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Abstract

In this essay we explored two original problems related to diffusions with singular drifts.
In Chapter 1, we construct diffusions X on [0,00) using speed and scale analysis, that
satisfy the stochastic differential equation (SDE),

t
X, = X + / XPdB, + bt,
0

for 0 < p < %, b > 0, when X > 0, but exhibit sticky boundary behaviour at 0. L.e., X
spends a positive amount time at zero, but never a full interval. We then find the SDE
characterization of the sticky diffusions and show that in the case where p = %, the SDE
fails to uniquely encode the boundary behaviour of the process.

In Chapter 2, we then proceed to the realm of spatial diffusions and construct a non-
trivial continuous measure-valued process X that solves the stochastic partial differential

equation (SPDE),
0X AX - .
—=—+VXW+A
at 2 A
where W is a space-time white noise and A is a continuous measure-valued immigration
such that A; is only active in the regions where X; does not occupy mass.
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Preface

Over the course of my masters, I have worked on a variety of problems in stochastic analysis
and diffusions. In this essay we will work through two of them; each self-contained in their
own chapter.

In Chapter |1, we study a class of 1 dimensional diffusions on X on [0, c0) which
satisfy the stochastic differential equation (SDE),

t
X; = Xo + / XPdB, + bt,
0

when X > 0, for p < %, b > 0, and exhibit sticky boundary behaviour at 0. By sticky
boundary behaviour, we mean that the process spends a positive time at 0 but never a full
interval. We will construct the diffusions using scale and speed analysis and determine
when their SDE representation uniquely encodes the sticky boundary behaviour.

In Chapter [2 we turn our attention to spatial diffusions. Motivated by popula-
tion genetics, we construct a population on R, undergoing random motion and critical
reproduction, under the influence of immigration at unoccupied sites. In particular, we
construct a measure-valued diffusion X satisfying the stochastic partial differential equa-

tion (SPDE),

0X AX . .

—=—+VXW+ A

ot 2
Where W is a space-time white noise and A is a continuous measure-valued process which
is only supported at the location where X occupies no population. This will be formalized

later.
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Chapter 1

SDE characterization of diffusions

with sticky boundaries

In Theorem 8 of (Burdzy et all [2010), Burdzy, Mueller, and Perkins showed that when

p < %, b > 0, non-negative solutions to the stochastic differential equation (SDE),
t
Xy = Xo+ / XPdB, + bt, (1.1)
0
exhibit Feller’s sticky boundary behaviour at 0. I.e,

/Ot 1(Xs =0)ds > 0.
Our goal in this chapter is to strengthen their result and classify all diffusion on
X on [0,00) that satisfy when when X > 0 and exhibit Feller’s sticky boundary
behaviour at 0. We will do this by following the method of Ito and McKean outlined in
(Knight|, 1981} § 6,7).
We will first examine the case where p < % We note that we separating the drift

bt into time spent by the process away from 0, and the spend at 0 to rewrite (1.1)) as,
t t t
X = X —l—/ XPdB, + b/ 1(Xs > 0)ds + b/ 1(Xs = 0)ds. (1.2)
0 0 0

Section will show that the stickiness of X is controlled by the coefficient of the
1(X = 0) term in the drift in (1.2). We will use speed and scale analysis to argue that

the SDE fully characterize the sticky boundary of our process.



In the case of p = %, after scaling by a constant (1.1]) is equivalent to the equation,

t
X =Xo+ / 2v/ XudBy, + at, (1.3)
0

which is the SDE of a Bess?(a) process. We will construct a family of sticky Bess?(a)
processes and find their corresponding SDE. We will then argue that in this case the SDE

representation is not robust enough to uniquely encode the boundary behaviour.

1.1 Characterization of sticky behaviour for 0 < p < %
Let X; be a non-negative solution to the SDE,
t t t
Xt:X0+/ Xg’st+b/ 1(X8>0)ds+p/ 1(Xs = 0)ds, (1.4)
0 0 0

where 0 < p < %, and b > 0, p > 0. Note that in the special case where b = p, we get
(1.1). Our aim for this section is to prove the following:

1) X exhibits sticky boundary behaviour at 0 governed by p.

2) The SDE encodes the boundary behaviour as described by the scale function and speed

measure.

We will show 1) by analysing the scale function, and speed measure for X, and 2) by show

that any diffusion on [0, 00) with the same scale function and speed measure as X, must

satisfy (1.4]).

We now proceed with the first step of the program.

1.1.1 Existence of sticky boundary behaviour

Proposition 1.1.1. If X is a solution to (1.4)), then it is the diffusion on [0,00) with the

N e
= d 1.
A e (15)

scale function,



and, speed measure m on [0,s(c0)) defined by,

dx 1
dx) = —do(dx). 1.6
) S A (-0
Moreover if Ty = inf{t|X; = 0}, then for alle > 0,
To+e
/ 1(X, = 0)ds > 0. (1.7)
To

Remark 1.1.2. Note that the scale function can be found by solving the ode in terms
of the drift and volatility as described in (Rogers and Williams, 2000, §V.28). Also since
b > 0and 0 < p < 3, we have s is increasing with s(c0) < oo and has an inverse

s71:0,5(c0)) = [0,00).

