Inclusion - Exclusion Formula

‘We have seen that

P (A1 UAy) =P (A1) + P(Az) inclusion
—P(A1NAs)  exclusion

and

P (Al @] A2 @] A3> =P (Al) + P (AQ) + P (Ag) inclusion
- P (A1 N AQ) - P (A1 N A5) - P (A2 N A5) exclusion
+ P (A1 N AQ N A3) inclusion

We can see the pattern. In general, we have the following result:

Inclusion-Exclusion formula

Let J, be a sorted subset of the set {1,2,3,...,n}. We write |J,| to denote
the number of elements in J,,. For example, if n =3

|J3] = 1= J3 ={1},{2}, or {3}
|J3| =2 = J3 = {1,2},{1,3}, or {2,3}

and if n =14

|Ju) =1= Jy = {1},{2},{3} or {4}
|h=2=Jy={1,2},{1,3},{1,4},{2,3},{2,4} or {3,4}
|Jy] =3=Js=1{1,2,3},{1,2,4} or {2,3,4}

‘J4| =3=Js= {1,2,3,4}

Using this notation, the inclusion-exclusion formula can be written as:



P( ?:1Ai) =
J

G Z P (NieJ, Ai)

1 [Tnl=3

n

= Z P (4;) inclusion

1<i<n

- Z P(A;NA;)  exclusion

1<i<j<n

+ Z P(A;NnA;NA;) inclusion

1<i<j<k<n

— Z P(A;NA;NAyNA4;)  exclusion
1<i<j<k<I<n

+ ()" TP(AINAy---NA)

For example, if n =4
4 .
P (Uil 4) =Y (=170 > P(NiesA)
=1 | Ja|=3
=P (A1) + P(As)+ P(A3)+ P(Ay) inclusion
—[P(A1NA)+P(AINA3)+P(A1NAy)+P(AsNA3)+ P(AsNAy)+ P(A3N Ay)]  exclusion
+[P(A2NAsNA)+P(ATNA3sNAY)+P(ANANAy)+ P(A3 N AyN As)]  inclusion

- P (Al N A2 N A3 N A4) exclusion



Proof:

By induction. The result clearly holds for n =1

Suppose that the result holds for n = £ > 1. We will show that in such case
the result also holds for n = k + 1. In fact,

P (U A) = P (U 4] U Aps) = P (U1 A) + P (Agsr) — P ([UFE1 4] N Aypa)

k
=D (=T YT P(RiesAi) + P (Axgr) — P (UE; [Ai 0 Agya)

Jj=1 [Jk|=4

K k
:Z(—l)j_l Z P(ﬂieJkAi)+P(Ak+1)—Z(—l)j_l Z P ([Nieg Ai] N Ag41)

j=1 [Tk |=j j=1 |Jkl=i
k+1 k )
= P(Ai)‘i‘Z(—l)J_l Z P (Nie,Ai)
i=1 i=2 | |=
k—1
Y (=1 P ([Nies, A N A1) + (=1 (=) T P(A; N+ N Agqr)
Jj=1 | J|=3
k+1
= (-1’ P (NicsAs)
Jj=1 [Tkt1|=3

The last equality holds because

k k1

(1770 Y P(NienA) =Y (=171 D P([Mies Al N Agpa) =
Jj=2 [Te|=4 J=1 [Je|=3

k . k-1 4
=D =Y P(RienA) + Y (1) D P([Mies AN Agp) =

Jj=2 | Jx|=3 Jj=1 | Jk|=j

:Z(—l)jil Z P (Nie, Ai)
Jj=2 [Jrv1]=3



