LOG HAZARD REGRESSION by Huiying Sun Ph.D, Harbin Institute of Technology, Harbin, CHINA, 1991. A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DEGREE OF MASTER OF SCIENCE in THE FACULTY OF GRADUATE STUDIES Department of Statistics

We accept this thesis as conforming to the required standard .................................................................... .................................................................... .................................................................... ....................................................................

THE UNIVERSITY OF BRITISH COLUMBIA September, 1999 © Huiying Sun, 1999

Abstract

We propose using regression splines to estimate the two log marginal hazard functions of bivariate survival times, where each time could be censored. The method is a modified version of Kooperberg, Stone and Truong’s (JASA, 1995) hazard regression for estimating a univariate survival time. We derive an approach to find standard errors for estimates of the difference of the log hazard functions. The approach is inspired by Wei, Lin, and Weissfeld (JASA, 1989).

We also propose procedures for testing the four hypotheses that the marginals follow an exponential or Weibull distribution and that the two failure times have the same distribution or have proportional hazards.

A simulation study is conducted to assess the performance of our estimates and test procedures. We study the effects of the censoring rates, correlation levels, and number of knots. The regression is applied to the data set of the Diabetic Retinopathy Study (Diabetic Retinopathy Study Research Group, 1981). Our analysis for the data set matches study results of Huster, Brookmeyer, and Self (1989).

Contents

Abstract ii

Table of Contents iii

List of Tables vi

List of Figures vii

Acknowledgments xiv

1 Introduction 1

2 Hazard Regression 5 2.1 Definitions and Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.1 Failure Time Distribution . . . . . . . . . . . . . . . . . . . . . . 5 2.1.2 Censored Survival Data . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 Log Hazard Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2.1 Model and Estimates . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2.2 Conditions on b and β . . . . . . . . . . . . . . . . . . . . . . . . 12 2.3 Consistency and Normality of β̂ . . . . . . . . . . . . . . . . . . . . . . . 15 2.4 Proofs of the Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.5 Log Hazard Regression of Paired Failure Times . . . . . . . . . . . . . . 26 2.5.1 Model and Notation . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.5.2 Consistency and Normality of β̂ ¯ . . . . . . . . . . . . . . . . . . . 27

3 Regression Space 32 3.1 Cubic Splines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.2 The Regression Space B . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.3 Numerical Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . 38 3.4 Knot Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 3.5 Hypothesis Testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3.5.1 Univariate Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3.5.2 Bivariate Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4 Application to the Diabetic Retinopathy Study 46 4.1 Data Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 4.2 Data Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.2.1 Model 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 4.2.2 Model 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 4.3 Other Models Used to fit the Eye Data . . . . . . . . . . . . . . . . . . . 60 4.3.1 Exponential Model . . . . . . . . . . . . . . . . . . . . . . . . . . 60 4.3.2 Weibull Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.3.3 Cox Proportional Hazard Model . . . . . . . . . . . . . . . . . . . 64

5 Simulation 68 5.1 Description of the Simulation Study . . . . . . . . . . . . . . . . . . . . . 69 5.2 The Univariate Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 5.2.1 Exponential Model . . . . . . . . . . . . . . . . . . . . . . . . . . 74 5.2.2 Weibull Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.2.3 The B-spline Model . . . . . . . . . . . . . . . . . . . . . . . . . . 79 5.3 The Bivariate Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 5.3.1 Generation of Paired Dependent Data . . . . . . . . . . . . . . . 81 5.3.2 Proportional Hazards Model . . . . . . . . . . . . . . . . . . . . . 83 5.3.3 Non-proportional Hazards Model . . . . . . . . . . . . . . . . . . 86 5.3.4 Effect of the Number of Knots . . . . . . . . . . . . . . . . . . . . 87 5.4 Summary of Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6 Conclusion 135

Bibliography 139

Appendix 142

A Simulation Results for Bivariate Data with 50% Censoring 142

List of Tables

4.1 Test statistic and p-value for testing that the failure times of the treated eyes and the untreated eyes have the same distribution. . . . . . . . . . . 59 4.2 χ^2 test statistics and p-values for testing that failure times are exponentially distributed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.3 z statistics and p-values for testing that failure times have Weibull distributions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.4 Test statistic and p-value for testing that the two hazards of the treated eyes and the untreated eyes are proportional. . . . . . . . . . . . . . . . . 64 4.5 Test results from the Cox proportional hazards model for the eye data. . 64