The proof below is a modification of the proof of Theorem 8 in (Burdzy et al.,

2010)).

Proof. We begin by analysing the scale function,

—2b|x|! 2P
s'(x) = exp {|I| } .

1—-2p
So when x > 0 we have the s” is given by,

—2b|x|t 2P
1—-2p

s"(z) = exp { } (—2ba=2P) = —2bs'(z)a~2?.

Define L (x) as the local time process of X, and let Y; = s(X;). So we have by Ito-

Tanaka’s formula,
Vi = s(X¢)
t t
:}6+/R§M@X@ﬂg+@/sKXQMX@>m%
0 0

+p/0 s'(X5)1(Xs = 0)ds + % /Lff(x)ds'(x).



Now let’s simplify the local time term. Since s’ is continuous, we have ds’ has no atoms.

% / L¥(@)ds'(2) = = | 1(@ > 0)L¥ (x)ds' (x)
1o > 0L (2)s" (x)dr

1(z > 0)L¥ (z)(—2bs' (x)x ™) dx

Il
NI~ N~ N

I
|
S
S

S— o—

1(Xs > 0)s' (X)X 2P X 2P ds

I
|
>

1(Xs > 0)s'(Xs)ds.
Thus we have
t t
Y; =Y, +/ s'(X5)XPdBs + ,o/ s'(Xs)1(Xs = 0)ds.

0 0
Let us define

U=(Y)o = / s'(Xs)2X2Pds.

0

Define the random time change a : [0,U) — [0,00) as the solution to the equation
a(t)
/ s'(X,)?X2Pds = t. (1.8)
0

It is clear that since the integrand is non-negative we have that « is increasing and positive.
Since X is non zero on any interval, v is continuous. Define R; = Y, (;), we will now show
that R is a reflecting Brownian motion starting at Yy for t < U, and can be extended to
in the natural way for ¢ > U. We have for t < U,
at) o(t)
R =Yy +/0 J(X,)XPdB, + p/o 1(X, = 0)ds
=Yo+ B+ A

Where 3; = Y +f0a(t) X?dB,, and A; = pfoa(t) 1(Xs = 0)ds. Note that for ¢ < U we have
by (L.8), ©
alt
(B): = / §'(X)?X2Pds = t.
0



So B is a stopped Brownian motion starting at Yj, and A is a continuous non-decreasing
and supported by {t : X, = 0} or equivalently {t < U : R; = 0}. Thus by the Skorokod
problem (Rogers and Williams|, [2000, §V.6), R is a reflecting Brownian motion and for
t< U,
o(t)
p/ 1(X, = 0)ds = A; = LE(0). (1.9)
0

Note that (1.9 implies (1.7]). Thus it remains to find the speed measure of X. Since
t
| spxas = oo,
0
by the fundamental theorem of calculus,
(@™ (t) = ' (X)2 X (1.10)
We now note that by (1.9) and (1.10)),
t t
t:/ (X, > O)ds—i—/ 1(X, = 0)ds
0 0

= tM a—l s 1 R
_/0 3/(X5)2X52pd( ( ))+ pLa’l(t)(O)'

If we let s = a(u), we get

™M) 1( Xy >0
t:/ ( a(u) ) du ELR,l
0

2 a
S,(Xa(u))QXaz(?u) p

Y Rw>0) 1o
- T Rty T e 0(©)

s(ce) 1(x 1
- /0 Lfl(t)(:r)[ - 1<(a:)> 0)dx ol

) (0)

Therefore the speed measure of X is

1(z > 0)dx
§'(s7H(x))?s ™ (2)?P

on [0, s(c0)) as required. So we can conclude that

m(dzx) =

1
+ —dp(dzx),
p o(dx)

Xt = Sil(Ra—l(t)),



is the diffusion on [0, 00) with scale function s and speed measure m, where

s(e)
t= /0 L1y (x)m(dz).
O

Therefore we have shown that solutions to the SDE ([1.4) exhibit sticky boundary
behaviour at 0. The goal now is to show that the converse to Proposition holds as

well.

1.1.2 Differentiability of random time change

In order to show the converse of Proposition we will be forced to work with various

random time changes by 7(t), which is determined as the solution to the equation,

7(t) 1
‘= / f(By)ds + L.
0 1Y

where B is a standard Brownian motion with local time L, and sufficiently f positive and
“nice”.
The goal of this section is to show that 7 is a.s. differentiable and to compute it’s

derivative.

