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1. Proofs of Auxiliary results of Section 4.

Proof of Lemma 1. We prove invariance using the approach developed
in [1], see also [2], where a link is provided between the invariant measures
of {Zt : t ≥ 0} and those of the embedded discrete-time Markov chain
{Θk : k ≥ 0} := {(Xτk , Vτk) : k ≥ 0}. The Markov transition kernel of this
chain is given for A×B ∈ B(Z) by

Q ((x, v), A×B)

=
∫ ∞

0
exp{−

∫ s

0
λ̄(x+ uv, v) du}λ̄(x+ sv, v)K ((x+ sv, v), A×B) ds,

where K is defined in equation (2.7) of the main manuscript. We also define
for A×B ∈ B(Z) the measure

µ(A×B) :=
∫
λ̄(x, v)π( dx, dv)K ((x, v), A×B)

=
∫
A×B

[Λref(x) + λ(x,R(x)v)]π( dx, dv)

=
∫
A×B

λ̄(x,−v)π( dx, dv),

as λ(x,R(x)v) = λ(x,−v). This measure is finite by the integrability con-
dition (A1). We set ξ := (µ(Z))−1 and µ̄ := ξµ. The measure µ̄ satisfies
µ̄ = T π, where T is operator defined in [1, Section 3.3] mapping invariant
measures of {Zt : t ≥ 0} to invariant measures of {Θk : k ≥ 0}. By [1, The-
orem 3], T is invertible. Therefore, from [1, Theorem 2], it suffices to prove
the result to show that µ is invariant for {Θk} which we now establish.

For continuous, bounded f : Z → R we have

ζ

∫∫∫∫
µ( dx, dv)Q ((x, v), dy, dw) f(y, w)

=
∫∫

e−U(x) dxψ( dv)λ̄(x,−v)
1
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×
∫ ∞

0
exp{−

∫ s

0
λ̄(x+ uv, v) du}λ̄(x+ sv, v)Kf(x+ sv, v) ds

=
∫ ∞
s=0

ds
∫∫

e−U(x) dxψ( dv)λ̄(x,−v)

× exp{−
∫ s

0
λ̄(x+ uv, v) du}λ̄(x+ sv, v)Kf(x+ sv, v)

and letting z = x+ sv

=
∫ ∞
s=0

ds
∫∫

dzψ( dv)e−U(z−sv)λ̄(z − sv,−v)

× exp{−
∫ s

0
λ̄(z + (u− s)v, v) du}λ̄(z, v)Kf(z, v)

=
∫ ∞
s=0

ds
∫∫

dzψ( dv)λ̄(z − sv,−v)

× exp{−U(z − sv)−
∫ s

0
λ̄(z − wv, v) dw}λ̄(z, v)Kf(z, v).

Since t 7→ U(x+ tv) is absolutely continuous, we can write

U(z) = U(z − sv) +
∫ s

w=0
〈∇U(z − wv), v〉 dw

= U(z − sv) +
∫ s

w=0

[
max{〈∇U(z − wv), v〉, 0}

+ min{〈∇U(z − wv), v〉, 0}
]
dw,

and it follows that

U(z) +
∫ s

w=0
max{〈∇U(z − wv),−v〉, 0} dw

= U(z − sv) +
∫ s

w=0
max{〈∇U(z − wv), v〉, 0} dw.

Therefore

ζ

∫∫∫∫
µ( dx, dv)Q ((x, v), dy, dw) f(y, w)

=
∫ ∞
s=0

ds
∫∫

dzψ( dv)λ̄(z − sv,−v)

× exp{−U(z)−
∫ s

0
λ̄(z − wv,−v) dw}λ̄(z, v)Kf(z, v)

=
∫∫

e−U(z) dzψ( dv)λ̄(z, v)Kf(z, v)

×
∫ ∞
s=0

dsλ̄(z − sv,−v) exp{−
∫ s

0
λ̄(z − wv,−v) dw}

imsart-aos ver. 2014/10/16 file: finalversion_supp_submitted.tex date: May 3, 2018



3

=
∫∫

e−U(z) dzψ( dv)λ̄(z, v)Kf(z, v)

= ζ

∫∫
π( dz, dv)λ̄(z, v)Kf(z, v) = ζ

∫∫
µ( dz, dv)f(z, v),

proving that µ is invariant for Q.

Proof of Lemma 2. The proof is inspired by [5]. Let f : B(0, T/6) ×
Sd−1 → [0,∞) be a bounded non-negative function. Let E be the event
that exactly two events have occurred up to time T , and both of them are
refreshments. Then

Ez[f(ZT )]
≥ Ez[f(ZT )1E ]

=
∫
Sd−1

∫
Sd−1

ψ( dv1)ψ( dv2)
∫ T

t=0

∫ T−t

s=0
ds dtλ̄(x0 + tv0, v0)

× exp
{
−
∫ t

u=0
λ̄(x0 + uv0, v0) du

} Λref(x+ tv0)
λ̄(x+ tv0, v0)

λ̄(x0 + tv0 + sv1, v1)

× exp
{
−
∫ s

w=0
λ̄(x0 + v0t+ wv1, v1) dw

} Λref(x+ tv0 + sv1)
λ̄(x+ tv0 + sv1, v1)

× exp
{
−
∫ T−s−t

r=0
λ̄(x0 + v0t+ sv1 + rv2, v2) dr

}
× f (x0 + tv0 + sv1 + (T − s− t)v2, v2)

=
∫
Sd−1

∫
Sd−1

ψ( dv1)ψ( dv2)
∫ T

t=0

∫ T−t

s=0
dsdt Λref(x+ tv0)

× exp
{
−
∫ t

u=0
λ̄(x0 + uv0, v0) du

}
Λref(x+ tv0 + sv1)

× exp
{
−
∫ s

w=0
λ̄(x0 + v0t+ wv1, v1) dw

}
× exp

{
−
∫ T−s−t

r=0
λ̄(x0 + v0t+ sv1 + rv2, v2) dr

}
× f (x0 + tv0 + sv1 + (T − s− t)v2, v2) .

Since the process moves at unit speed and |x0| ≤ T/6, it follows that
supt≤T |Xt| ≤ 7T/6. Let

K := sup
{
λ̄(x, v) : |x| ≤ 7T/6, v ∈ Sd−1

}
<∞,

and recall that λ̄(x, v) ≥ λref > 0. Therefore
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Ez[f(ZT )]

≥
∫
Sd−1

∫
Sd−1

ψ( dv1)ψ( dv2)
∫ T

s=0

∫ T−s

t=0
ds dt λrefλref

× exp
{
−
∫ t

u=0
K du−

∫ s

w=0
K dw −

∫ T−s−t

r=0
K dr

}
×f (x0 + sv0 + tv1 + (T − s− t)v2, v2)

=
∫
Sd−1

∫
Sd−1

ψ( dv1)ψ( dv2)
∫ T

s=0

∫ T−s

t=0
ds dtλ2

ref

× exp {−Kt−Ks−K(T − s− t)} f (x0 + sv0 + tv1 + (T − s− t)v2, v2)

=
∫
Sd−1

∫
Sd−1

ψ( dv1)ψ( dv2)
∫ T

s=0
ds
∫ T

t=s
dtλ2

ref exp {−KT}

× f (x0 + sv0 + (t− s)v1 + (T − t)v2, v2)

=
∫
Sd−1

∫
Sd−1

ψ( dv1)ψ( dv2)
∫ T

t=0
dt

×
∫ t

s=0
dsλ2

ref exp {−KT} f (x0 + sv0 + (t− s)v1 + (T − t)v2, v2) ,

≥
∫
Sd−1

∫
Sd−1

ψ( dv1)ψ( dv2)
∫ T

t=5T/6
dt

×
∫ t

s=0
dsλ2

ref exp {−KT} f (x0 + sv0 + (t− s)v1 + (T − t)v2, v2)

=
∫
Sd−1

∫
Sd−1

ψ( dv1)ψ( dv2)
∫ T

t=5T/6
dt t

×
∫ 1

r=0
drλ2

ref exp {−KT} f (x0 + rtv0 + (t− rt)v1 + (T − t)v2, v2)

≥
∫
Sd−1

∫
Sd−1

ψ( dv1)ψ( dv2)5T
6

∫ T

t=5T/6
dt

×
∫ 1

r=0
drλ2

ref exp {−KT} f (x0 + trv0 + t(1− r)v1 + (T − t)v2, v2) .

