Smoothing Parameter Selection When Errors are Correlated and Application to Ozone Data by Robert Jr St-Aubin B.Sc, Université de Montréal, 1996

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DEGREE OF

Master of Science in THE FACULTY OF GRADUATE STUDIES (Department of Statistics)

we accept this thesis as conforming to the required standard

The University of British Columbia

0ctober 1998 © Robert Jr St-Aubin, 1998

Abstract

Automatic smoothing parameter selection methods for nonparametric regression like cross-validation and generalized cross-validation are known to be severely affected by dependence in the regression errors. We proposed, in this work, to modify some of the ideas used in the cross-validation criterion in kernel regression with dependent errors and apply them to smoothing splines with model based penalty. Model based penalty smoothing permits us to keep the flexibility of the nonparametric methods while it also allows us to specify a favoured parametric model which can help improve on the estimate of the regression function.

We consider the “modified cross-validation” (also known as Leave−2l+1 out) and the “blockwise cross-validation” smoothing parameter selection techniques which were initially proposed by Härdle and Vieu (1992) and Wehrly and Hart (1988) respectively. These two smoothing parameter selection techniques take correlation into account and alleviate its effect on the regression function estimation.

We use a simulation study to evaluate the performance of our two smoothing parameter selection techniques. We compare the results with a few commonly used parametric techniques. Our techniques are also applied to an air pollution data set where we estimate the underlying trend of daily and monthly ground ozone levels in southern Ontario.

Contents

Abstract ii

Contents iv

List of Tables vii

List of Figures ix

Acknowledgements xv

Dedication xvi

1 Introduction 1

2 Overview of Existing Methods. 6 2.1 Kernel Estimators . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.1.1 Local Constant Fitting . . . . . . . . . . . . . . . . . . 8 2.1.2 Local Polynomial Fitting . . . . . . . . . . . . . . . . . 11 2.1.3 Bias and Variance Tradeoff for Polynomial Fitting . . . 13 2.1.4 Bandwidth Selection for Local Polynomial Regression . 18

2.2 Splines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.2.1 Regression Splines . . . . . . . . . . . . . . . . . . . . 22 2.2.2 Smoothing Splines . . . . . . . . . . . . . . . . . . . . 24 2.2.3 Some Theory on Lsplines . . . . . . . . . . . . . . . . . 26 2.2.4 Smoothing Parameter Selection for Smoothing Splines . 31

3 Smoothing Parameter Selection When the Errors are Correlated 33 3.1 Effect of Dependence on the Smoothing Parameter . . . . . . 34 3.2 Smoothing Parameter Selection Methods for Dependent Observations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 3.2.1 Modified Cross-Validation . . . . . . . . . . . . . . . . 37 3.2.2 Partitioned Cross-Validation . . . . . . . . . . . . . . . 38 3.2.3 Blockwise Cross-Validation . . . . . . . . . . . . . . . . 39 3.2.4 Time Series Cross-Validation . . . . . . . . . . . . . . . 41 3.2.5 Plug-in Method . . . . . . . . . . . . . . . . . . . . . . 43

4 Simulations 46 4.1 Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 4.2 Generation of Random Functions . . . . . . . . . . . . . . . . 50 4.3 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . 53 4.3.1 Positive Correlation . . . . . . . . . . . . . . . . . . . . 54 4.3.2 Negative Correlation . . . . . . . . . . . . . . . . . . . 67 4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5 Application to Air Pollution Data 77 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 5.2 Air Pollution Data . . . . . . . . . . . . . . . . . . . . . . . . 79 5.2.1 Daily Ozone Data . . . . . . . . . . . . . . . . . . . . . 79 5.2.2 Monthly Ozone Data . . . . . . . . . . . . . . . . . . . 84 5.3 Methods of Analysis . . . . . . . . . . . . . . . . . . . . . . . 87 5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 5.4.1 Monthly O_3 Levels . . . . . . . . . . . . . . . . . . . . 91 5.4.2 Daily O_3 Levels . . . . . . . . . . . . . . . . . . . . . . 103 5.4.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 110

6 Conclusion and Discussion 130

Bibliography 134

Appendix A Distributions 144

Appendix B Monthly Data 161

Appendix C Daily Data 198

List of Tables

2.1 Asymptotic bias and variance of kernel regression smoothers in the case of random design. Taken from Fan (1992). . . . . . . 14 2.2 Effect of bandwidth selection on the local linear regression estimator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.3 Differential Operators and their Parametric Family . . . . . . 27