List of Figures

4.1 Histograms of observed times of the eye data. . . . . . . . . . . . . . . . 48 4.2 Scatter plots of the observations of the eye data. . . . . . . . . . . . . . . 49 4.3 The estimated density functions of the eye data for Model 1. . . . . . . . 51 4.4 The estimated survival functions of the eye data for Model 1. . . . . . . . 52 4.5 The estimated hazard functions of the eye data for Model 1 with pointwise 95% confidence intervals. . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 4.6 The estimated log ratio of the hazard functions of the eye data with pointwise 95% confidence intervals for Model 1. . . . . . . . . . . . . . . 54 4.7 The estimated density functions of the eye data for Model 2. . . . . . . . 55 4.8 The estimated survival functions of the eye data for Model 2. . . . . . . . 56 4.9 The estimated hazard function of the untreated eye for Model 2. . . . . . 56 4.10 The estimated log ratio of the hazard functions of the eye data with pointwise 95% confidence intervals for Model 2. . . . . . . . . . . . . . . 57 4.11 The estimated density functions of the failure times of the untreated eyes. 58 4.12 The estimated survival functions of the untreated eyes. . . . . . . . . . . 58 4.13 The estimated hazard functions of the failure times of the untreated eyes. 59 4.14 The estimated survival curves of the treated eye. . . . . . . . . . . . . . . 61 4.15 The estimated survival curves of the untreated eye. . . . . . . . . . . . . 62

4.16 The estimated log hazards ratio from Model 1 and the Cox proportional hazards model with the pointwise 95% confidence intervals from the Cox proportional hazards model. . . . . . . . . . . . . . . . . . . . . . . . . . 66 4.17 The estimated log hazards ratio from Model 1 and the Cox proportional hazards model with the pointwise 95% confidence intervals from Model 1. 66 4.18 The estimated log hazards ratio from Model 2 and the Cox proportional hazards model with the pointwise 95% confidence intervals from the Cox proportional hazards model. . . . . . . . . . . . . . . . . . . . . . . . . . 67 4.19 The estimated log hazards ratio from Model 2 and the Cox proportional hazards model with the pointwise 95% confidence intervals from Model 2. 67

5.1 The histograms of the simulated failure times, censoring times, noncensored failure times, and observed censoring times for exponential data as in model (5.2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 5.2 Log hazard of the exponential distribution (5.2) and the pointwise quartiles and empirical mean of the 500 estimated log hazards. . . . . . . . . 92 5.3 The pointwise standard deviations of the estimated log hazard for the exponential model (5.2) and the pointwise quartiles and empirical mean of the 500 estimated standard errors. . . . . . . . . . . . . . . . . . . . . 93 5.4 The quantiles of the pointwise z values of the estimated log hazards for the exponential distribution (5.2). . . . . . . . . . . . . . . . . . . . . . . 94 5.5 Histograms and qq-plots of the normalized estimate of β from the Quantile Knots methods with three knots for the exponential model (5.2). . . 95 5.6 Empirical distribution functions of the p-values for testing that the failure times are exponentially distributed. . . . . . . . . . . . . . . . . . . . . . 96

5.7 The histograms of the simulated failure times, censoring times, noncensored failure times, and observed censoring times for Weibull data as in model (5.3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 5.8 Log hazard of the Weibull distribution (5.3) and the pointwise quartiles and empirical mean of the estimated log hazards. . . . . . . . . . . . . . 98 5.9 The pointwise standard deviations of the estimated log hazards for the Weibull distribution (5.3) and the pointwise quartiles and empirical mean of the 500 estimated standard errors. . . . . . . . . . . . . . . . . . . . . 99 5.10 The quantiles of the pointwise z values of the estimated log hazards for the Weibull model (5.3). . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 5.11 The histograms and the qq-plots of the standardized estimates of the parameter β from the method 5.1 with six knots for the Weibull model (5.3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 5.12 Empirical distribution functions of the p-values for testing the hypothesis that the failure time distribution is exponential. . . . . . . . . . . . . . . 102 5.13 Empirical distribution functions of the p-values for testing that the failure times have a Weibull distribution. . . . . . . . . . . . . . . . . . . . . . . 103 5.14 The histograms of the simulated failure times, censoring times, noncensored failure times, and observed censoring times for the data as in the B-spline model (5.4). . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 5.15 Log hazard of the the B-spline data as in model (5.4) and the pointwise quartiles and empirical mean of the estimated log hazards. . . . . . . . . 105 5.16 The pointwise standard deviations of the estimated log hazards for the B-spline model (5.4) and the pointwise quartiles and empirical mean of the estimated standard errors. . . . . . . . . . . . . . . . . . . . . . . . . 106