Fix t ∈ (5T/6, T ] and v2 ∈ Sd−1 so that x′ := x0 + (T − t)v2 is now fixed.
Since T ≥ t > 5T/6 it follows that T − t < T/6. Since also |x0| ≤ T/6 we
must have that |x′| ≤ T/3. Let x′′ ∈ B(0, T/6) be arbitrary. Then it follows
that |x′ − x′′| ≤ T/2.

We will now show that there exist v∗ ∈ Sd−1 and r∗ ∈ [0, 1] such that

x′ + tr∗v0 + t(1− r∗)v∗ = x′′.
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In the trivial case where x′′ = x′ + trv0 for some r ∈ [0, 1], then since
t > |x′′ − x′| it must hold that r < 1 and thus the representation is trivially
satisfied with v∗ = −v0 and r∗ = r + (1− r)/2.

If this is not the case, then for any r ∈ [0, 1] define l(r) := rt+ |x′′ − x′ −
rtv0| > rt and consider the path fr : [0, l(r)] 7→ Rd given by

fr(s) = x′ + sv0, for s ∈ [0, rt],

fr(s) = x′ + rtv0 + (s− rt) x
′′ − x′ − rtv0
|x′′ − x′ − rtv0|

, for s > rt.

For each r ∈ [0, 1] the path starts at x′, ends at x′′ and has length given
by l(r). By definition we have l(0) = |x′′ − x′| and since t > |x′′ − x′| it
follows from the triangle inequality that |x′′ − x′ − tv0| ≥ t − |x′′ − x′| > 0
and thus that l(1) > t. Since l(·) is continuous, by the intermediate value
theorem there exists r∗ ∈ [0, 1] such that l(r∗) = t, whence the definition of
l(·) implies that

|x′′ − x′ − r∗tv0| = (1− r∗)t.

Letting

v∗ := x′′ − x′ − r∗tv0
|x′′ − x′ − r∗tv0|

∈ Sd−1,

we have
x′′ = x′ + r∗tv0 + t(1− r∗)v∗.

To proceed we define the measure µ = µt,x0,v0 on Rd as

µ(V ) :=
∫
Sd−1

ψ( dv1)
∫ 1

r=0
dr 1V

(
x′ + rtv0 + t(1− r)v1

)
,

for Borel sets V ⊂ Rd. It is obvious that µ is absolutely continuous with
respect to d-dimensional Lebesgue measure. Letting R ∼ U [0, 1] and V ∼ ψ
be independent, we have for any δ > 0 and x′′ ∈ B(0, T/6)

µ
(
B(x′′, δ)

)
= P

{
|x′ + tRv0 + t(1−R)V − x′′| ≤ δ

}
= P {|tRv0 + t(1−R)V − tr∗v0 − t(1− r∗)v∗| ≤ δ}
= P {|t(R− r∗)v0 + t(V − v∗)− t(RV − r∗v∗)| ≤ δ}
= P {|t(R− r∗)v0 + t(V − v∗)− t(RV −Rv∗ +Rv∗ − r∗v∗)| ≤ δ}
= P {|t(R− r∗)v0 + t(V − v∗)− tR(V − v∗)− t(R− r∗)v∗)| ≤ δ}
≥ P {T |R− r∗|+ T |V − v∗|+ T |V − v∗|+ T |R− r∗| ≤ δ}

= P

{
|R− r∗|+ |V − v∗| ≤

δ

2T

}
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≥ P
{

max{|R− r∗|, |V − v∗|} ≤
δ

4T

}
= P

{
|R− r∗| ≤

δ

4T

}
P

{
|V − v∗| ≤

δ

4T

}
≥ δ

4T ×
(
C1
( δ

4T
))d−1

= C2(T )δd,

where C1 > 0 is a constant, and where Ci(·) denotes quantities depending
only on the variables in the bracket. Therefore, for all t > 5T/6 and v2 ∈
Sd−1, we can bound the density of µ with respect to Lebesgue measure, on
the set B(0, T/6), from below by a constant C3(T, d) > 0∫

Sd−1
ψ( dv1)

∫ 1

r=0
drf (x0 + rtv0 + t(1− r)v1 + (T − t)v2, v2)

≥
∫
µ( dx′′)f(x′′, v2) ≥ C3(T, d)

∫
B(0,T/6)

f
(
x′′, v2

)
dx′′,

and thus

Ez[f(ZT )] ≥ C4(T, d, λref)
∫
Sd−1

ψ( dv2)
∫ T

t=5T/6
dt
∫
x′′∈B(0,T/6)

f
(
x′′, v2

)
dx′′

≥ C5(T, d, λref)
∫
Sd−1

∫
x′′∈B(0,T/6)

f
(
x′′, v

)
dx′′ψ( dv).

Since f is generic, we conclude that for all z = (x′′, v) ∈ B(0, T/6) × Sd−1,
and any Borel set A ⊆ B(0, T/6)× Sd−1

Pz(ZT ∈ A) ≥ C5(T, d, λref)
∫∫

A
ψ( dv) dx,

whence it follows that for any R > 0 the set B(0, R)× Sd−1 is petite.
Given any compact set U ⊂ Rd × Sd−1, we can find R > 0 such that

U ⊂ B(0, R) × Sd−1, and we can easily conclude using the above that U
must also be petite.

Finally let A ⊆ Z such that
∫∫
A ψ( dv) dx > 0. We can find R > 0

such that the set A′ := A ∩ (B(0, R) × Sd−1) satisfies
∫∫
A′ ψ( dv) dx > 0.

Let z = (x, v) ∈ Z be arbitrary and for some fixed ε > 0 define T :=
max{6|x| + ε, 6R + ε}. Then z ∈ B(0, T/6) × Sd−1, A′ ⊆ B(0, T/6) × Sd−1

and thus by the first part of the lemma

Pz(ZT ∈ A′) ≥ C5(T, d, λref)
∫∫

A
ψ( dv) dx > 0.

Therefore since A′ ⊆ A, writing τB := inf{t ≥ 0 : Zt ∈ B} for a measurable
set B ⊆ Z, we have

Pz {τA <∞} ≥ Pz {τA′ <∞} ≥ Pz
{
ZT ∈ A′

}
> 0.
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Irreducibility then follows from [4, Proposition 2.1].

2. Proofs of results of Section 5.

Proof of Lemma 4. That V ∈ D(L̃) follows from the discussion in Sec-
tion 5.1. We now establish that V is a Lyapunov function. First we compute
L̃V (x, v). Notice that if 〈∇U(x), v〉 6= 0, then by continuity there will be a
neighbourhood of (x, v) on which V (x, v) will be differentiable. Therefore at
those points we will use equation (2.8) of the main manuscript.

Case 〈∇U(x), v〉 > 0. We have

〈∇V (x, v), v〉 = 1
2V (x, v)〈∇U(x), v〉,

and adding the reflection part we obtain

〈∇V (x, v), v〉+ 〈∇U(x), v〉 [V (x,Rxv)− V (x, v)]

= 1
2V (x, v)〈∇U(x), v〉

+ 〈∇U(x), v〉
[

eU(x)/2√
λref + 〈∇U(x),−v〉+

√
λref + 〈∇U(x),−v〉+√
λref + 〈∇U(x), v〉

− V (x, v)
]

= −1
2V (x, v)〈∇U(x), v〉+ 〈∇U(x), v〉V (x, v)

√
λref√

λref + 〈∇U(x), v〉
.

