FINAL EXAMINATION
Statistics 305
Term 1, 2006-2007
Thursday, December 14, 2006

Time: 8:30am — 11:00am

Student Name (Please print in caps): SD L..\./LTI 0 }\J

Student Number:

Notes:

. This exam has 7 problems on the 10 following pages, plus 3 pages of statistical tables. Check to
ensure that you have a complete paper. .

e  The amount each part of each question is worth is shown in [ ] on the left-hand side of the page.

e  Where appropriate, record your answers in the blanks provided on the right-tiand side of the page.

e  Your solutions must be justified; show all the work and state all the reason(s) leading to your
answer for each question in the space provided immediately under the question.

. Clear and complete solutions are essential; little partial credit will be given.

e  This is a closed book exam.

. A single two-sided 8.5 x 11 page of notes is allowed.

. Calculators are allowed (but not for symbolic differentiation or integration).

e  Nodevices (including calculators) that can store text or send/receive messages are allowed.

Problem Total Available  Score
1. 9
2. 20
3. 23
4. 16
5. 13
6. 8
1. 11

Total 100 -
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1. Suppose X is arandom variable with moment generating function M, (¢) given by

M (1) =02exp(B1) +0.6exp(201)+0.2exp(38¢) for ~w<t <,

[3] a) Find the expected value of X . ae

o%c Wek) = 020 wrplod) + ot (36)erpfaot) + 0.2 0O)ayl30t)
= 046 + 126 + 0L® = 20

= E(K]=a6e

[3] V) Find the standard deviation of X . ' “ O L" @

L.

M;d‘k) = 046 W[g;)+ob(a9) w,afaet) + 03 (30)% l}oL)
| = 048 2o (t?) +oalas) = 4467

= E(X!) = Hyp-
= Viu (X ) = 496"~ @6) " = 0te*

[3] c) Whatis the distribution of X (Be sure to explain clearly.)?

“Hon Mylt) :MA{J‘>

W\ ~ t\d)

»X#fw Wmiguans-e /ww# mrmsnif-g V‘W}i’? i,
He d&ﬁtMcﬂ: i/)(w Hy plsidg ot
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2.

Suppose X,,X,,...,X, is a simple random sample from a Poisson distribution with
parameter 4. Let Y be the number of the X, ’s equal to 0 and consider the estimator:

i =-log(Y/n).

[2] a) What is the distribution of ¥ ?

Y A B(n Px=0))
4 N~ B(n, )

(8] 1) Find a second-order approximation to the expected value of the estimator A. Isthe
estimator A asymptotically unbiased?
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(3] c) Find the asymptotic variance of the estimator i.

P)KDO}—LA Mﬁf{\“ﬁl‘- VMK. 3’\’ Y:C [:()\) VMU&)

2(-)
e

A= ()%

{2] d) Find the leading term of the asymptotic MSE of the estimator 1.

MSE = '\faiur“-’\mL e L
e(X) = = ) " +[;\ (“‘ )m}

>
i—e = ¢ 3 4=
= flodi = >—L- = Ny “)M“—&g

[5] e) Find the expression for the asymptotic efficiency of the estimator A relative to the
maximum likelihood estimator (MLE) 4,, = X . What is the limiting value of the

asymptotic relative efficiencyas A >0? As A > 0 ?

A

= mSE(,\MLJ = X/ (Uxa& th,?,as W,’"f’
ARe (X)) msEwe) _ M _ AT
E ) = o — -Q?) - - _ >\~
) asElx) (558 e 2D
M g ero
Mo, RN R e l
§ o =)=yl

Ar + et

=) 606 ——
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3. Suppose X,,X,,...,X, is a simple random sample from an exponential distribution with

density given by:
f,(x)=(1/6)exp(-x/6) for 0<x<wo,

< |

[5] a) Find GAM,_ , the maximum likelihood estimator (MLE) of 4. _
- - X
Lie) = W & = (-%) = o"”"( &)
— X
= Q g\ = - QV‘X G —6—

-

. ! - 17_71
Afle)s ~L o+ e o Lo e
& @ <k Skw
yrox |

- [3] b) What is the exact sampling distribution of the MLE ém. ?

y\ng: T X, P X¢ "‘/@(l\é) andh WWW‘MT
"% V‘,ém\ @(m
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S0

{2] d) What is the (exact) variance of the MLE 0‘,L ?