Lemma 1.1.3. Let L be the local time of Brownian motion, then,

Ly,

lim inf =0
h—0 h ’

Proof. Let’s show that P(Ly-n < ¢(27") i.0.) = 0, for ¢(h) = h'/?(log(1/h))~'~¢, where
€ > 0. So indeed, using the fact that L; has the same law as sup,<, Bs, and the reflection

principle we have,



P(Ly-n < ¢(27")) = B(|By-n| < ¢(277))
=P(V27"|By| < V2~ (log(2") ")
=P <|Bl| < (log2)” 7 2>1€>

n1+5
—1—e
2 (10gn21)_‘—5 1 _ﬁ d
= e 2daz
0 V2T
—1—¢
< 51082)
— nl-i—a

Which is summable. Thus by Borel-Cantelli, P(Ly-» < ¢(27")i.0.) = 0 and

L Lo—n
lim inf —7 = lim inf —2

R0 o) e gz

Where the first equality is using the fact that L and ¢ are continuous, along with an

interpolation argument. Now we note that

Ln 9(h) o, 2L0)

lim inf ﬂ = limin > lim —2% =0

h—0 h h—0 ¢(h) h ~h=0 h

O

Proposition 1.1.4. Let f be a non-negative integrable function such that for all n > 0,

fp= inf  f(x)>0.

n<|z|<n=1

Define 7(t) to be the continuous inverse of,

t
1
AW = [ #Bds+ L
0 P
Where Ly is the local time of Brownian motion. Then the following holds:
(a) 7(t) is a.s. absolutely continuous with respect to the Lebesque measure.

(b) If f is continuous when x > 0, then the Radon-Nikodym derivative equals

o1 _
() = ey 1 (B(m) > 0).

7



Proof.

(a) Since f is non-negative, and 7 is the inverse of A, we have 7 is increasing and satisfies,

7(t) 1
¢ :/ F(B)ds + 2L,. (1.11)
0 P

We will show that 7(t) is absolutely continuous with respect to Lebesgue measure on

[0,7] for all "> 0. Let € > 0 and suppose [s;, ;] C [0, 7] satisfying

Z|ti*51‘| < 0.
%

Now note that,

_Z/ \By<ndu+2/ 1(n < |Bu| <™ Hdu
+Z/ 1(|By| > 0 Y)du

(1)
-(r) (1) 1
g/ 1B, gn)du+z/ 1(n < |Bu| < ")du
0 i 7(8:)

(T)
+/ 1(|By| > n_l)du
0

=h+1+ 13

Since By is continuous on [0, T'], we have that there exists 7(w) small enough such that
Bi(w) < n(w)~t. Therefore I3 = 0. Because Brownian motion occupies zero time at

zero, we can pick 7 small enough such that I; < § . So it remains to bound I». Let

fn5

0 < , then we have



T(ti)
I 22/7(8_) 1(n < |Bu| <5~ Hdu

7(ts) f Bu B
>/ Bohigy < 1B <oy

i

Thus we have shown 7 is absolutely continuous with respect to Lebesgue measure. By

Radon-Nikodym theorem, there exists a 7/(¢) such that

(b) By rearranging ((1.11)), we see that for h > 0,

Ji " H(B)ds 1 Lo, — L

1= T = “Ti+h t

h P h

Suppose that B, = 0, so the second term is non-zero. Since f > 0 we have the

inequality
1> 1L7t+h LTt
=5 n
By rearranging terms we have,
P > L‘Ft+hh_ LTt

LTt+h - LTt Tt+h — Tt

Ti4h — Tt h

th Tt+h — Tt
= o 97757.
T h

(1.12)



Where 6; is the left shift by ¢. The last equality was applying the shift to the Markov

process % by the stopping time 7;. The strong Markov property tells us the first

t

term of (1.12]) has the same law as LT% So by lemma [1.1.3] the liminf is infinity,

which implies the limit is also infinity as h goes to zero. So for all N there is a § > 0
such that A < § implies,

L
ﬂoﬁn > N.
Th

Therefore we have,

Lo Teh 7T
N — h
Letting N go to infinity gives us that the right derivative of 7(¢) both exists and equals

0. Since 7 is absolutely continuous with respect to Lebesgue measure, we have the

left limit also exists and equals the right. So when B;, = 0, we have 7/(¢) = 0.

Now Suppose that B;, > 0, then L — L;, =0 for h small enough. So we have

Tt+h

L A Bayds [ f(Ba)ds i —
N h TR T ho

Therefore by rearranging the terms we get,

i 7D T gy TR T 1
h—0 h h—0 f;“’h f(Bs)ds  f(Bg)

The last equality was by the fundamental theorem of calculus. Thus we have shown
that

1
"t) = =—1(B 0).
7(t) = 5 1Br > 0)

1.1.3 Equivalence of SDE to speed/scale

Equipped with Proposition we are ready to prove the converse to Proposition [T.1.1

Proposition 1.1.5. Suppose X is a diffusion on [0,00) with s, and speed measure m

defined on [0, s(c0)) given by (1.5), and (1.6) respectively. Then X is a solution to (1.4).

