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Convex Sets in RP

ab € A=aat+(l—a)beA forall 0<a<1
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Convex Functions

Let AC RP beaconvexset and f: A— R

f is convex if for all 0 <a <1 andalla,b €A we have

f(ea+(1—a)b) < af(a)+(1—a)f(b)

f is strictly convex if for all 0 <a <1 and alla# b €A we have

f(ea+(l1—a)b) < af(a)+ (1—a)f (b)
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o Examples of convex functions in R:
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Examples of convex functions in R”

o All affine functions: f (x) = a’x+b, (but not strictly convex)

@ Some quadratic functions: f (x) = xQx + a’x+b, provided Q is
non-negative definite, @ = 0. Strictly convex if @ is positive definite
Q>0

e All norms f (x) = ||x||. Recall that a norm is a function that
satisfies a) ||x|| >0, b) ||x|| =0 iff x=0, c) ||ax|| = |«|||x]|, and
d) [[x+yll < fIx|[ + iyl -
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Differentiable Function on RP

The function f (x) is differentiable at x if

f (x) /ox
of d
Vf(x) = (x) /9 exists.

f (x) /9%,

The function f (x) is differentiable if the gradient Vf (x) exists at each
interior point of its domain.
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First Order Condition for Convexity

Suppose the function f (x) is differentiable on an open domain A. Then
f (x) is convex if and only if the first order condition below holds

f(y) > f(x)+VFf(x)(y—x) forall x,y €A
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Example

Consider the convex function
f(x)=x?

In this case

V£ (x)=2x

The first order condition for convexity is:

fly) =2 f(x)+VFf(x)(y—x)
' > P 2x(y —x)
(y—x)? >0
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Global minimization of a differentiable convex function

Suppose

@ 1 (x) is convex and differentiable

@ xg belongs to the interior of the domain of f.
Xo is a global minimizer of f (x) if and only if Vf (xq) = 0.
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Proof: Sufficiency follows directly from (??) and the fact that
V£ (x0) = 0. The necessity follows because f (x) is differentiable and xg
belongs to the interior of the domain of f.

Remark: if f (x) is strictly convex then the global minimizer xq is
unique. To see that suppose that there is another global minimizer x;.
Then forall 0 < & < 1,

flaxg+ (1—a)x;) <af (xo) + (1 —a)f (x1) = f(x), contradicting
the fact that xq is a global minimizer.
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Coordinate-descent algorithm
Let f (x,y) be a real valued function with x €RP and yeR9.

Suppose that we have a way for minimizing 7 (x,y) in'y for each fixed x ,
and also for minimizing f (x,y) in x for each fixed y.
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Back-Fitting:

Starting from some initial value x° (e.g. x° = 0) we form a decreasing

sequence {f (x*,y¥)} as follows:
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f (xo,y) > f (xo,yo) — f (xo,yo),

f (x,yo) > f(xl,yo) — f (xl,y) > f

f (x,yl) > f(xz,yl) — f (x2,y) > f(x2,
f (x,y2) > f(x3,y2) — f (x3,y) > f

— f (x3,y3) ,  etc.

September 30, 2018

12 / 14



By construction

f(x,y") > f(xk“,yk“), for all x

and

f (xk,y) > f (xkﬂ,ykﬂ) , forally

Moreover:

f <xk,yk> > f (xk+"’,yk+m) ., o m=12, ..

If £ (x,y) is convex and differentiable, f (xk,yk) converges to a global
minimum, f (x*,y*) (next theorem)

Later on, we will show that the differentiability condition can be relaxed to
sub-differentiability.
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Theorem 1. Suppose that f (x,y) is
(i) convex,

(i) differentiable,

(iii) VF (x*,y*) =0 for some (x* y*) € RPHI.
(

iv) If the domain of f is unbounded then

lim f(x,y) =
[ (x,y)[|—c0 ()
Then,
(a) limgoeof (xk,yk) =f(x*y*).
If £ (x,y) is strictly convex, then
(b) limyoeo (X<, %) = (x*,y%).

Ruben Zamar Department of Statistics September 30, 2018 14 / 14