\/a/\t()m\» 'L N ‘V)

6 X
= —L I —
- -
n ( 5w
[5] e) Is there any other unbiased estimator of & with a smaller variance? N()

Note: Be sure to explain clearly.

Nk s adintt Hh Bamor-Roo fren frnd 2

nX -1 A aE(X
+ S| = GL+93V&C[)
- -2 4, 2p
8= &3 "
- +?_'_".._ "‘,_,

or ' 8°
% No M\Qme adrmalT1 €on J‘Ma sl
&‘W“)M’t- Viitng then CRIB=D NO

{61 f) Find an exact 1-a confidence interval for 8 based on the MLE GML

wemwki(%.e) = “Z"L M(n1)

= -9 = AP,\ {A[M‘\)F‘Vl n G@""‘ £ A("} ')Y/ j'
a8 |
\ { oL X
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4.  According to genetic theory, flies of three types resulting from certain cross-breedings
should occur with probabilities 8%, 20(1~68)and (1-6)* respectively, where 0 < 9 <1.

Let X,,X, and X, denote the frequencies of these three types of flies in an experiment
with a total of n independent such cross-breedings (X, + X, + X, =n).

[2] a) Write down the likelihood function, L(8), for the data in this experiment in
terms x,,x, and t,, the observed values of X,,X, and Xj,.

e e [astal) “Teo]™

’A.K,_. 3.
axy 44 Xa+3aX3
} L Vi
_ " e . (1-0)
e,

[4] b) Express ém, the MLE of 8, in terms of X, X, and Xj.

1}

,Qle) s +—@x.-w,)ﬂ.39+ Q(:Jchs)%(l-o)
Qo) = bre) _ (hrdrs)

& (1-0)
72’(.4 *L

X, +axy

e

& (o)) > et 2x3) ©
& 0 (X1 Uam) & Itaa
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[7] ) Find the asymptotic variance of 6, it -

Gl e Todur vichanictin a © 11 Hh ol
i I Y5 R Xo+ PKs
2°(6) = el ey

6"

E‘_Q\\Io)\ - L E( KtXe ) + \—\L s (Xﬁ;))\;)
*“{ .’MD + 1 26l o)j S Y l wilo(Hs) + An\0) }

X(.!\‘E)('“) ) 2 = 5

| - 9—"3{9"(""’5 + MSLG-H"B

(1-0)¢
AN
am 4 9n
= & e 6(r6)

"']/A.\/a«(@m.) = _G_\ta_\_“_f:)_

[3] d) Find the form of an approximate 99% confidence interval for @ based on éﬁ.

dux N(o ol
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5. Suppose X,,X,,..., X, is arandom sample of size n =9 froma N(u,1) population.
You have decided to test Hy: =0 versus Hy: u#0 by rejecting Hy if either ¥ < -0.5

or X >1.0, where ¥ is the observed value of the sample mean X .

[4] a) What is the probability of Type I error of this test? ©.0L% |
Tmul AN = /u.’y.olﬂo e & Y
> f(an.I wa) = T ( Xe-os nX>1o)

< 1
V= By (s X <00) UM, XN (o, 77)

=) - P(os@TAX<10M)

=y - P(-1se E4 3.0)

=) - 4 oater-o.cbiey = 006
—_—

(4] b) What is its probability of Type II error when the true value of u is 1.2? 0.27% 12
T“NI[U\NXT'- M’“’Y’+ o when 3 v "F&:LQ_,

2 Tova (Typomd) = e os<X<to)
=P(Fosa)@acm¥-12) < (.
=P(-s1¢ &< -0l )
= P 2<-00) - P(2<s0)

= 0.374% -~ 0.0000 = 03743

e —————————
——————r——"

Wl\ml,(ﬁ,a_;i"' N (H) ’{%—)
0—!.2.)(4‘)

(5] c¢) What is the smallest samplé size that would result in a power of at least 0.90 ’_
when the true value of u is 1.2? I

| »
Pmﬂv\-a = Rna\“\‘d ) = "),m\.a(“‘“f" M, )
Whin n=a, fus > 1-03743 = 0.1387 Ram b)
=) Reuar 177 ,fn SwAL
'Pm»b\/u:u = |- P(“I.’Trv—\. L EL “0.&{7) Yo M \9)
| P(2emam) = Pl2e7)]
Bt n>q = Ll pria =0

.-_-9]_.‘{3( p A 09w ) 70 o /uTMmJ

4 0.\ & 02T > laseny Y
@ PRzosmIze 07k




9

6. Suppose X,,X,,...,X, is asimple random sample from a double exponential

. distribution with density given by:
fo(x)=(0/2)exp(-0|x|) for —o<x<o.
Consider testing the simple null hypothesis Hp: @ = 8, against the simple altemnative

hypothesis H;: 8 = 6,, where 8, and 8, > §, are specified values.