10



Proof. Let R be a reflected Brownian motion with initial law s(Xg) with local time L.

We have by the definition of scale function and speed measure that
Xi = 5_1(R7't)7
where 7 is the continuous inverse of

s(00)
A(t) = /0 LE(z)m(dzx)

s() LE(z)1(z > 0 1
- [ e O

t 1(R, >0 1
B /0 5’(3—1(](%u));9—1)(3u)2pd“ + ;LE(O). (1.13)

Since s(z) = x + o(z), and §'(z) = 1 + o(z), we have s~1(z) = x + o(z) and

1(z > 0) _ Yz >0)
T @Pe @~

Which satisfies the criteria of Proposition thus
(1) = ¢ (X)X P1(X, > 0). (1.14)
Now to get an SDE representation of X we apply Ito-Tanaka’s formula.
X(t) = 57 (Rr)
-1 m —1y/ 1 R —1y/
=s " (Ro) +/ (s7) (Ry)dRy, + 5 /Ln (x)d(s™) (x)
0

—8_1 s Tt; R 1 m 8_1 " w
=560 + [ S EEO) 5 [ 6 (R

Tt 1 Tt 1 1 Tt
= X — —  d " 7dLR - —1\n . d
0+/0 PN e +/0 () “(0”2/0 (57 ) (R
= Xo+ M, + I} + IZ. (1.15)

Where ; is a Brownian motion. We will have to take care of each of the three terms

11



individually. Let’s begin with analysing the quadratic variation of M:

Tt 1
(M _/0 s'(s71(Ry))%du

t 1 /
- ), T

t
1
= / WS/(XU)2XEP1(X’U > O)d’U
0 v

t
:/ X%1(X, > 0)dv
0

t
= / X2 dy.
0

The third line was because of ([1.14)). Define

- F1(Xy > 0) t .
0 U 0

where  is an independent Brownian motion and note

~ C (X, t
(B) = / ﬁ){ﬁpdu + / 1(Xy = 0)du = t.
o X' 0

So by Lévy’s characterization of Brownian motion, there exists a Brownian motion B,
such that
¢
M, :/ XPdB,. (1.16)
0

We can finally deal with the finite variation terms.

I} = dL}(0)

/0” 8’(8‘11(Ru))

1 R
‘/o (s e
- ["ako)

0

= LE(0).

Tt

12



We now note that by rearranging ((1.13) we get,
Tt 1(R, > 0)
II=p(t- = d
t "’( J S (s (R)%s  (Ru)> “>
t 1(R,, >0) ,
t— z d
(- | s )
P 1(X,
P (t—/ (>0)S/(XU)2X5pd'U>
0

s/(X,)2 X7
t
=p <t —/ 1(X, > O)dv)
0
¢
= p/ 1(X, = 0)dw. (1.17)
0
Before we simplify 12, let’s first compute (s~1)”(x), and we use the fact that when z > 0,
we have s”(r) = —2bs'(x)x~2P. So for x > 0,
1 /
=1\ _
= ()
_ @)
(57 (w)?
@)
(s (@)
_ 2bs'(s™ () (s (@)~
- s'(s71(z))?
2b

As (s71) is continuous at x, we have

1 [ 2b
2== d
‘ 2/0 S (s (Ru))?s (R

1t 2 ,
=3 |, T O

t

1

- b/ ————— (X, > 0)8'(Xy)* X Pdv
0 §'(Xy)2X,P

= b/o 1(X, > 0)dv. (1.18)

By substituting (1.16)), (1.17)),(1.18]) into (1.15), we have shown that

t ~ t t
X, = X0+/ XPdB, —|—p/ 1(X, = O)dv+b/ 1(X, > 0)dv,
0 0 0

13



as required. O

This implies that for the case where p < %, (1.4) encodes the same information as

the scale function and speed measure.

1.2 Non-uniqueness of SDE for sticky Bess?(a) process

In the case where p = %, we have ((I.1)) is equivalent to the SDE for the Bess?(a) process
given by,
t
X =Xo+ / 2y/ XudB, + at,
0

for @ > 0. The analysis of the Bess?(a) process in (Rogers and Williams, 2000, §V.48)
shows that 0 is recurrent if and only if 0 < « < 2, but it does not exhibit any sticky

boundary behaviour, i.e., for all t > 0,

t
/ 1(X, = 0)du = 0.
0

Following the method of Ito and KcKean as described in (Knight, (1981, § 6,7), we can
construct a Bess?(a) process with sticky boundary behaviour at 0, by applying the same
construction as in the case of p < %

It was shown in (Rogers and Williams|, [2000, §V.48) that the Bess?(a) process has

scale function s(x) = x%Ta, and speed measure m defined on [0, c0) given by

1 2a—2

m(dz) = mxﬂl(m > 0)dx.