The refreshment term is given by

eU(x)/2λref

∫
ψ( dw)

[
1√

λref + 〈∇U(x), w〉+
− 1√

λref

]

= eU(x)/2λref

∫
ψ( dw) 1√

λref + 〈∇U(x), w〉+
− λrefV (x, v)

= eU(x)/2λref

∫
〈∇U(x),w〉>0

ψ( dw) 1√
λref + 〈∇U(x), w〉+

+ eU(x)/2λref

∫
〈∇U(x),w〉≤0

ψ( dw) 1√
λref
− λrefV (x, v)

= eU(x)/2λref

∫
〈∇U(x),w〉>0

ψ( dw) 1√
λref + 〈∇U(x), w〉+

− 1
2λrefV (x, v),

since ψ{w : 〈∇U(x), w〉 > 0} = 1/2. Thus overall when 〈∇U(x), v〉 > 0 we
have

L̃V (x, v) = 1
2V (x, v)〈∇U, v〉+ 〈∇U(x), v〉 [V (x,Rxv)− V (x, v)]
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+ eU(x)/2λref

∫
Sd−1

ψ( dw)
[

1√
λref + 〈∇U(x), w〉+

− 1√
λref

]

= −1
2V (x, v)

[
〈∇U(x), v〉 − 2 〈∇U(x), v〉

√
λref√

λref + 〈∇U(x), v〉
+ λref

− 2λ3/2
ref

∫
〈∇U(x),w〉≥0

ψ( dw)√
λref + 〈∇U(x), w〉

]

= −1
2V (x, v)

[
〈∇U(x), v〉 − 2 〈∇U(x), v〉

√
λref√

λref + 〈∇U(x), v〉
+ λref

− 2λref

∫
〈∇U(x),w〉≥0

ψ( dw)√
1 + 〈∇U(x),w〉

λref

]
.

Case 〈∇U(x), v〉 < 0. In this case

〈∇V (x, v), v〉 = −1
2V (x, v)

[
〈∇U,−v〉 − 1

λref + 〈∇U(x),−v〉〈v,∆U(x)v〉
]
.

Since 〈∇U(x), v〉+ = 0 there is no reflection and thus overall

L̃V (x, v) = −1
2V (x, v)

[
〈∇U(x),−v〉 − 1

λref + 〈∇U(x),−v〉〈v,∆U(x)v〉
]

− λrefV (x, v) + 1
2λref

eU(x)/2
√
λref

+ λrefV (x, v)
∫
〈∇U(x),w〉≥0

ψ( dw)
√
λref + 〈∇U(x),−v〉√
λref + 〈∇U(x), w〉

= −1
2V (x, v)

[
〈∇U(x),−v〉 − 1

λref + 〈∇U(x),−v〉〈v,∆U(x)v〉+ 2λref

]
+ 1

2λrefV (x, v)
√
λref + 〈∇U(x),−v〉√

λref
+

+ λrefV (x, v)
∫
〈∇U(x),w〉≥0

ψ( dw)
√
λref + 〈∇U(x),−v〉√
λref + 〈∇U(x), w〉

= −1
2V (x, v)

[
〈∇U(x),−v〉+ 2λref −

1
λref + 〈∇U(x),−v〉〈v,∆U(x)v〉

− λref

√
λref + 〈∇U(x),−v〉√

λref

− 2λref

∫
〈∇U(x),w〉≥0

ψ( dw)
√
λref + 〈∇U(x),−v〉√
λref + 〈∇U(x), w〉

]
.
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Case 〈∇U(x), v〉 = 0. In this case we compute L̃V (x, v) as

L̃V (x, v) = d
dtV (x+ tv, v)

∣∣∣
t=0+

+ λref

[∫
ψ( dw)V (x,w)− V (x, v)

]
,

(2.1)

since the reflection term vanishes.
We first compute the directional derivative for which we can distinguish

two cases. Suppose first that 〈∆U(x)v,−v〉 > 0. Then we have that for all
t > 0 small enough

〈∇U(x+ tv),−v〉 = 0 + t〈∆U(x)v,−v〉+ o(t) ≥ 0.

Therefore, since 〈∇U(x), v〉 = 0, in this case we can compute the first term
of (2.1) as follows

d
dtV (x+ tv, v)

∣∣∣
t=0+

= lim
t→0+

1
t

[
exp(U(x+ tv)/2)√

λref + 〈∇U(x+ tv),−v〉+
− exp (U(x)/2)√

λref

]

= lim
t→0+

1
t

[
exp(U(x+ tv)/2)√

λref + 〈∇U(x+ tv),−v〉
− exp (U(x)/2)√

λref

]

= lim
t→0+

1
t

[exp(U(x+ tv)/2)− exp (U(x)/2)√
λref + 〈∇U(x+ tv),−v〉

+ exp (U(x)/2)
(

1√
λref + 〈∇U(x+ tv),−v〉

− 1√
λref

)]
= 0− 1

2
exp (U(x)/2)
√
λref

3 〈∆U(x)v,−v〉 = −1
2V (x, v)〈∆U(x)v,−v〉

λref

Now consider the case where 〈∆U(x)v,−v〉 ≤ 0, then for all t > 0 small
enough

〈∇U(x+ tv),−v〉 = 0 + t〈∆U(x)v,−v〉+ o(t) ≤ 0,

and therefore
d
dtV (x+ tv, v)

∣∣∣
t=0+

= lim
t→0+

1
t

[
exp(U(x+ tv)/2)√

λref + 〈∇U(x+ tv),−v〉+
− exp (U(x)/2)√

λref

]

= lim
t→0+

1
t

[exp(U(x+ tv)/2)√
λref + 0

− exp (U(x)/2)√
λref

]
= 0.
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Overall we have that
d
dtV (x+ tv, v)

∣∣∣
t=0+

= −1
2V (x, v)〈∆U(x)v,−v〉+.

Adding the refreshment term we find that in this case

L̃V (x, v) = −1
2V (x, v)

[〈∆U(x)v,−v〉+
λref

+ λref

− 2λref

∫
〈∇U(x),w〉≥0

ψ( dw)√
1 + 〈∇U(x),w〉

λref

]
.

Combining the three cases we obtain
(2.2)

2 L̃V (x, v)
V (x, v) =



−
[
〈∆U(x)v,−v〉+

λref
+ λref

−2λref
∫
〈∇U(x),w〉≥0

√
λrefψ( dw)√

λref+〈∇U(x),w〉

]
〈∇U(x), v〉 = 0,

−
[
〈∇U(x), v〉 − 2 〈∇U(x),v〉

√
λref√

λref+〈∇U(x),v〉
+ λref

−2λref
∫
〈∇U(x),w〉≥0

√
λrefψ( dw)√

λref+〈∇U(x),w〉

]
, 〈∇U(x), v〉 > 0,

−
[
〈∇U(x),−v〉+ 2λref − 1

λref+〈∇U(x),−v〉〈v,∆U(x)v〉

−λref

√
λref+〈∇U(x),−v〉√

λref

−2λref
∫
〈∇U(x),w〉≥0 ψ( dw)

√
λref+〈∇U(x),−v〉√
λref+〈∇U(x),w〉

]
, 〈∇U(x), v〉 < 0.

Condition (A). We have that lim|x|→∞ ‖∆U(x)‖ ≤ α1 and lim|x|→∞ |∇U(x)| =
∞. Since λref > 0 and 1/

√
cos(θ) ∈ L1([0, π/2], dθ), for any ε > 0 we can

find K > 0 such that for all |x| > K∫
〈∇U(x),w〉≥0

ψ( dw)√
λref + 〈∇U(x), w〉

≤
∫ π/2

θ=0

pϑ (θ) dθ√
|∇U(x)| cos(θ)

≤ ε√
λref

,(2.3)

Case 〈∇U(x), v〉 = 0. Suppose that |x| > K. Then from (2.2), by drop-
ping the first term which is negative,

2 L̃V (x, v)
V (x, v) ≤ −

[
λref − 2λref

∫
〈∇U(x),w〉≥0

√
λrefψ( dw)√

λref + 〈∇U(x), w〉

]
≤ −λref(1− 2ε).
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Case 〈∇U(x), v〉 > 0. Again let |x| > K. From (2.2)

2 L̃V (x, v)
V (x, v) ≤ −

[
〈∇U(x), v〉 − 2 〈∇U(x), v〉

√
λref√

λref + 〈∇U(x), v〉
+ λref(1− 2ε)

]
.

For w > 0 consider the function

w − 2 w
√
λref√

λref + w
+ λref(1− 2ε).

