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NESTED SEQUENCE OF EVENTS

Increasing Sequence of Events:

AACACAC--- CAC---

In this case we say that the sequence A, converges to A = U2, A;.

In symbols:
lim A, = U2 A = A

n—oo

In short:

A, T A.
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NESTED SEQUENCE OF EVENTS

Decreasing Sequence of Events:

AADADA3D - DA D

In this case we also say that the sequence A, converges to A = N2, A;.

In symbols:
lim A, = N2 A =A

n—oo

In short:

A, | A
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IfA, TA o A,]A then

lim P(A)) = P(A)

n—oo
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Proof: Consider first the case A, T A. Let By = A; and for
I =2,3,.. set

Bi=ANA"; =A\A_1
The sets B; are disjoint,
A, =BiUBU---UB, and A:Uj-)ilB,'

[draw a picture]. Then

P(A) = P(UZB)=X%X2,P(Bi)= lim X' ,P(B))

n—oo

= lim P(U_,B) = lim P(A,)

n—oo n—oo
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Suppose now that A, | A. The result follows from the previous case
taking complement:

Al D ADAD---DA
= AICASCA5C---CA"
= lim AS = A°
= P (nlemA;) = P (A°)
= nIian P (A;) = P(A°) (by the previous result)
= lim [1=P(A,)] =1-P(A)
= lim P(A,) = P(A)
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Example 1

n@wP((o,l—i]) = P((0,1))

Ruben Zamar Department of Statistics September 17, 2016 7 /30



Example 2
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NESTED SEQUENCE OF EVENTS

We have seen that when A, TA or A, | A then

lim P(A)) = P(A)

n—oo
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NON-NESTED SEQUENCE OF EVENTS

AlvAzlAay"'y Any"'

The sequence A, may or may not converges to a limit set A.

Limit superior (lim-sup):

limyme Ay = N UX A, =N%_1Bp

Bn | limpe Aj

Limit inferior (lim-inf)

lim, A = Un_1NplmAn=Ug_1GCn
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INTERPRETATION OF LIM-SUP

limA, = Ny_; U A,

limy,—eAn = {w:w€A, io. } , io=infinitely often

Note: if the outcome w € lim A,, then A, occurs infinitely often.
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INTERPRETATION OF LIM-INF

Ap = Upo1 Mpzpm An

A, = {W: w € A, for all but a finite set of n’s }

Note: if the outcome w € limA,, then ultimately A, always occurs
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NON-MONOTONE SEQUENCE OF EVENTS

Clearly (specially from their meanings)

limA, C IlimA,
DEFINITION: If
limA, = limA, =
then
lim A, = A
In short
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CONTINUOUS FUNCTIONS AND CONVERGENT
SEQUENCES OF NUMBERS

@ Suppose that f (x) is a continuous function and lim,_.c X, = Xo.
Then

lim f(x,) = f ( lim x,,) = f (x)

n—oo n—oo

@ “lim" can be taken inside the function.
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CONTINUITY OF P

General Result: A, — A = lim,_o P (A,) = P (A)
In other words:

lim P (A,) = P ( lim A,,)

n—od n—oo
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LIMIT INFERIOR AND LIMIT SUPERIOR

Let x, be a sequence of real numbers.

Definition:
liminf x, = limx, = sup inf x,
m>1n=m
and
limsup x, = lim x, = inf sup x,
m>1 n>m

NOTE: lim x, and lim x, always exist (could be 4-c0, though).
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PROPERTIES OF LIM-SUP AND LIM-INF

Result:

inf x, <lim x, < lim x, < sup x,
Proof: Let Yn = infy>p Xk Zp = SUPg >, Xk
By definition, y, T and 2z, | . So, for n < m we have

VIS<Yn<Ym<zZm <z, <1271
Therefore

infx, <y, <z, <supx,, forall mn

Hence,

inf x, <supy, < inf z, <supx,
n>1 m>1

inf x, < limx, < lim x, < sup x,
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MORE PROPERTIES

e If lim x, = x then for all € > 0 there exist n(€) such that
xp < x + € forall n > ng (€)
In words: ultimately, the sequence is bounded above by lim x, + €,
foralle >0