So if X is the Bess?(a) process with sticky boundary behaviour at 0, then the X also has

the scale function s and speed measure m given by
- 1

m(dz) = m(dx) + —do(dz),
p

where p > 0 controls how “sticky” 0 is. We will now find an SDE representation of X,

the sticky Bess?(«a) process.

14



Proposition 1.2.1. The process X on [0,00) with the scale function and speed measure

on [0,00), given by

and,
1 2a—2

7MMﬂ:@_an2aux>®M+;%M@,

respectively, satisfies the SDE:

t t
X, = Xo +/ 2/ X dB, + a/ 1(X, > 0)du. (1.19)
0 0

2—a
Proof. Let B be a Brownian motion with initial law s(Xo) = X2 , and L(x) be the

local time of the reflected Brownian motion |B|. Let’s define
A(t) = / Li(x)m(dzx)
0
/WL()< L5210 > 0)d +15u>)
= z) | m——zx 2 1(x > 0)dz + —dp(dx
0 t (2 - ) P

f_1 B IE2 1B, > 0)du + 21,00
— - 2—a — .
/o (2—a)2| ul (15u] > )U+P +(0)

Let 7; denote the right continuous inverse of A, ie, 7; satisfies,

" / L BJER (B > 0)du + L., (0)
g —_— 2—a > — .
0 (2—0[)2 U u u+,0 Tt

Let Y; = |B;,| be the scaled sticky Bess?(a) process. So we have
X =s7(Y) = B [7s (1.20)

is the unscaled Bess?(a). Since |z|P is convex and has an integrable second derivative

2
when p > 1, and ﬁ > 1, we can apply Tanaka’s formula for |z|2== to (1.20]).

2
Xt:|BTt|2_a
2—a o ™9 o 1 [ 2 o 2a—
= (X2 )2« B,)|By|?=2dB — Byl 2= d
(077 + [ g BIBTR B+ [ 5B

15



Now let us simplify each term individually, but first we will need 7/(¢). By the Proposition

L.14]

2-2a
7(t) = (2= )2 By, | 74 1(|Bx| > 0)
2-2a
— (2- )%, 1(Y; > 0)
2—a —2a
— (2-0)%(X, 2 )Ta1(X; > 0)

= (2—a)’X} 7 1(X; > 0). (1.22)

To determine the quadratic variation of M, we will make the substitution v = 7(v) and

using (|1.22)
Tt 4 2a
<M>t:/(; m’Bu|27Gdu
Lty 20
_ /0 e B )
t 4 2—a 2a
= [ e X 0, > O
) (2—
t
:/ 4X,1(X, > 0)dv.
0
Define

t1(X, > 0) t
= —dM, + 1(X, = 0)dW,,
8, /0 N o /0 (X, = 0)

where W is an independent Brownian motion. 8 has quadratic variation,

t t
(B): = /0 ”)Z’);())zlxvdw /0 1(X, = 0)dv =t.

Therefore 8 is a Brownian motion and

M, = /0 t 1(X, > 0)2y/X,df, = /0 tzﬁdﬁv. (1.23)

16



Finally we simplify I;, using the substitution u = 7, and using ((1.22)).

1 [ 2cv 20—2
L=-[ =% |BJ%%d
t 2/0 (2—a)2| ul 2o du

t (8% 2a—2
e B — BT 2-« ! d
/0\ (2 _ a)Q | ’v| T ('U) v

b« 5%, 202 2 yl-a
:/o B e’ )P (2 @’ XXy > O)d

= a/t 1(X, > 0)dv. (1.24)
0

Finally by substituting (1.23[), and (1.24]) into (1.21) we conclude, that X satisfies the

SDE,
t t
X = Xo +/ 2v/ X,pdBy + a/ 1(Xy > 0)dwv.
0 0
O

2—a

For each p > 0, let X* be the diffusion on [0, c0) with scale function s(x) =z 2 ,

and speed measure,

1

mP(dx) = [CETE

o— 1
w3 1(z > 0)dz + ~do(dx).
p

Proposition tells us that each X7 satisfies (1.19). Therefore we have proven the

following.
Corollary 1.2.2. The solutions to the SDE (1.19) are not unique in law.

This analysis for the Bess?(a) process shows that SDE’s are not in general best

tool to analyse the boundary behaviour of diffusion.

1.3 Summary
In Chapter [I} we first began by analysing the the SDE,

t t t
X, = X, +/ XPdB, + b/ 1(X, > 0)ds + p/ 1(X, = 0)ds. (1.25)
0 0 0
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for0<p< %, and b, p > 0. This was motivated (Burdzy et al., [2010) where they studied
the same SDE when p = b, where they discovered interesting sticky boundary behaviour.
In Section we showed that non-negative solution X to exhibits sticky
boundary behaviour governed by p. We did this in Proposition [I.1.1] by analysing the scale
function and speed measure of X. We went a step further and showed in Proposition [I.1.5]
that any diffusion on [0, 00) with the same scale function and speed measure as X must
also be a solution to (|1.26)).
Afterwards we moved our attention to the case where p = 3, to the Bess?(a) for
0 < a < 2. In Section we followed the construction of Ito and McKean to construct
a family of diffusions X” on [0,00) that behaved like Bess?(a) with sticky boundary
behaviour at 0 governed by p. In Proposition [I.2.1] we found that each X? was a solution
to the SDE,
X, = Xo+ /OtQ\/)TSst + a/ot 1(X, > 0)ds. (1.26)
This showed that the SDE’s in general are not robust enough to encode the boundary

behaviour of diffusions, and demonstrates the utility of speed and scale analysis.

