ASSIGNMENT 6

Solutions

1. Find a power series representation for the function f(z) =

We being with the geometric series

Differentiating yields

(2—1x)2:(x—2 111; ()

Finally, we multiply by 5z to get
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Note that the power series representation may also be derived by squaring the power series for ﬁ and
then multiplying by 5.

2. The Fibonacci sequence {F,} = {0,1,1,2,3,5,...} is defined by the recurrence relation

0 ifn=0
F,=<1 ifn=1
F,_1+ F,_5 otherwise

Let f(z) = Z F,x". In this question we find a closed-form expression for the Fibonacci numbers.

n>0
(a) Prove that f(x) = % (Hint: consider the series f(z), xf(x) and 2% f(x).)
—z—x
(b) Find the partial fraction decomposition of ﬁ

1 n n
(¢) Use your answer from part (b) to prove that F,, = — ((1+2\/5> - (172\/5) )

We have
f(L) = F0+F1I+F2:L’2+Egl’3+"'
vf(z) = For+ Fia®+ Fpa® + Fyat + - -
22f(r) = Foa?+ Fiad + Foa® + Fza® + -

Subtracting the second and third lines from the first, we get
f@)(l-z-2*) =R+ (FPi-FR)a+(F—F-F)a’+(F-FR-F)a’+ =a
the last equality follows from the recurrence relation, as well as the fact that Fy = 0 and F; = 1. Thus

(1)

f@) =7

1—x—a2



We now apply a partial fraction decomposition to the right-hand side. Let ry = *1;‘/5 and ro = =1-v5
Then we set

x _ —x _ A N B :(A+B)£L'*(AT2+BT‘1)' @)

l—z—22 (x—r)(x—r) x—71 T—r9 (x —7r1) (x —ro)

Comparing coefficients, we get the system of equations

A+B = -1
Aro+ Bry = 0,

from which it follows that

_ o 1 - +/5
A= 1 =1 V5 and B = (ER— \6

T2 —T1 2V/5 T2 =T 2v/5
Thus from (1) and (2), we have

—A -B —A 1 -B 1 —A \" -B "
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Combining the series, we get
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as needed.

. The binomial theorem states that for a positive integer n, the function (1 + z)™ has the power series

representation
1+z)"= Z <Z)xk
k=0
where
n\ nn-—-1)--(n—k+1)
k) k!

In this question we extend the theorem to all real numbers. Let ¢ be a number which is not a positive

integer or zero, and define
t _ t(t—l)»-,-ﬂ(!t—kﬂ»l) lf ]C # 0
k) |1 if k=0

(a) Verify that (k + 1)<ki1> +k(£> _ t(;)

(b) Let f(z) = Z (Z) 2*. Use the Ratio Test to show that the series converges for |z| < 1.
k>0
(c) Prove that (1+z)f'(z) =tf(x) for |z| < 1.

t
(d) Prove that %% = 0, and explain why it follows that (1 +z)" =7 <k) zk.



We have

t t tt—1) - (t—k+1)(t—k)  tt—1)--(t—k+1
(k+1)(k+1>+k<k) - ((k+1)! R )
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~ t(t—l).-}fst—kﬂ)(t_wrk)
= ()t
For part (b), we observe that
N O L A [ V ERY (et V[ (Bt k!
oo | (Dak | klféo’ (k+1)! Ty sy sy
= JEEO’M 2
= |z

t
Thus f(x) = Z (k) 2% converges for |x| < 1. Note we require here that (2) # 0, which is true since ¢ is
k>0
not a positive integer or zero.

Differentiating term-by-term,

(+af@) = aro k()

k>1

Finally, by the Quotient Rule we have

4 @) Q@)+ a) @) (@) )
dr (1 o) (EE DR e e

with the last equality following from (3). This implies that % is a constant: say f(z) = a(l + z)* for

some number a. Since f(0) = 1, it follows that a = 1 and f(z) = (1 + x)" as conjectured.