4.1 Simulation Mean Results with ϕ = 0.5. . . . . . . . . . . . . . 55 4.2 Number of Parameters Used, ϕ = 0.5. . . . . . . . . . . . . . . 63 4.3 Correlation between Number of Parameters Used, ϕ = 0.5. . . 65 4.4 Simulation Mean Results with ϕ = −0.5. . . . . . . . . . . . . 67 4.5 Number of Parameters Used, ϕ = −0.5. . . . . . . . . . . . . . 72 4.6 Correlation between Number of Parameters Used, ϕ = −0.5. . 74

5.1 Monthly Levels of O_3 Mean Results. . . . . . . . . . . . . . . . 93 5.2 Number of Parameters Used for Monthly Levels of O_3. . . . . . 95 5.3 Number of Parameters used by each Method for the Monthly Data. ( a * represents a site that is studied in Chapter 5) . . . 98

5.4 Correlation Between Number of Parameters Used for Monthly Levels of O_3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 5.5 Square Root Transformed Daily Levels of O_3 Mean Results. . . 104 5.6 Number of Parameters Used for Square Root Transformed Daily Levels of O_3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 5.7 Number of Parameters used for the Daily Data. ( a * represents a site that was studied in Chapter 5) . . . . . . . . . . . . . . 107

List of Figures

1.1 Estimated Mean Functions using CV and MCV_1. . . . . . . . 4

4.1 Sample of Randomly Generated Curves. The solid line is the true curve. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 4.2 MSE and log(MSE) for NLS (left) and TS (right) when ϕ = 0.5. 54 4.3 Estimated values of ω for ϕ = 0.5 . . . . . . . . . . . . . . . . 56 4.4 Fits of Parametric Methods on Simulated Curve 6 for ϕ = 0.5 56 4.5 Fits on Simulated Curve 6 for ϕ = 0.5 . . . . . . . . . . . . . 59 4.6 Fits on Simulated Curve 6 for ϕ = 0.5 . . . . . . . . . . . . . 60 4.7 Fits on Simulated Curve 6 for ϕ = 0.5 . . . . . . . . . . . . . 61 4.8 Behaviour of BCV. . . . . . . . . . . . . . . . . . . . . . . . . 64 4.9 Scaterplots of # of Parameters used by INd, MCV_l vs BCV. . 66 4.10 Estimated values of ω for ϕ = −0.5 . . . . . . . . . . . . . . . 68 4.11 Fits on Simulated Curve 6 for ϕ = −0.5 . . . . . . . . . . . . 69 4.12 Fits on Simulated Curve 6 for ϕ = −0.5 . . . . . . . . . . . . 70 4.13 Fits on Simulated Curve 6 for ϕ = −0.5 . . . . . . . . . . . . 71

5.1 Residuals of Original (top plot) and Square Root Transformed (bottom plot) Daily Levels of O_3 at Site #4. . . . . . . . . . . 82 5.2 Normal Quantile-Quantile Plots of Residuals for Original (top plot) and Square Root Transformed (bottom plot) Daily Levels of O_3 at Site #4. . . . . . . . . . . . . . . . . . . . . . . . . . 83 5.3 Plot for Autocorrelation and Partial Autocorrelation of Square Root Transformed Daily O_3 Levels at Site #4. . . . . . . . . . 85 5.4 Plot for Autocorrelation and Partial Autocorrelation of Monthly O_3 Levels at Site #4. . . . . . . . . . . . . . . . . . . . . . . . 86 5.5 Residuals of Original (top plot) and Square Root Transformed (bottom plot) Monthly Levels of O_3 at Site #4. . . . . . . . . . 88 5.6 Normal Quantile-Quantile Plots for Original and Square Root Transformed Monthly levels of O_3 at Site #4. . . . . . . . . . 89 5.7 Ratio of ω̂ and ω = 2π/12 for Monthly Levels of O_3. . . . . . . 94 5.8 Behaviour of BCV for Site #2 (top left), Site #7 (top right) and Site #17 (bottom). . . . . . . . . . . . . . . . . . . . . . . 97 5.9 Relationship between the Number of Parameters Used by IND and MCV_2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 5.10 Ratio ω̂ and ω = 2π/365 for Square Root Transformed Daily Levels of O_3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 5.11 Fit of the IND Method for the Square Root Transformed Daily Levels of O_3 at Site #2. . . . . . . . . . . . . . . . . . . . . . 108 5.12 Fits for Monthly Levels of O_3 at Site #2. . . . . . . . . . . . . 112