Since for w > 0, λref + w ≥ 2
√
w
√
λref we have that

w − 2 w
√
λref√

λref + w
+ λref(1− 2ε) ≥ w − 2 w

√
λref√

2λ1/4
ref w

1/4
+ λref(1− 2ε)

= w −
√

2w3/4λ
1/4
ref + λref(1− 2ε) =: fε(w) =: f(w).(2.4)

Then

f ′(w) = 1− 3λ1/4
ref

2
√

2w1/4 ,

and thus f is minimised at w∗ = 81λref/64 and

f(w∗) =
(37

64 − 2ε
)
λref .

For any λref > 0 we can choose ε > 0 small enough so that f(w∗) > 0. From
(2.3) we can choose K large enough, so that for all |x| > K and all v such
that 〈∇U(x), v〉 > 0

2 L̃V (x, v)
V (x, v) < −δ,

for some δ = f(w∗) > 0.

Case 〈∇U(x), v〉 < 0. Then from (2.2)

2 L̃V (x, v)
V (x, v) = −

[
〈∇U(x),−v〉+ 2λref −

1
λref + 〈∇U(x),−v〉〈v,∆U(x)v〉

− λref

√
λref + 〈∇U(x),−v〉√

λref

− 2λref

∫
〈∇U(x),w〉≥0

ψ( dw)
√
λref + 〈∇U(x),−v〉√
λref + 〈∇U(x), w〉

]
,
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12 DELIGIANNIDIS, BOUCHARD-CÔTÉ AND DOUCET

and arguing in the same way as in the previous case, given ε > 0 we can
choose K > 0 such that for all |x| > K we have similarly to (2.3)∫
〈∇U(x),w〉≥0

ψ( dw) 1√
λref + 〈∇U(x), w〉

≤
∫
〈∇U(x),w〉≥0

ψ( dw) 1√
〈∇U(x), w〉

=
∫ π/2

θ=0

pϑ (θ) dθ√
|∇U(x)| cos(θ)

≤ ε

λref
.

Since lim|x|→∞ ‖∆U(x)‖ ≤ α1, for K large enough and |x| > K we have
‖∆U(x)‖ ≤ 2α1. Thus overall when 〈∇U(x), v〉 < 0

L̃V (x, v)
V (x, v) ≤ −

1
2

[
〈∇U(x),−v〉+ 2λref −

2
λref + 〈∇U(x),−v〉α1

− λref

√
λref + 〈∇U(x),−v〉√

λref
− 2ε

√
λref + 〈∇U(x),−v〉

]
.

For w = 〈∇U(x),−v〉 > 0 define

g(w) := w + 2λref −
2α1

λref + w
− λref

√
λref + w√
λref

− 2ε
√
λref + w,

g′(w) = 1 + 2α1
(λref + w)2 −

√
λref

2
√
λref + w

− ε√
λref + w

≥ 1 + 2α1
(w + λref)2 −

1
2 −

ε√
λref

= 1
2 + 2α1

(w + λref)2 −
ε√
λref

,

and thus for all λref we can choose ε small enough so that g′(w) ≥ 0 for all
w ≥ 0. Therefore

g(w) ≥ g(0) = λref − 2ε
√
λref −

2α1
λref

.

If λref ≥ (2α1 + 1)2 then for ε small enough we have that g(w) ≥ δ > 0, for
some δ.

Thus, there exists K > 0 large enough so that for all |x| > K and v such
that 〈∇U(x), v〉 < 0 we have L̃V (x, v)/V ≤ −δ. Therefore (D) holds with
C = B(0,K)× Sd−1.

Condition (B). Recall that 2α2 := lim|x|→∞ |∇U(x)|, so that we can
choose K large enough so that for all |x| > K we have |∇U(x)| ≥ α2. Thus
when |x| > K∫

〈∇U(x),w〉≥0

ψ( dw)√
λref + 〈∇U(x), w〉

=
∫ π/2

θ=0

pϑ( dθ)√
λref + |∇U(x)| cos(θ)
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≤ 1√
λref

∫ π/2

θ=0

pϑ( dθ)√
1 + α2

λref
cos(θ)

= 1√
λref

F

(
α2
λref

, d

)
,

where
F (u, d) := E

[I (ϑ ∈ [0, π/2])√
1 + u cosϑ

]
, ϑ ∼pϑ (·) ,

with pϑ as defined in equation (2.2) of the main manuscript. Clearly F (u, d) ≤
F (0, d) = 1/2 for all u and F (u, d) → 0 as u → ∞ for all d. Thus we can
choose a sequence {cd}d≥0 such that F (cd, d) ≤ 1/4. One such choice given
in the statement of the Theorem is cd = 16

√
d. Indeed as d→∞,

F (cd, d) = κd

∫ π/2

θ=0

(sin θ)d−2 dθ√
1 + cd cos θ

≤ 1
4d1/4

∫ π/2

θ=0

κd(sin θ)d−2 dθ√
cos θ

≤ κd
4d1/4

∫ π/2

θ=0
(sin θ)d−2(cos θ)−1/2 dθ = 1

8
1
d1/4

Beta
(
d−1

2 , 1
4

)
Beta

(
d−1

2 , 1
2

) < 1
4 .

Case 〈∇U(x), v〉 = 0. For |x| > K and (2.2) we have

2 L̃V (x, v)
V (x, v) ≤ −

[
λref − 2λref

∫ π/2

θ=0

√
λrefpϑ (θ) dθ√

λref + |∇U(x)| cos(θ)

]
≤ −λref (1− 2F (α2/λref , d))

≤ −λref

(
1− 2× 1

4

)
= −λref

2 ,

as long as α2/λref > cd, with cd defined as in the statement of Theo-
rem 3.1(b).

Case 〈∇U(x), v〉 > 0. From (2.2) we have

2 L̃V (x, v)
V (x, v) ≤ −

[
〈∇U(x), v〉 − 2 〈∇U(x), v〉

√
λref√

λref + 〈∇U(x), v〉
+ λref − 2λrefF

(
α2
λref

, d

)]
.

For w ≥ 0, using again that λref + w ≥ 2
√
w
√
λref , we have

w − 2 w
√
λref√

λref + w
+ λref(1− 2ε) ≥ w −

√
2λ1/4

ref w
3/4 + λref(1− 2ε) = fε(w).
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14 DELIGIANNIDIS, BOUCHARD-CÔTÉ AND DOUCET

Recall from (2.4) that for all w ≥ 0

fε(w)≥λref

(37
64 − 2ε

)
> 0,

as long as ε < 37/128. For each d and α2 > 0 we can choose λref small
enough so that F (α2/λref , d) < 37/128. Then following a similar reasoning
as before it can be easily seen that, as long as λref is small enough, then
there exists a δ > 0, such that for all |x| > K and 〈∇U(x), v〉 > 0 we have

2 L̃V (x, v)
V (x, v) ≤ −δ.

Case 〈∇U(x), v〉 < 0. Suppose that λref ≤ α2/cd or equivalently that
α2/λref ≥ cd. Then since ‖∆U(x)‖ → 0, for all ε1 > 0, there is a K > 0 such
that for all |x| > K and λref small enough

2 L̃V (x, v)
V (x, v)

≤ −
[
〈∇U(x),−v〉+ 2λref −

1
λref + 〈∇U(x),−v〉〈v,∆U(x)v〉

− λref

√
λref + 〈∇U(x),−v〉√

λref
− 2λref

√
λref + 〈∇U(x),−v〉√

λref
F (α2/λref , d)

]
≤ −

[
〈∇U(x),−v〉+ 2λref −

1
λref + 〈∇U(x),−v〉〈v,∆U(x)v〉

− λref

√
λref + 〈∇U(x),−v〉√

λref
− 2λref

√
λref + 〈∇U(x),−v〉√

λref
F (cd, d)

]
≤ −

[
〈∇U(x),−v〉+ 2λref −

ε1
λref + 〈∇U(x),−v〉

− λref

√
λref + 〈∇U(x),−v〉√

λref
− 1

2
√
λref

√
λref + 〈∇U(x),−v〉

]
.

Let w = 〈∇U(x),−v〉 > 0 and consider

g(w) := w + 2λref −
ε1

λref + w
− λref

√
λref + w√
λref

− 1
2
√
λref

√
λref + w.