@ If lim x, = x then for all € > 0 there exist n(€) such that
xp > x — € forall n > ny (e€)
In words: ultimately, the sequence is bounded below by limx, —e¢, for
alle >0

@ limx, = x if and only if limx, = limx, = x

Proof: Exercise
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Consider now the general case. Recall that by assumption

lim A, = lim A,
Therefore
P(lim A,) =P (m An)
Moreover
P(lim A,) = lim P(Ny_,, As) <IlimP (Am)
< limP (Am) < lim P(US_,, Ay) =P (m A,,)
Hence
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1 1
n

P ((1—3},2— 1]) — P([1,2)
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BOREL-CANTELLI

Let A, be a sequence of events. We have the following results:
Q If Y2, P(A,) <co then P(lim A,) = P(A, i0.)=0

Q If Y2, P(A,) = and the A, are independent

then P (lim A,) = P (A, io.) =1
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EXAMPLE 1

Example: Suppose that
X, ~ Bin(1,p,)
are independent Bernoulli random variables and

Ar = {X,=1} = P(A) = pn

Ruben Zamar Department of Statistics September 17, 2016 22 /30



Case 1: p,=1/n?. Since Y2 ,1/n°> = /6, we have

P(A, i0.)=0.

All the possible sequences ultimately become an infinite string of zeros.

[Let B, = {X, =0}, then P(limB,) =1. Why?]
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Case 2: p, =1/n.Since Y1 1/n = o0 and the events are

independent we have
P(A, io.) =1.

The prob of "1" converges to zero. However, in all the possible

sequences, “1" keeps reappearing.

[ Then P (limB,) = 0. Why?]
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PROOF OF BOREL-CANTELLI

@ Suppose that Y7, P (A,) < co. Then

P(limA,) = lim P(Un>nAm) < lim ) P (An)=0.

m>n

@ Suppose that Y7°; P (A,) = o and the A, are independent.
Then

1P (im A) = P ([im A]°)

= P(limAS) = lim P (NmsnAS)

n—oo
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Now,

N
PCmnAn) = fim, P(Merdn) = Jim, 11 P (4
) s P(Am)

fry 1 _ < . _ ”

,\,llnoo’l—zln [1—P(An)] < "IL’m“,l—:I,, [e ]
= [im [e_zrlyr:n P(Am)] — e ® —0.

N—oo

Hence,

1— P (fim A,) <0= P (Iim A,) =1
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EXAMPLE 2

Example: Suppose that Xi, X, ..., X, ... are iid with common
continuous distribution F.

The ith observation is a record if

Xi > max{Xl,Xz, ...,X,'_l}.
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Let

Ai = {Xi isarecord}  B;i = Aj = {X; is not a record}

We have the following results:
(1) P(Ai) =1/i (why?)

(2 P(ALNA N NA)=P(Xy <Xp<--- < X)) =1/ (why?)
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(3)P(ClﬂCQO”-ﬂC,')IP(Cl)P(C2)~~~P(C,‘)

where GG = Ajor G; = B; (why?)

Hint:

P(B) = (i—1)/i and P(A)=1/i

On the other hand, there are exactly i — 1 possible locations in the
current sorted sequence for placing X; if it is not a record and only a single
possible position to place it if it is a record.
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(4) Let Yi = I4,. Then Y1, Ys, ..., Y,, ...are independent Bernoulli r.v.’s
with p; = 1/i

(5) By Example 1, Case 2, we have P (WA,,) = 1. Therefore, records will
not cease to occur with probability 1.

(6) Let D; = AiN Ajyq for i =1,2,... By independence,
P(Dj)=1/i(i+1).

By Example 1, Case 1, we have P (WA,,) = 0. Therefore, eventually
consecutive records will cease to occur with probability 1.
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