18



Chapter 2

Super Brownian motion with

immigration at unoccupied sites

Let us examine ([1.4)) in the case where b = 0. This results in the SDE,

t t
X, = / XPds + p/ 1(X, = 0)da. (2.1)
0 0

Note that X is a non-trivial diffusion on [0, co) with a continuous immigration only active
when the process is zero. Using as a motivation, we will explore this idea for spatial
processes.

A one-dimensional super-Brownian motion (SBM), X is used in population genetics
to model a population on a line undergoing random motion and critical reproduction.
Formally, X; is a random finite measure on R changing continuously in ¢, and represents
how the total population is dispersed at time t. (Perkins, 2002, §III.1,4) showed that at
each time ¢, the population X; has compact support, and X has satisfies the stochastic
partial differential equation (SPDE),

0X AX .

—_— = — XW.

o= tVX
where W is space-time white noise. (Perkins, 2002, §II1.1) also showed that for all ¢, the
population X; is a.s. compactly supported. We are interested in seeing what happens to

the population represented by SBM when we allow a continuous immigration only at the
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locations where the population does not occupy space. Our goal in this chapter will be to
construct such a process and classify it.

We will define the spatial process X¢ as the sum of independent SBM populations
X' of initial mass € generated at some random point x; generated by a distribution 1 (z)dx
at time ¢; via a Poisson process with temporal rate %dt. We will only allow X’ to contribute
to X¢ when the previously contributing populations do not occupy space at x;. Note as
e gets smaller, each SBM cluster X will potentially add € mass to X¢ but there will be
proportionally % clusters contributing. This suggests that as ¢ — 0, our process should
converge to some non-trivial X.

The plan of attack will be as follows; after making our construction of X¢ more
formal, we will then show that {X¢} are tight as ¢ — 0. This will give us the existence
of a continuous measure-valued process X. We will then show that X is non-trivial and

satisfies a SPDE of the form,

X AX o

Where A is a continuous measure-valued immigration that is only active when the process

X occupies no space. Without further ado, let us begin our construction.

2.1 Notation

Let Z be a (F;)-Poisson point process (PPP) on R, x R? with rate A(dt, dz) = A\dte(x)dz,
where A > 0, and 7 is a bounded density on R?. Given A C R, x RY, we denote

E(A) ~ Poi(A(A)) to be the number of points generated by = in A. Furthermore, define

[
Il
(1]

— A,

to be the compensated (F;)-PPP for Z. It will be useful to refer to all the points generated

by 2 up to time . We will denote this by the following process,

2 = 2([0,t] x RY).
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We similarly define A; and Z;. By (Tkeda and Watanabe, 2014} §III.3), = is a (Fp)-

martingale in ¢ with the previsible square function <§)t = A; and quadratic variation

[E]; = =, i.e. the number of jumps of = until time ¢.
Suppose f: R, x R? x Q — R is square integrable and (F;)-predicable and f;(z)

is Borel-measurable. We denote the integral of f with respect to = by,

E/O/fs(a:)E(ds,dx): S At < 0 fi(w0).

(ti,CEi)NE

If A4(f) < oo a.s., then the compensated integral,

//fs )E(ds, dz) = //f )E(ds, dx) //f A(ds, dx),

is the stochastic integral of f with respect to =. By (Ikeda and Watanabe, [2014, §III.3),

we know that A, is a (Fi)-martingale with the previsible square function,

(A(f t_/ fs(x)2A(ds, dx),

and quadratic variation,

AN = Au(f / /fs )22 (ds, d).

Finally, it will be useful to define common spaces that will be used throughout this

paper. We define,
= {f :R — R|f is bounded and smooth},
C* ={f:R — R|f is smooth with compact support},

Co = {f :R — R|f is continuous, |g[:1|1£>noo flx) = } ,
Mp = {p|p is a finite measure on R} .
Given a metric space (5, d), define C'(S) and D(S) as
C(S)={f: Ry — S|f is continuous},

D(S) = {f : Ry — S|f is cadlag}.
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We equip C(S) with the topology of uniform convergence on compact sets, and D(.S) with
the Skorokhod J; topology. In this paper we be interested in the case where S is either
R, C(), or MF

2.2 Construction and SPDE characterization of X¢

For ¢ > 0, let Z° be a PPP on R, x R with rate A®(dt,dz) = e~ 'dty)(x)dx, where 1 is
a bounded, compactly supported density on R. Further suppose that ¢ : R — R, is a
Lipschitz function supported on [—1, 1] satisfying ||¢||1 = 1, and [|¢]|cc < 1. We define ¢¥
by

62 (y) = Veo (C;) .