Then we obtain

g′(w) = 1 + ε1
(λref + w)2 −

3
√
λref

4
√
λref + w

. ≥ 0.
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Thus, we have
g(w) ≥ g(0) = λref

2 − ε1
λref

,

which is strictly positive as long as ε1 < λ2
ref/2, and the result follows.

Proof of Lemma 5. First notice that V with λref(x) as defined in the
statement of the Lemma also belongs to D(L̃) from the same arguments as
in the proof of Lemma 4. We now prove that V satisfies (D). From the form
of (D) it follows that we can assume without loss of generality that |x| > 1,
so that

Λref(x) = λref + |∇U(x)|
|x|ε

.

First we restrict our attention to the case where 〈∇U(x), v〉 6= 0, for which
we compute

∂V

∂xi
= 1

2V (x, v)Uxi(x)

− 1
2

eU(x)/2

(Λref(x) + 〈∇U(x),−v〉+)3/2

[
∂

∂xi
Λref(x) + ∂

∂xi
〈∇U(x),−v〉+

]
,

〈∇V, v〉 = 1
2V (x, v)〈∇U(x), v〉

− 1
2

eU(x)/2

(Λref(x) + 〈∇U(x),−v〉+)3/2
[
〈∇Λref(x), v〉

− 〈v,∆U(x)v〉1{〈∇U(x),−v〉 > 0}
]

= 1
2V (x, v)

{
〈∇U(x), v〉 − 〈∇Λref(x), v〉

Λref(x) + 〈∇U(x),−v〉+

+ 〈v,∆U(x)v〉1{〈∇U(x),−v〉 > 0}
Λref(x) + 〈∇U(x),−v〉+

}
.

After adding the reflection and refreshment terms we get

L̃V (x, v) = 1
2V (x, v)

{
〈∇U(x), v〉 − 〈∇Λref(x), v〉

Λref(x) + 〈∇U(x),−v〉+

+ 〈v,∆U(x)v〉1{〈∇U(x),−v〉 > 0}
Λref(x) + 〈∇U(x),−v〉+

}
+ Λref(x)

∫
V (x,w)ψ( dw)− Λref(x)V (x, v)

+ 〈∇U(x), v〉1{〈∇U(x), v〉≥0} [V (x,R(x)v)− V (x, v)] ,
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and thus

L̃V (x, v)
V (x, v) = 1

2

{
〈∇U(x), v〉 − 〈∇Λref(x), v〉

Λref(x) + 〈∇U(x),−v〉+

+ 〈v,∆U(x)v〉1{〈∇U(x),−v〉 > 0}
Λref(x) + 〈∇U(x),−v〉+

}

+ Λref(x)
∫ [√Λref(x) + 〈∇U(x),−v〉+√

Λref(x) + 〈∇U(x), w〉+
− 1

]
ψ( dw)

+ 〈∇U(x), v〉1{〈∇U(x), v〉≥0}
[√

Λref(x) + 〈∇U(x),−v〉+√
Λref(x) + 〈∇U(x), v〉+

− 1
]
.

Thus when 〈∇U(x), v〉 > 0 we have

L̃V (x, v)
V (x, v) = 1

2〈∇U(x), v〉 − 1
2
〈∇Λref(x), v〉

Λref(x)

(2.5)

+ 〈∇U(x), v〉
[ √

Λref(x)√
Λref(x) + 〈∇U(x), v〉

− 1
]

+ Λref(x)
∫
〈∇U(x),w〉≥0

[ √
Λref(x)√

Λref(x) + 〈∇U(x), w〉+
− 1

]
ψ( dw).(2.6)

When 〈∇U(x), v〉 < 0 then

L̃V (x, v)
V (x, v) = 1

2

{
〈∇U(x), v〉 − 〈∇Λref(x), v〉 − 〈v,∆U(x)v〉

Λref(x) + 〈∇U(x),−v〉

}

+ Λref(x)
∫ [√Λref(x) + 〈∇U(x),−v〉+√

Λref(x) + 〈∇U(x), w〉+
− 1

]
ψ( dw).(2.7)

When 〈∇U(x), v〉 = 0, similarly to the proof of Lemma 4, by considering
separately the case where 〈∆U(x),−v〉 > 0 and 〈∆U(x),−v〉 ≤ 0 we find
that

lim
t→0+

d
dtV (x+ tv, v)

= lim
t→0+

1
t
{V (x+ tv, v)− V (x, v)}

= lim
t→0+

1
t

{
exp (U(x+ tv)/2)√

Λref(x+ tv) + 〈∇U(x+ tv),−v〉+
− exp (U(x)/2)√

Λref(x)

}
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= −1
2

exp (U(x)/2)√
Λref(x)3 [〈∇Λref(x), v〉+ 〈∆U(x)v,−v〉+]

= −V (x, v)
2

[〈∇Λref(x), v〉+ 〈∆U(x)v,−v〉+]
Λref(x) .

Thus for 〈∇U(x), v〉 = 0, after adding the refreshment term we have

L̃V (x, v)
V (x, v) = −1

2
〈∇Λref(x), v〉+ 〈∆U(x)v,−v〉+

Λref(x)

+ Λref(x)
∫ [ √

Λref(x)√
Λref(x) + 〈∇U(x), w〉+

− 1
]
ψ( dw)(2.8)

≤ −1
2
〈∇Λref(x), v〉

Λref(x)(2.9)

+ Λref(x)
∫ [ √

Λref(x)√
Λref(x) + 〈∇U(x), w〉+

− 1
]
ψ( dw).

From the definition of Λref(x) and the chain rule

∇Λref(x) = |x|−ε∇|∇U(x)|+ |∇U(x)|∇
(
|x|−ε

)
.

We first compute

∂

∂xi
|∇U(x)| = ∂

∂xi

√√√√√∑
j

(
∂

∂xj
U

)2

= |∇U(x)|−1∑
j

∂

∂xj
U(x) ∂2

∂xi∂xj
U(x),

whence it follows that

|∇ |∇U || = |∇U |−1|


d∑
i=1

 d∑
j=1

∂

∂xj
U(x) ∂2

∂xi∂xj
U(x)

2


1/2

≤ |∇U(x)|−1|∇U |‖∆U‖ = ‖∆U‖

Thus we have that
|∇Λref(x)|
|Λref(x)| ≤

‖∆U(x)‖/|x|ε

|∇U(x)|/|x|ε + |∇U(x)|
|x|1+ε × |∇U(x)|/|x|ε

= ‖∆U(x)‖
|∇U(x)| + 1

|x|
→ 0,

where we also used the fact that |∇(|x|−ε)| = ε|x|−1−ε. It therefore follows
that

(2.10) lim
|x|→∞

|〈∇Λref(x), v〉|
Λref(x) = 0,
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so that this term can be ignored for large |x|. Also notice that∫
w:〈∇U(x),w〉≥0

ψ( dw) 1√
Λref(x) + 〈∇U(x), w〉+

= 1
|∇U(x)|1/2

∫
w:〈∇U(x),w〉≥0

ψ( dw)√
Λref(x)
|∇U(x)| +

〈
∇U(x)
|∇U(x)| , w

〉
= 1
|∇U(x)|1/2

∫ π/2

θ=0

pϑ( dθ)√
Λref(x)
|∇U(x)| + cos(θ)

,

where d is the dimension. As |x| → ∞, our definition of Λref(x) ensures that

∫ π/2

θ=0

pϑ( dθ)√
Λref(x)
|∇U(x)| + cos(θ)

→
∫ π/2

θ=0

pϑ( dθ)√
cos(θ)

= −
3Γ
(
−3

4

)
Γ
(
d
2

)
8
√
πΓ
(
d
2 −

1
4

) =: γd > 0.

Case 〈∇U(x), v〉 = 0. Thus when 〈∇U(x), v〉 = 0, for |x| large we have

L̃V (x, v)
V (x, v) ∼ Λref(x)

∫ [ √
Λref(x)√

Λref(x) + 〈∇U(x), w〉+
− 1

]
ψ( dw)

∼ Λref(x)
∫
〈∇U(x),w〉<0

[1− 1]ψ( dw) + Λref(x)
[ √

Λref(x)√
|∇U(x)|

γd −
1
2

]

∼ Λref(x)
[ √

Λref(x)√
|∇U(x)|

γd −
1
2

]
,

and from the definition of Λref(x) it easily follows that

L̃V (x, v)
V (x, v) ∼ −

1
2Λref(x)→ −∞.