5.13 Fits for Monthly Levels of O_3 at Site #2. . . . . . . . . . . . . 113 5.14 Fits for Monthly Levels of O_3 at Site #2. . . . . . . . . . . . . 114 5.15 Fits for Monthly Levels of O_3 at Site #7. . . . . . . . . . . . . 115 5.16 Fits for Monthly Levels of O_3 at Site #7. . . . . . . . . . . . . 116 5.17 Fits for Monthly Levels of O_3 at Site #7. . . . . . . . . . . . . 117 5.18 Fits for Monthly Levels of O_3 at Site #17. . . . . . . . . . . . 118 5.19 Fits for Monthly Levels of O_3 at Site #17. . . . . . . . . . . . 119 5.20 Fits for Monthly Levels of O_3 at Site #17. . . . . . . . . . . . 120 5.21 Fits for Square Root Transformed Daily Levels of O_3 at Site #2. 121 5.22 Fits for Square Root Transformed Daily Levels of O_3 at Site #2. 122 5.23 Fits for Square Root Transformed Daily Levels of O_3 at Site #2. 123 5.24 Fits for Square Root Transformed Daily Levels of O_3 at Site #7. 124 5.25 Fits for Square Root Transformed Daily Levels of O_3 at Site #7. 125 5.26 Fits for Square Root Transformed Daily Levels of O_3 at Site #7. 126 5.27 Fits for Square Root Transformed Daily Levels of O_3 at Site #17.127 5.28 Fits for Square Root Transformed Daily Levels of O_3 at Site #17.128 5.29 Fits for Square Root Transformed Daily Levels of O_3 at Site #17.129

A.1 MSE and log(MSE) for LS for ϕ = 0.5. . . . . . . . . . . . . . 145 A.2 MSE and log(MSE) for NLS for ϕ = 0.5. . . . . . . . . . . . . 146 A.3 MSE and log(MSE) for TS for ϕ = 0.5. . . . . . . . . . . . . . 147 A.4 MSE and log(MSE) for IND for ϕ = 0.5. . . . . . . . . . . . . 148 A.5 MSE and log(MSE) for BCV for ϕ = 0.5. . . . . . . . . . . . . 149 A.6 MSE and log(MSE) for MCV_1 for ϕ = 0.5. . . . . . . . . . . . 150

A.7 MSE and log(MSE) for MCV_2 for ϕ = 0.5. . . . . . . . . . . . 151 A.8 MSE and log(MSE) for MCV_3 for ϕ = 0.5. . . . . . . . . . . . 152 A.9 MSE and log(MSE) for LS for ϕ = −0.5. . . . . . . . . . . . . 153 A.10 MSE and log(MSE) for NLS for ϕ = −0.5. . . . . . . . . . . . 154 A.11 MSE and log(MSE) for TS for ϕ = −0.5. . . . . . . . . . . . . 155 A.12 MSE and log(MSE) for IND for ϕ = −0.5. . . . . . . . . . . . 156 A.13 MSE and log(MSE) for BCV for ϕ = −0.5. . . . . . . . . . . . 157 A.14 MSE and log(MSE) for MCV_1 for ϕ = −0.5. . . . . . . . . . . 158 A.15 MSE and log(MSE) for MCV_2 for ϕ = −0.5. . . . . . . . . . . 159 A.16 MSE and log(MSE) for MCV_3 for ϕ = −0.5. . . . . . . . . . . 160

B.1 Fits for Monthly O_3 Levels at Site #1. . . . . . . . . . . . . . 162 B.2 Fits for Monthly O_3 Levels at Site #1. . . . . . . . . . . . . . 163 B.3 Fits for Monthly O_3 Levels at Site #2. . . . . . . . . . . . . . 164 B.4 Fits for Monthly O_3 Levels at Site #2. . . . . . . . . . . . . . 165 B.5 Fits for Monthly O_3 Levels at Site #3. . . . . . . . . . . . . . 166 B.6 Fits for Monthly O_3 Levels at Site #3. . . . . . . . . . . . . . 167 B.7 Fits for Monthly O_3 Levels at Site #4. . . . . . . . . . . . . . 168 B.8 Fits for Monthly O_3 Levels at Site #4. . . . . . . . . . . . . . 169 B.9 Fits for Monthly O_3 Levels at Site #5. . . . . . . . . . . . . . 170 B.10 Fits for Monthly O_3 Levels at Site #5. . . . . . . . . . . . . . 171 B.11 Fits for Monthly O_3 Levels at Site #6. . . . . . . . . . . . . . 172 B.12 Fits for Monthly O_3 Levels at Site #6. . . . . . . . . . . . . . 173 B.13 Fits for Monthly O_3 Levels at Site #7. . . . . . . . . . . . . . 174

