = Cla P2,

since from equation (5.1) of the main manuscript and the definitions of f
and h one can easily show that |0;hy(x)| < |z|P~!. On the other hand, from
Assumption (B)-(i) and the fact that |9;0;{ht}(z)| < C|z|P~2, which follows
again from (5.1), the remaining terms can be estimated through

Ok {U Y (1(2))0:{0; {h}} ()] < [A@)|”H|lP~2 < ClafP?2.

Therefore combining the above with the arguments leading to (2.24) we have
that as || — oo

JA@), el
€ 0 ]
o) 7= gl = 0
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