Case 〈∇U(x), v〉 > 0. For |x| large we have

L̃V (x, v)
V (x, v) ∼

1
2〈∇U(x), v〉+ 〈∇U(x), v〉

[ √
Λref(x)√

Λref(x) + 〈∇U(x), v〉
− 1

]

+ Λref(x)
[ √

Λref(x)√
|∇U(x)|

γd −
1
2

]
.

Using the definition of Λref(x), and letting 〈∇U(x), v〉 = |∇U(x)| cos(θ) for
θ ∈ [0, π/2) we have for 〈∇U(x), v〉 > 0 as |x| → ∞

L̃V (x, v)
V (x, v) ∼

1
2 |∇U(x)| cos(θ)
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+ |∇U(x)| cos(θ)
[ √

|∇U(x)|/|x|ε√
|∇U(x)|/|x|ε + |∇U(x)| cos(θ)

− 1
]

+ |∇U(x)|
|x|ε

[√
|∇U(x)|/|x|ε√
|∇U(x)|

γd −
1
2

]

= |∇U(x)|
[
cos(θ)

(
1
2 + 1√

1 + |x|ε cos(θ)
− 1

)
+ 1
|x|ε

[
γd
|x|ε/2

− 1
2

]]

= |∇U(x)|
|x|

|x|
[
cos(θ)

(
−1

2 + 1√
1 + |x|ε cos(θ)

)
+ 1
|x|ε

[
γd
|x|ε/2

− 1
2

]]

≤ |x|
[
cos(θ)

(
−1

2 + 1√
1 + |x|ε cos(θ)

)
+ 1
|x|ε

[
γd
|x|ε/2

− 1
2

]]
,

since |∇U(x)|/|x| → ∞ and the quantity in brackets is clearly negative for
large enough |x|. Let u = cos(θ) and r = |x|. Then observe that we can
rewrite the right hand side as

r1−εrεu

( 1√
1 + rεu

− 1
2

)
− r1−ε

2 +O(r1/4)

≤ r1−ε

4 − r1−ε

2 +O(r1−3ε/2) = −
√
r

4 +O(r1−3ε/2),

since for w = rεu > 0 it can be shown that

w

( 1√
1 + w

− 1
2

)
≤ 1

4 .

Thus it follows that for 〈∇U(x), v〉 > 0 we have that lim|x|→∞ L̃V/V = −∞.

Case 〈∇U(x), v〉 < 0. From (2.7) and (2.10) we have as |x| → ∞

2 lim
|x|→∞

L̃V (x, v)
V (x, v)

= lim
|x|→∞

{
〈∇U(x), v〉 − 〈∇Λref(x), v〉 − 〈v,∆U(x)v〉

Λref(x) + 〈∇U(x),−v〉

+ 2Λref(x)
∫ [√Λref(x) + 〈∇U(x),−v〉+√

Λref(x) + 〈∇U(x), w〉+
− 1

]
ψ( dw)

}

= lim
|x|→∞

{
〈∇U(x), v〉+ 〈v,∆U(x)v〉

Λref(x) + 〈∇U(x),−v〉
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+ Λref(x)
[√

Λref(x) + 〈∇U(x),−v〉√
Λref(x)

− 1
]

+ 2Λref(x)
√

Λref(x) + 〈∇U(x),−v〉+√
|∇U(x)|

γd − Λref(x)
}

= lim
|x|→∞

{
〈∇U(x), v〉+ Λref(x)

[√
Λref(x) + 〈∇U(x),−v〉√

Λref(x)
− 1

]

+ 2Λref(x)
√

Λref(x) + 〈∇U(x),−v〉+√
|∇U(x)|

γd − Λref(x)
}
,

since lim|x|→∞ ‖∆U(x)‖/Λref(x) → 0. Thus letting θ be the angle between
U(x) and −v, we have

2 lim
|x|→∞

L̃V (x, v)
V (x, v)

= lim
|x|→∞

{
− |∇U(x)| cos(θ) + |∇U(x)|

|x|ε

[√
|∇U(x)|/|x|ε + |∇U(x)| cos(θ)√

|∇U(x)|/|x|ε
− 1

]

+ 2 |∇U(x)|
|x|ε

(√
|∇U(x)|/|x|ε + |∇U(x)| cos(θ)√

|∇U(x)|
γd −

1
2

)}

= lim
|x|→∞

{
− |∇U(x)| cos(θ) + |∇U(x)|

|x|ε
[√

1 + |x|ε cos(θ)− 1
]

+ 2 |∇U(x)|
|x|ε

(√
1
|x|ε

+ cos(θ)γd −
1
2

)}

= lim
|x|→∞

|∇U(x)|
{
− cos(θ) + 1

|x|ε
[√

1 + |x|ε cos(θ)− 1
]

+

2
|x|ε

(√
1
|x|ε

+ cos(θ)γd −
1
2

)}

= lim
|x|→∞

|∇U(x)|
|x|

|x|
{
− cos(θ) + 1

|x|ε
[√

1 + |x|ε cos(θ)− 1
]

+ 2
|x|ε

(√
1
|x|ε

+ cos(θ)γd −
1
2

)}

≤ lim
|x|→∞

|x|
{
− cos(θ) + 1

|x|ε
[√

1 + |x|ε cos(θ)− 1
]
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+ 2
|x|ε

(√
1
|x|ε

+ cos(θ)γd −
1
2

)}
,

since the right hand side is clearly negative for |x| large enough.
For u = cos(θ) ∈ [0, 1] define the function

f(u) := −u+ 1
|x|ε

[√
1 + |x|εu− 1

]
+ 2
|x|ε

(√
1
|x|ε

+ uγd −
1
2

)
.

Then
f ′(u) = −1 + |x|ε

2|x|ε
√

1 + |x|εu
+ 1
|x|ε

√
1
|x|ε + u

γd.

This is negative for all u ≥ 0 for |x| large enough. Therefore

f(u) ≤ f(0) = 2
|x|ε

(√
1
|x|ε

γd −
1
2

)
∼ − 1
|x|ε

,

as |x| → ∞. Hence

lim
|x|→∞

L̃V (x, v)
V (x, v) = −∞,

and the result follows.

Proof of Lemma 6. Checking Assumption (A0’). Notice that from equa-
tions (3.6), (3.7) and (3.8) of the main manuscript, the functions h(i), are
infinitely differentiable except perhaps for x = 0 and |x| = 1/b for i = 1, or
|x| = R for i = 2. Thus Uh will satisfy Assumption (A0) for |x| large enough
and in fact everywhere except for |x| = 0, 1/b for i = 1, and |x| = 0, R
for i = 2. It remains to show that the mapping t 7→ 〈∇Uh(x + tv), v〉 is
locally Lipschitz at these points. First, from the definition of f = f (i), it
follows easily that the mapping t 7→ 〈∇Uh(x+ tv), v〉 will be continuous and
piecewise smooth, and thus locally Lipschitz, at |x| = 1/b and |x| = R for
i = 1, 2 respectively. To deal with the remaining case x = 0, we next show
that t 7→ 〈∇Uh(tv), v〉 is in fact differentiable at t = 0.

Recall the decomposition of ∇Uh given in (3.10) of the main manuscript.
The first term of (3.10) is given by

(2.11) ∇ log det(∇h(x)) =


[
f ′′(|x|)
f ′(|x|) + (d− 1)

(
f ′(|x|)
f(|x|) −

1
|x|

)]
x
|x| , x 6= 0,

0, x = 0,

whence we can compute
1
t

[〈∇ log det(∇h(tv)), v〉 − 〈∇ log det(∇h(0)), v〉]
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= 1
t

[
f ′′(t)
f ′(t) + (d− 1)

(
f ′(t)
f(t) −

1
t

)]〈 tv
|tv|

, v
〉

= 1
t

[
f ′′(t)
f ′(t) + (d− 1)

(
f ′(t)
f(t) −

1
t

)]
.