5.17 The quantiles of the pointwise z values of the estimated log hazards for the B-spline model (5.4). . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 5.18 The histograms and the qq-plots of the standardized estimates of the parameter β from the True Knots method for the B-spline model (5.4). . 108 5.19 Empirical distribution functions of the p-values for testing the hypothesis that the failure times have a Weibull distribution. . . . . . . . . . . . . . 109 5.20 The plots of the correlation coefficients versus θ for the data as in the proportional hazards and non-proportional hazards models . . . . . . . . 110 5.21 The histograms of the marginal failure times, and non-censored marginal failure times for the data generated according to the proportional hazards model in Section 5.1. The censoring rate for the “treatment” is 25%. . . 111 5.22 The true log hazards ratio of the data from the proportional hazards model defined in Section 5.1 and the pointwise quartiles and empirical mean of the 500 estimated log hazards ratios. . . . . . . . . . . . . . . . 112 5.23 The standard deviations of the estimated log hazards ratio for data generated according to the proportional hazards model. The censoring rate is 25% for the “treatment”. . . . . . . . . . . . . . . . . . . . . . . . . . 113 5.24 The quantiles of the pointwise z values of the estimated log hazards ratio for the data generated according to the proportional hazards model. The censoring rate is 25% for the “treatment”. . . . . . . . . . . . . . . . . . 114 5.25 Empirical distribution functions of the p-values for testing the hypothesis that the two failure times of the data generated as in the proportional hazards model in Section 5.1 have proportional hazards. . . . . . . . . . 115 5.26 The histograms of the marginal failure times, and the non-censored marginal failure times for the data from the non-proportional hazards model in Section 5.1. The censoring rate for the “treatment” is 25%. . . . . . . . . . . 116

5.27 The true log hazards ratio of the data from the non-proportional hazards model defined in Section 5.1 and the pointwise quartiles and empirical mean of the estimated log hazards ratios. . . . . . . . . . . . . . . . . . . 117 5.28 The standard deviations of the estimated log hazards ratio for data generated according to the non-proportional hazards model. The censoring rate is 25% for the “treatment”. . . . . . . . . . . . . . . . . . . . . . . . 118 5.29 The quantiles of the pointwise z values of the estimated log hazards ratio for the data generated according to the non-proportional hazards model. The censoring rate is 25% for the “treatment”. . . . . . . . . . . . . . . . 119 5.30 Empirical distribution functions of the p-values for testing the hypothesis that the two failure times of the data generated as in the non-proportional hazards model in Section 5.1 have proportional hazards. . . . . . . . . . 120 5.31 The true log hazards ratio of the data from the proportional hazards model defined in Section 5.1 and the pointwise quartiles and empirical mean of the estimated log hazards ratios by the Same Knots method. . . 121 5.32 The true log hazards ratio of the data from the proportional hazards model defined in Section 5.1 and the pointwise quartiles and empirical mean of the estimated log hazards ratios by the Different Knots method. 122 5.33 The true log hazards ratio of the data from the non-proportional hazards model defined in Section 5.1 and the pointwise quartiles and empirical mean of the estimated log hazards ratios by the Same Knots method. . . 123 5.34 The true log hazards ratio of the data from the non-proportional hazards model defined in Section 5.1 and the pointwise quartiles and empirical mean of the estimated log hazards ratios by the Different Knots method. 124