Remark 2.2.1. Note that the compactness of 1 is not necessary and is only used to
simplify some of the analysis in the proof of Theorem The theorem is still true for

1) bounded but requires more effort.

Let (t;,7;) be the points generated by Z¢, and {X'} be independent SBM’s with
initial law ¢Z?(2)dz in chronological order. By Theorem III.4.2 in (Perkins, 2002} §II1.4)
have for each X?, there exists process u’ with sample paths in C(Cjp) such that for all

Xi(dz) = ui(z)dz. Suppose k1 = 1. We define #; inductively by,
ki=1 Z /fjugi_tj(aci) =0]. (2.2)
t;<t;

So w; = 1 if and only if, for all j <4, k; = 1 implies SBM thi does not occupy space at

x;. We define Mp-valued processes X¢ and X¢ by,

Xi=> wiXiy, (2.3)

t; <t

and,

s <t
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respectively. Note that X¢ and X¢ are processes with sample paths in D(Mp). Since
Xi(dz) = ul(z)dr, we immediately have X7 (dz) = uf(x)dx for the Cp-valued process u®
defined by

;= Zmut t (2.5)

t; <t

Note that u® has sample paths in D(Cp) and if

u— () = slgltf{ us(x),

then , and give us,

ki = L(ug,—(x;) = 0). (2.6)
It will also be useful to define the natural filtration Ff and F§ by,
Fi=0(X:, X5, Z5s < t).

respectively.
Again, by Theorem III.4 in (Perkins| 2002, §III.4) there are independent (F§ )-white
noises W* on Ry x, R, such that for all ¢ € e, X' satisfies the SPDE,

X;’(ab)—/ ( )d +//¢ ) Wi(ds, dz) + (6, 67)
= Li(¢) + M{(¢) + Al(o (2.7)

Where M(¢) is a continuous (F;)-martingale with (M*(¢)); = fot Xi(¢?)ds.

By substituting (2.7)) into (2.3) and (2.4]), we get the following SPDE characteri-
zation of X¢ and X¢.

Theorem 2.2.2. For all ¢ € C°,

(a) There is a continuous (Fy )-martingale M€ (¢p) with (M*(¢)): = fot X£(¢?)ds, such that
X¢ satisfies the SPDE,

xior =[xz (5)as v+ [ [io.0mus =0 @ @9
= Li(0) + M(6) + 45(9). 29)
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(b) There is a continuous (F;)-martingale M¢(¢) with (M¢(¢)); = f(f XE(¢?)ds, such that
X¢ satisfies the SPDE,

X5(6) = /Otxg‘ <A2¢> ds + NIE(6 / / 6, 67)VZ5 (ds,dz)  (2.10)

= Li(¢) + M;(¢) + A7 (9). (2.11)

Proof. (a) Suppose (;, z;) are the points generated by Z¢. We begin by substituting (2.7))

into .
= ZRiXti—ti

t; <t

(A .
= Z K (/0 X <2¢) ds + My{_, (¢) + (o, ¢§z>>
(A .
= Z </0 ki X, (2(/5) ds + /ithCti(@ + ki (0, ¢§z>>

Il

~
m
=
_l_
=
=
s
B
=

(2.12)

It remains to show that L°(¢), M®(¢), and A®(¢), satisfy (2.8). We will deal each

sum individually. To simplify L?(¢) we exchange the sum and integral.

;/ttFLZXl< >ds

—Z/ tzgsz;t<A¢>

t; <t

/OZ (t; < s)K; Stﬁ(?)ds

t; <t

/ > X, <A¢> ds

0t<5

/0 X: (Af) ds. (2.13)
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Also note that by (2.6)),

A5 () =) kilo, ¢7)
ti<t

1(ug, (i) = 0)(¢, %)

-
IN

1

Il
S~

[ 1605 () = 0)(6.67)2* (s, da). (2.14)

It remains to show that Mi(¢) = >, o KkiM]_, (¢) satisfies the properties of the
theorem:

(i) M¢=(¢) is continuous,

(ii) M%(¢) is a martingale,

(it)) (M=(6))e = Jy X5 (4?)ds.

We will deal with each one at a time.

(i) Note that M?(¢) are continuous (F;)-martingales starting from 0, and since
ME#(¢) is a sum of M*(¢), we have M¢($) must also be continuous.

(i) Since M*(¢) is a (Ff)-martingale, for t > t;, M{_, (¢) is Ff_, -measurable, and
hence Fy-measurable since i , C Fji. Also since =f is Fj-measurable, we can
conclude My (¢) = >, KkiM}_, (¢) is Ff-measurable.