In the case f = f (1) we have

f(0) = 0, f ′(0) = be
2 , f ′′(0) = 0, f ′′′(0) = b3e,

and thus using Taylor expansions

lim
t→0

1
t

[
f ′′(t)
f ′(t) + (d− 1)

(
f ′(t)
f(t) −

1
t

)]
= 0 + (d− 1) lim

t→0

1
t2f(t) [tf ′(t)− f(t)]

= (d− 1) lim
t→0

1
t3f ′(0)

(
tf ′(0) + t2f ′′(0) + t3

2 f
′′′(0)− f(0)

− tf ′(0)− t2

2 f
′′(0)− t3

6 f
′′′(0) + o(t3)

)
= (d− 1) lim

t→0

1
t3f ′(0)

(
t3

2 f
′′′(0)− t3

6 f
′′′(0) + o(t3)

)
= (d− 1)

3
f ′′′(0)
f ′(0) .

In the case f = f (2), we have for t > 0 small enough

1
t

[
f ′′(t)
f ′(t) + (d− 1)

(
f ′(t)
f(t) −

1
t

)]
= 0.

Thus overall t 7→ 〈∇ log det(∇h(tv)), v〉 is differentiable at t = 0 and thus
locally Lipschitz.

We now deal with the second term of (3.10). From (5.1) we have

1
t

[〈∇h(tv)∇U(h(tv)), v〉 − 〈∇h(0)∇U(0), v〉]

= 1
t

[
〈∇h(tv)∇U(h(tv)), v〉 − f ′(0)〈∇U(0), v〉

]
= 1
t

[
f(t)
t
〈∇U(h(tv)), v〉 − f ′(0)〈∇U(0), v〉

]
+ 1
t

[
f ′
(
t
)
− f(t)

t

]〈tv, v〉〈∇U(h(tv)), tv〉
t2

= I1 + I2.

For the first term we have

I1 = 1
t

f(t)− tf ′(0)
t

〈∇U(h(tv)), v〉+ 1
t
f ′(0) [〈∇U(h(tv)), v〉 − ∇U(0), v〉] .
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Since U satisfies (A0) and h is differentiable, the second term of I1 clearly
converges. The first term also converges since ∇U is continuous and

f(t)− tf ′(0)
t2

= f(0) + tf ′(0) + t2f ′′(0) + o(t2)− tf ′(0)
t2

.

For the second term we have

I2 = 1
t

[
f ′
(
t
)
− f(t)

t

]
〈∇U(h(tv)), v〉

= f ′(t)t− f(t)
t2

〈∇U(h(tv)), v〉

=
f ′(0)t+ f ′′(0)t2 + o(t2)− f(0)− tf ′(0)− t2

2 f
′′(0)

t2
〈v, v〉〈∇U(h(tv)), v〉

→ 0.

It follows that t 7→ 〈∇h(x+ tv)∇U(h(x+ tv)), v〉 is differentiable at t = 0.
Checking Assumption (A1). For both h = h(1) and h = h(2), a change of

variable leads to

∫
πh(y)|∇Uh(y)| dy

(2.12)

=
∫
πh(h−1(x))|∇h−1(x)||∇Uh(h−1(x))|dx

=
∫
π(h(h−1(x)))|∇Uh(h−1(x))||∇h(h−1(x))||∇h−1(x)| dx

=
∫
π(x)|∇Uh(h−1(x))|dx

(2.13)

≤
∫
π(x)[|∇{h}(h−1(x))∇U(x)|+ |∇ log det(∇{h}(h−1(x)))|] dx

≤
∫
π(x)[‖∇{h}(h−1(x))‖|∇U(x)|+ |∇ log det(∇{h}(h−1(x)))|] dx.

(2.14)

Here for clarity we use the notation ∇{·}(x) for the gradient of the func-
tion in the bracket evaluated at x and we will similarly use ∆{·}(x) for
its Hessian. We begin with the first term in (2.14). Under the assumptions
of Theorem 3.3(a) we have, for |x| > R and some constant C > 0, that
|∇U(x)| ≤ C|x|−1 and thus∫

π(x)|∇U(x)|‖∇{h}(h−1(x))‖ dx ≤ C + C

∫
|x|>R

π(x) 1
|x|
f(|h−1(x)|) dx
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≤ C + C

∫
|x|>R

π(x) 1
|x|
|x| dx ≤ 2C,

since clearly f(|h−1(x)|) = |x|.
Under the assumptions of Theorem 3.3(b), by Assumption (b)-(ii), we can

assume that there existsK > 0 such that if |x| > K then 〈x,∇U(x)〉 ≥ C|x|β
for some C > 0. Thus for |x| large enough, say K/|x| < 1/2, we have

U(x) = U

(
K

x

|x|

)
+
∫ 1

t=K/|x|

dU(tx)
dt dt

≥ U
(
K

x

|x|

)
+
∫ 1

t=1/2

1
t
〈∇U(tx), tx〉 dt

≥ U
(
K

x

|x|

)
+ C

∫ 1

t=1/2

1
t
tβ|x|β dt ≥ C|x|β,(2.15)

since U ≥ 0. Therefore∫
π(x)|∇U(x)|‖∇{h}(h−1(x))‖ dx ≤ C

[
1 +

∫
|x|>R

π(x)|x|β−1f(|h−1(x)|) dx
]

≤ C
[
1 +

∫
|x|>R

e−C|x|β |x|β dx
]
<∞.

For the second term of (2.14), let

L′(x) := |∇ log det(∇h(x))| .

From equation (5.2) of the main manuscript it follows easily that L′ is
bounded for both h = h(1) and h = h(2), and thus∫

π(x)|∇ log det(∇{h}(h−1(x)))| dx <∞.

Checking Assumption (A2). For h = h(1), notice that by [3, Lemma 4], and
the fact that h(·) is isotropic in the sense of [3], it follows that

lim
|y|→∞

|∇ log det(∇h(y))| < C,

for some C > 0. Therefore

|∇Uh(y)| ≤ |∇h(y)∇U(h(y))|+ |∇ log det(∇h(y))|
≤ ‖∇h(y)‖ |∇U(h(y))|+ C

and using Assumption (a)-(i) and equation (5.1) of the main manuscript

≤ C ‖∇h(y)‖ /|h(y)|+ C ≤ C,
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since ‖∇h(y)‖ ≤ C|h(y)|. Thus it follows that

eUh(y)/2√
|∇Uh(y)|

≥ CeUh(y)/2 →∞,

as |y| → ∞ since e−Uh(y) is integrable.
On the other for h = h(2) notice that by [3, Lemma 2], and the fact that

h(·) is isotropic in the sense of [3], we obtain

(2.16) lim
|y|→∞

|∇ log det(∇h(y))| = 0.

Therefore

|∇Uh(y)| ≤ |∇h(y)∇U(h(y))|+ |∇ log det(∇h(y))|
≤ ‖∇h(y)‖ |∇U(h(y))|+ C.

From equation (5.1) of the main manuscript it follows that ‖∇h(y)‖ ≤
C|y|p−1. Therefore, using Assumption (b)-(i)

|∇Uh(y)| ≤ C ‖∇h(y)‖ |h(y)|β−1 + C

≤ C|y|p−1+pβ−p = C|y|pβ−1.

Thus
eUh(y)/2√
|∇Uh(y)|

≥ C eU(h(y))/2

det (∇h(y))
√
|y|pβ−1

.

Finally, recalling (2.15), for |x| large enough, say K/|x| < 1/2, we have
U(x) ≥ C|x|β. Since by definition h(y) ∼ |y|p, and from equation (5.2) of
the main manuscript det(∇h(y)) grows at most polynomially, we obtain

eU(h(y))/2

det (∇h(y))
√
|y|pβ−1

≥ eC|h(y)|β/2

det (∇h(y))
√
|y|pβ−1

≥ eC|y|pβ/2

det (∇h(y))
√
|y|pβ−1

→∞.

Proof of Lemma 7(A). For notational simplicity, we assume b = 1 but
the argument can be generalized to other values. We start by establishing
the first condition of Theorem 3.1(b), i.e. that Uh satisfies our definition of
exponential tail behaviour. In the remaining, assume |x| > b−1 = 1.