[6] a) Derive the form of the most powerful test of Hy versus H,. E IX . )
Note: You do not need to determine the critical (cut-off) value for the test. L

Nwrnmn~ ?‘W‘“Wﬂ M‘U’ My bY" 'ﬁl J‘Wnrll ) )‘W‘l;:eso N

L 7 g Hyvn
)RLF*HV@) _l—_g\ b To ymelf

T e S T
\2)" v (-0 2 1)) ] &E\W{@j)mlm}»w
& (Be) LX) 4 |
BA 000> L (x| 5 T samall

{2] b) Is this test uniformly most powerful for testing Hy: & = 6, against the compaosite (
alternative hypothesis H,: 8 > 6, (Be sure to explain clearly.)? S

No vmtl,b\ue\a)\ \fa,Qw 9, ™ MJCA(MU‘V‘IJJ(’Q>00> W
o%mbmd)(j aM e &b e Mm@"‘

M l"O JM*”CQV,M => Ot,w Cl(*vuﬂ% Madt rt\lsa/rw :Ll.LS (1’{\4,
uﬁc VDIM Q\Bf dier V)it W \;db ﬂu /‘(/M'M’!a’wﬂ 4 V’t\l—/

\ a-\d‘uu]wét ik valut ~ mﬂﬁ\{, o) that G170,
=) W‘M b{) v UNP Fxn Ho-g.‘eo Ve u‘19>00-
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7. For two factors, starchy/sugary and green/white base leaf, the counts in the followirig
table were observed for a total of 3839 progeny of self-fertilized heterozygotes (Fisher

 1958). According to genetic theory, the cell probabilities are as in the table, where @
(0 < @ < 1) is a parameter related to the linkage of the two factors.

H 2
1 0.- .
Type Count Probability Nyb u« X < I’ (—\——EL-)
Starchy green 1997 Q+6)/4 = = Ee
Starchy white 906 (1-6)/4 P
. Sugary green 904 (1-6)/4 .Qlaabt‘)x = g«97 /L
Sugary white 32 6/4 ,=7 Y)‘\la-hu LG f}d m_=u'w

[11] Use the generalized likelihood ratio test (GLRT) to assess whether the data %W 0-10 [ ﬁ W\&%
provide convincing evidence against the null hypothesis Hy: 8 =0.05. ,Y) = 0.11¢ ) =) X
Note: You do not need to derive the form of the GLRT, but be sure to

- explain clearly all the steps in the work leading to your conclusion. Uk\bp J’ S% cvncewﬂb

Yl th e, rhe s s wes (fk Toskidyou B

2
2034 % _‘lf (atows) = L1, 4871 mKJGLﬂT—;) &,
Jenar l-g.0s) = A A harfzl ehode o
3639 g (1-¢ - v '
e AL “l:' @-‘K) = 47961 AT

'TﬂZR = "3,8'3?“‘0‘30) a”‘*/wzu—ﬁe{’l

Z q Or
;‘w GLRT v fradm G =2 E’.Qfﬁ(/é»)
=9 1\ 291331 ~ 51443 — NaqY - la.‘iccsj
=3 {B.aom,\ - LSeSA
Now Halle ard Mo Y’MWV\J utmuffa( wm{t,.”»{, (ﬂ. VA “4-_”34’
Doy dluas /&,ﬁl\l) =) MMVO; Gra XB) . o
> PWW uﬂawt% o.10 (X’g(mw}:gﬁ)b,.d 0.0((7(5(4.0)5)49;,
N - : = o.bel
REVER v‘v\’(uyw(wby\ yeld & 0,907 Q? yldy 4= 008
ﬁmwm a v lofr}\am}p_ AL Q VW(,LO/) u(f/u/mq N ynw
M{'ﬂuvz \'L\M\ +£\L ML W A \ 'Xé)‘-'-'- L.WS‘) ? Hu Ohdz, du MW'-W
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