Stat 547 C
Assignment 4

Problem 1 Let X ~N (u,X) with
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(a) Find the joint distribution of

X1 —Xo

Y=| X;-15X,

Xy —2Xo

(b) Find the joint conditional distribution of X1 + Xo and X3 + X4  given
X1 — X3 =1.

Problem 2 Suppose that X € R? is a multivariate normal vector with moment
generating function

Mx (t) = exp {3 (t1 + t2) — 5tz + 2] + 3 (£ +13) — t1ta + t3(t2 — 21 }

(a) Write down the joint density function for X. Explain and justify your
procedure.

(b) What is the joint conditional density function of (X1, Xs) given X3 =
—47

(c) Calculate P (1 < X7 < 3,1 < X3 < 3). Hint: You may wish to use the
function “integrate” in R.

Problem 3 Let X be as in Problem 1.
(a) Find the function g*(z2,xs,x4) that minimizes

J(g9) = E{|X1 — g (X2, X3, X4)[}
among all functions g (z2,xs,x4). That is, find g* such that
E{|X1 —g" (X2, X5, Xu)[} < E{|X1 — g(X2, X3, X4)|},  for all g(z2,23,24).
Hint: first show that if X ~ N (u,UQ) , then
g(@) = E{IX =t} > E{|X —pl}, forallt # p.
(b) Calculate the minimum value of J (g), that is, calculate
J(g") = E{|X1 — g" (X2, X3, X4)[}.



Problem 4 Suppose that X = (X1, X5)" has bivariate normal distribution with

K1
FE(X) = =
® = u=(1)
011 P/011022
X_ = E:
cov (X) (P\/Uuazz 022 )

Let

Define the “quadrant correlation”, QC, between X1 and Xy which is defined as
the Pearson correlation between Y7 and Ys :

E(Y?) E(Y7)
Show that
(a) QC = (2/7)arcsine(p)
(b) 1QC| <ol

Problem 5 (a) Suppose that the vector X = (X1, X5)" has a “non-decreasing”
bivariate normal distribution (that is 0 < p < 1, where p is the correlation
between X; and Xs). Show that

p > corr[g(X1), Xz]

for all functions g (1) .
Hint: Show first that you can assume w.l.g. that E(X;) = E(X3) =
Elg(X1)] =0, var (X;1) = var (X2) = 1 and var [g (X1)] = p*.
(b) Similarly, show that if the distribution is non-increasing (that is, —1 <
p < 0) then
p < corrlg (X1), o]

for all function g (x1) .
Note: (a) and (b) imply that the correlation between X1 and Xo cannot be
“sharpened” (increased in absolute value) by making a transformation on X;.