By Assumption (a)-(i) and Cauchy-Schwartz, we have for |x| large enough∣∣∣∣〈x,∇U(x)〉
|x|

∣∣∣∣ ≤ |∇U(x)| ≤ c1
|x|
,
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hence π is a sub-exponentially light density as defined in [3, p. 3052]. This
combined with Assumption (a)-(iii), which is equivalent to [3, Eq. (17)],
means that we can apply [3, Theorem 3] to obtain that πh is an exponentially
light density as defined in [3, p. 3052]. More specifically, from the proof of
[3, Theorem 3] it follows that

lim
|x|→∞

−〈x,∇Uh(x)〉
|x|

= −b(d− d) < 0.

Applying Cauchy-Schwartz again, we obtain

0 < b(d− d) = lim
|x|→∞

〈x,∇Uh(x)〉
|x|

≤ lim
|x|→∞

|∇Uh(x)|,

which establishes the first condition of Theorem 3.1(b) with α2 = b(d−d)/2.
We now turn our attention to the Hessian condition of Theorem 3.1(b).

We first decompose the norm of the Hessian as follows:

(2.17) ‖∆Uh(x)‖ ≤ ‖∆{U ◦ h}(x)‖+ ‖∆{log det(∇h(x))}(x)‖.

From [3, Lemma 1], we have for |x| ≥ 1

log det(∇h(x)) = |x|+ (d− 1)[log(e|x| − e/3)− log(|x|)] =: L(|x|),

hence

∆{log det(∇h(x))}(x) = L′′(|x|)
|x|2

xxT + L′(|x|)
|x|

Id −
L′(|x|)
|x|3

xxT .

We have

L′(r) = 1 + (d− 1)
[

er

er − e/3 −
1
r

]
,

L′′(r) = (1− d)
[

er+1/3
(er − e/3)2 + 1

r2

]
,

so |L′(r)| → d, |L′′(r)| → 0 and therefore

lim
|x|→∞

‖∆Uh(x)‖ ≤ lim
|x|→∞

‖∆{U ◦ h}(x)‖+ lim
|x|→∞

‖∆{log det(∇h(x))}(x)‖

= lim
|x|→∞

‖∆{U ◦ h}(x)‖.
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To control this remaining term, we bound the operator norm with the
Frobenius norm and write

lim
|x|→∞

‖∆{U ◦ h}(x)‖2 ≤ lim
|x|→∞

d∑
i=1

d∑
j=1
|∂i∂j{U ◦ h}(x)|2

= lim
|x|→∞

d∑
i=1

d∑
j=1

∣∣∣∣∣∂i
{

d∑
k=1

∂k{U}(h(x))∂j{hk}(x)
}∣∣∣∣∣

2

,

where we write ∂i{·}(x) as a shorthand for the i-th partial derivative, (∇{·}(x))i.
It is enough to bound the d2 expressions of the form

∣∣∣∣∣∂i
{

d∑
k=1

∂k{U}(h(x))∂j{hk}(x)
}∣∣∣∣∣ ≤

d∑
k=1

[
|∂i{∂k{U} ◦ h}(x)}∂j{hk}(x)|

(2.18)

+ |∂k{U}(h(x))∂i{∂j{hk}(x)}|}
]
.

The first term in Equation (2.18) is controlled as follows:

|∂i{∂k{U} ◦ h}(x)∂j{hk}(x)|(2.19)

≤ |∂j{hk}(x)|
d∑

m=1
|∂m∂k{U}(h(x))||∂i{hm}(x)|.(2.20)

Using again [3, Lemma 1], and the fact that |h(x)| = f(|x|) ≤ f ′(|x|), for |x|
large enough,

|∂i{hj}(x)| =
∣∣∣∣f(|x|)
|x|

1[i = j] +
[
f ′(|x|)− f(|x|)

|x|

]
xixj
|x|2

∣∣∣∣ ≤ 3f(|x|),(2.21)

hence using Assumption (a)-(ii), for |x| large enough,

|∂i{∂k{U} ◦ h}(x)∂j{hk}(x)| ≤ d c2
(h(|x|))2 (3f(|x|))2.

The second term in Equation (2.18) is controlled similarly, this time using
Assumption (a)-(i), for |x| large enough,

|∂k{U}(h(x))∂i{∂j{hk}(x)}| ≤ c1
h(|x|)(8f(|x|)),(2.22)

since it follows from [3, Lemma 1] that

|∂i∂j{hk}(x)| ≤ 8f(|x|).
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Proof of Lemma 7(B). Let f := f (2), h := h(2) given in (3.7) and (3.8)
of the main manuscript respectively. We need to check that the assumptions
of Theorem 3.2 are satisfied. First we check that

lim
|x|→∞

|∇Uh(x)|
|x|

=∞.

From (2.16) and (3.10) of the main manuscript it follows that

lim
|x|→∞

|∇Uh(x)|
|x|

= lim
|x|→∞

|∇h(x)∇U (h(x))|
|x|

.

Recall from [3, Lemma 1] that for x 6= 0

(2.23) ∇h(x) = f(|x|)
|x|

1d +
[
f ′(|x|)− f(|x|)

|x|

]
xxT

|x|2
,

where 1d is the d× d-identity matrix. Therefore we have

∇h(x)∇U (h(x)) = f(|x|)
|x|
∇U (h(x)) +

[
f ′(|x|)− f(|x|)

|x|

]〈
∇U (h(x)) , x

|x|

〉
x

|x|

= f ′(|x|)
〈
∇U (h(x)) , x

|x|

〉
x

|x|
+ f(|x|)
|x|

P⊥x ∇U (h(x)) ,

where P⊥x denotes the orthogonal projection on the plane normal to x. There-
fore, since by definition h(x) := f(|x|)x/|x|, we have that

|∇h(x)∇U (h(x)) | ≥ f ′(|x|)
∣∣∣∣〈∇U (h(x)) , x

|x|

〉∣∣∣∣
= f ′(|x|)
f(|x|) |〈∇U (h(x)) , h(x)〉|

= f ′(|x|)
f(|x|) |h(x)|β

[
|h(x)|−β |〈∇U (h(x)) , h(x)〉|

]
.

Since |h(x)| → ∞ as |x| → ∞, Assumption (b)-(ii) and the definitions of f
and h yield

lim
|x|→∞

|∇Uh(x)|
|x|

≥ lim
|x|→∞

|x|−1
{
f ′(|x|)
f(|x|) |h(x)|β

[
|h(x)|−β |〈∇U (h(x)) , h(x)〉|

]}
≥ C lim

|x|→∞
|x|−1−1+βp = C|x|βp−2 =∞,(2.24)

since βp > 2.
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Finally we need to check, that for some ε > 0 we have

lim
|x|→∞

‖∆Uh(x)‖
|∇Uh(x)| |x|

ε = 0.

Recall the expression (2.17). It follows easily from the definitions of h, f and
[3, Lemma 1, Eq.(13)] that

lim
|x|→∞

‖∆ log det(∇h)(x)‖ = 0.

Therefore we focus on the first term of (2.17). As in the proof of the first
part of the Theorem, we need essentially to control terms of the form (2.19)
and terms of the form (2.22). To this end, using Assumption (b)-(iii), we
estimate

|∂i{∂k{U} ◦ h}(x)∂j{hk}(x)|

≤ |∂j{hk}(x)|
d∑

m=1
|∂m∂k{U}(h(x))||∂i{hm}(x)|

≤ C|x|2p−2|h(x)|β−2 ≤ C|x|2p−2+pβ−2p = C|x|pβ−2,

since from equation (5.1) of the main manuscript and the definitions of f
and h one can easily show that |∂ihk(x)| ≤ |x|p−1. On the other hand, from
Assumption (b)-(i) and the fact that |∂i∂j{hk}(x)| ≤ C|x|p−2, which follows
again from (5.1), the remaining terms can be estimated through

|∂k{U}(h(x))∂i{∂j{hk}}(x)| ≤ |h(x)|β−1|x|p−2 ≤ C|x|pβ−2.

Therefore combining the above with the arguments leading to (2.24) we have
that as |x| → ∞

‖∆Uh(x)‖
|∇Uh(x)| |x|

ε ≤ C |x|
βp−2

|x|βp−1 |x|
ε → 0,
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