B.14 Fits for Monthly O_3 Levels at Site #7. . . . . . . . . . . . . . 175 B.15 Fits for Monthly O_3 Levels at Site #8. . . . . . . . . . . . . . 176 B.16 Fits for Monthly O_3 Levels at Site #8. . . . . . . . . . . . . . 177 B.17 Fits for Monthly O_3 Levels at Site #9. . . . . . . . . . . . . . 178 B.18 Fits for Monthly O_3 Levels at Site #9. . . . . . . . . . . . . . 179 B.19 Fits for Monthly O_3 Levels at Site #10. . . . . . . . . . . . . . 180 B.20 Fits for Monthly O_3 Levels at Site #10. . . . . . . . . . . . . . 181 B.21 Fits for Monthly O_3 Levels at Site #11. . . . . . . . . . . . . . 182 B.22 Fits for Monthly O_3 Levels at Site #11. . . . . . . . . . . . . . 183 B.23 Fits for Monthly O_3 Levels at Site #12. . . . . . . . . . . . . . 184 B.24 Fits for Monthly O_3 Levels at Site #12. . . . . . . . . . . . . . 185 B.25 Fits for Monthly O_3 Levels at Site #13. . . . . . . . . . . . . . 186 B.26 Fits for Monthly O_3 Levels at Site #13. . . . . . . . . . . . . . 187 B.27 Fits for Monthly O_3 Levels at Site #14. . . . . . . . . . . . . . 188 B.28 Fits for Monthly O_3 Levels at Site #14. . . . . . . . . . . . . . 189 B.29 Fits for Monthly O_3 Levels at Site #15. . . . . . . . . . . . . . 190 B.30 Fits for Monthly O_3 Levels at Site #15. . . . . . . . . . . . . . 191 B.31 Fits for Monthly O_3 Levels at Site #16. . . . . . . . . . . . . . 192 B.32 Fits for Monthly O_3 Levels at Site #16. . . . . . . . . . . . . . 193 B.33 Fits for Monthly O_3 Levels at Site #17. . . . . . . . . . . . . . 194 B.34 Fits for Monthly O_3 Levels at Site #17. . . . . . . . . . . . . . 195 B.35 Fits for Monthly O_3 Levels at Site #18. . . . . . . . . . . . . . 196 B.36 Fits for Monthly O_3 Levels at Site #18. . . . . . . . . . . . . . 197

C.1 Fits for Square Root Transformed Daily O_3 Levels at Site #1. 199 C.2 Fits for Square Root Transformed Daily O_3 Levels at Site #2. 200 C.3 Fits for Square Root Transformed Daily O_3 Levels at Site #3. 201 C.4 Fits for Square Root Transformed Daily O_3 Levels at Site #4. 202 C.5 Fits for Square Root Transformed Daily O_3 Levels at Site #5. 203 C.6 Fits for Square Root Transformed Daily O_3 Levels at Site #6. 204 C.7 Fits for Square Root Transformed Daily O_3 Levels at Site #7. 205 C.8 Fits for Square Root Transformed Daily O_3 Levels at Site #8. 206 C.9 Fits for Square Root Transformed Daily O_3 Levels at Site #9. 207 C.10 Fits for Square Root Transformed Daily O_3 Levels at Site #10. 208 C.11 Fits for Square Root Transformed Daily O_3 Levels at Site #11. 209 C.12 Fits for Square Root Transformed Daily O_3 Levels at Site #12. 210 C.13 Fits for Square Root Transformed Daily O_3 Levels at Site #13. 211 C.14 Fits for Square Root Transformed Daily O_3 Levels at Site #14. 212 C.15 Fits for Square Root Transformed Daily O_3 Levels at Site #15. 213 C.16 Fits for Square Root Transformed Daily O_3 Levels at Site #16. 214 C.17 Fits for Square Root Transformed Daily O_3 Levels at Site #17. 215 C.18 Fits for Square Root Transformed Daily O_3 Levels at Site #18. 216

Acknowledgements

Foremost, I would like to thank my supervisor, Nancy Heckman, as I couldn’t have chosen a better person to work with. Nancy was always willing to give advice and most importantly encouragement, all of which were much needed.

Secondly, I am grateful to Jim Zidek for approaching me with this project. I am also thankful to Jim for reading my thesis and for giving useful comments.

A huge thank also to Harry Joe for his invaluable help with C programming and with many computational aspects of my thesis.

Lastly, I would like to thank everyone in the department of Statistics at UBC for making my two years such a pleasant experience.

Robert Jr St-Aubin

The University of British Columbia 0ctober 1998

A ma famille, à la vie qui est souvent si belle et aux S&R....