5.35 The standard deviations of the estimated log hazards ratio by the Same Knots method for data generated according to the proportional hazards model. The censoring rate is 25% for the “treatment”. . . . . . . . . . . 125 5.36 The standard deviations of the estimated log hazards ratio by the Different Knots method for data generated according to the proportional hazards model. The censoring rate is 25% for the “treatment”. . . . . . . 126 5.37 The standard deviations of the estimated log hazards ratio by the Same Knots method for data generated according to the non-proportional hazards model. The censoring rate is 25% for the “treatment”. . . . . . . . . 127 5.38 The standard deviations of the estimated log hazards ratio by the Different Knots method for data generated according to the non-proportional hazards model. The censoring rate is 25% for the “treatment”. . . . . . . 128 5.39 The quantiles of the pointwise z values of the estimated log hazards ratio by the Same Knots method for the data generated according to the proportional hazards model. The censoring rate is 25% for the “treatment”.129 5.40 The quantiles of the pointwise z values of the estimated log hazards ratio by the Different Knots method for the data generated according to the proportional hazards model. The censoring rate is 25% for the “treatment”.130 5.41 The quantiles of the pointwise z values of the estimated log hazards ratio by the Same Knots method for the data generated according to the nonproportional hazards model. The censoring rate is 25% for the “treatment”.131 5.42 The quantiles of the pointwise z values of the estimated log hazards ratio by the Different Knots method for the data generated according to the non-proportional hazards model. The censoring rate is 25% for the “treatment”. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.43 By the Same Knots method empirical distribution functions of the pvalues for testing the hypothesis that the two failure times of the data generated as in the proportional hazards model in Section 5.1 have proportional hazards. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133 5.44 By the Same Knots method empirical distribution functions of the pvalues for testing the hypothesis that the two failure times of the data generated as in the non-proportional hazards model in Section 5.1 have proportional hazards. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

A.1 The histograms of the marginal failure times, and non-censored marginal failure times for the data generated according to the proportional hazards model in Section 5.1. The censoring rate for the “treatment” is 50%. . . 143 A.2 The true log hazards ratio of the data as in the proportional hazards model defined in Section 5.1 and the pointwise quartiles and empirical mean of the 500 estimated log hazards ratios. . . . . . . . . . . . . . . . 144 A.3 The standard deviations of the estimated log hazards ratio for data generated according to the proportional hazards model. The censoring rate is 50% for the “treatment”. . . . . . . . . . . . . . . . . . . . . . . . . . 145 A.4 The quantiles of the pointwise z values of the estimated log hazards ratio for the data generated according to the proportional hazards model. The censoring rate is 50% for the “treatment”. . . . . . . . . . . . . . . . . . 146 A.5 Empirical distribution functions of the p-values for testing the hypothesis that the two failure times of the data generated as in the proportional hazards model in Section 5.1 have proportional hazards. . . . . . . . . . 147 A.6 The histograms of the marginal failure times, and the non-censored marginal failure times for the data from the non-proportional hazards model in Section 5.1. The censoring rate for the “treatment” is 50%. . . . . . . . . . . 148

A.7 The true log hazards ratio of the data as in the non-proportional hazards model defined in Section 5.1 and the pointwise quartiles and empirical mean of the 500 estimated log hazards ratios. . . . . . . . . . . . . . . . 149 A.8 The standard deviations of the estimated log hazards ratio for data generated according to the non-proportional hazards model. The censoring rate is 50% for the “treatment”. . . . . . . . . . . . . . . . . . . . . . . . 150 A.9 The quantiles of the pointwise z values of the estimated log hazards ratio for the data generated according to the non-proportional hazards model. The censoring rate is 50% for the “treatment”. . . . . . . . . . . . . . . . 151 A.10 Empirical distribution functions of the p-values for testing the hypothesis that the two failure times of the data generated as in the non-proportional hazards model in Section 5.1 have proportional hazards. . . . . . . . . . 152

Acknowledgments

Foremost, I would like to express my sincere thanks to my supervisor, Nancy Heckman, for her guidance, support, and patience throughout the development of this thesis. Her numerous advice will be eternally appreciated.

I would also like to thank James Zidek for his thoughtful comments on this manuscript. Additionally, I am grateful to all faculty members and office staff for being kind and helpful throughout my Master’s program.

Finally, I would like to thank all graduate students for letting me share their knowledge and expertise and making my two years at UBC such an enjoyable experience.