To show the martingale property, note that we can decompose M; (o) as,

M;(¢) =) kiMi_ ()

t; <t

=D ni /{)tt¢/¢<x) ul (z)W'(ds, dx)

t; <t

= Z’”w‘ /t;/¢>(:v) ui_y ()W (dv, dz). (2.15)
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For s < t, we separating (2.15)) further into the time before s and after s.

Zm//d> 2)\ui_, (2) W (dv, dx)

+2/ [ oanfui (@)W v, de)
+ Y / [ i ()W o)
=M:(¢ +an/ /¢ Wb (2)Widv,da) + Y kM (

ti<s s<t; <t

(2.16)
We now take conditional expectation of the second and third terms in
with respect to F;. Note that when t; < s, k; is Fg-measurable and for
all n € N, 1(Ef = n) is F:-measurable. This coupled with the fact that
I [ o(x) ul,_, (x)W'(dv,dz) is a (Ff)-local martingale for s > ¢, gives us

Zm//gb ui_, )W’Ldvdx‘]-"g

- E - //¢ )dedx(;ﬁ
:;1 n)wE <//¢ ui_, )W’dvdw‘]—"a>
- 0__ (2.17)

To deal with >° _, - rkiMj_, (¢), note that Zf — 25 is independent of F%, and
since s < t; < t, we have M}, (¢) = ftt [ o(x)\/ui,_, (x)W'(dv,dz) and k; are
independent of FZ. So the third term of (2.16) is independent of F:, and thus,
E{ Y miMi 0)F | =B > ridi, ()] (2.18)
s<t; <t s<t; <t

Note that M*(¢) is independent of &;, so by conditioning on x; we get

E (kM4 (¢)) = E (k)E(M]_; (¢)) = 0. (2.19)
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(iii)

€

¢ independent random variables

Since D, ;. < rkiM]_; (¢) is the sum of Zf — 2

with mean 0, Wald’s equation gives us,

B S sl (6)] =B -2 (s, (¢) = —>0=0. (220)

g
s<t;<t

Combining (2.16)), (2.17), (2.18), and (2.20]), we get,

E(M; (9)|F5) = M ().

Thus M¢(¢) is a (Ff)-martingale.

We define Nf(¢) = M;(¢)? — [ X5(¢*)du. In order to show (M=(¢)); =
fot XE(¢?)du, we need N°(¢) to be a (Ff)-martingale. Since M;(¢) is a Fi-
measurable, so is N7 (¢). Before we prove the martingale property, it will be
useful to define N?(4) to be the square (F¢)-martingale for M%(¢). By defini-
tion of (M%(¢)),

t
Ni(6) = Mi(6)? — (M(6)) = Mi(6)? - /0 X1 () du

Note that for t > t;,
t—t;

M@ = [ Xi(6)du = /0 1t < w)Xi (P)du.  (2.21)

0

We simplify f(f XE(¢?)du by using (2.21)),

/XE ¢)du = Z/{Z

0t<u

/Z/@z (t: <u)X,_ tl(d)2)du

0 4<t

_Zm/ (t; <u)X'_ (¢2)du

t; <t

= 3 Ri(MH(6))s,. (2.22)

t; <t
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We can now use (2.22)) to simplify N¢(¢);.

NE(9) = / X2 (6

Z HthZ_t,L- (¢) - Z Hi<Mi(¢)>t—ti

t;<t t; <t
=3 ki (M (0)2 = (MHO)er) +2 S mjmiy ()M, (9)
ti<t by <t;<t
:Z”iNtift )+2 Z rjkiMi_y, (¢)M_y,(9)- (2.23)
ti<t t<ti<t

For s < t, we further decompose (2.23) into the clusters born before and after

time s.

= ZHiNti—t +2 Z Kv]/fz t t; )Mtl t; (d))

t;<s tj<t;<s
+ > RN (@) +2 D kM, ()M, (). (2.24)
s<t;<t t;<ti,s<t;

Similar to the proof of (ii), when ¢; < s, k; is F-measurable and for all n € N,
1(E5 = n) is Fi-measurable. Also, N/ , and Mtj_tj (o) M]_,.(¢) are a (Ff)-
martingales for ¢ > t;, since M7 (¢) is independent of M(¢). So the conditional

expectation of the first term in (2.24]) becomes,

S RN O|FE | = Do ml(E = n) Y BN, (0)1F)

t;<s n>0 i<n
=Y mlE=n)) Ni_,(9)
n>0 i<n
= > Nl (9). (2.25)
t;i<s

Similarly the conditional expectation of the second term becomes,

E|2 Z Kikj M, tt )Mtt )‘]:sa =2 Z Kt M )M;t(gb)

tj<t;<s tj<t;<s

(2.26)
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For the other two terms of (2.24)), again, as in (ii), note that Zf — Z5 is inde-
pendent of F¢, and since s < t; <t, Ny_, and Mf,tj are independent of F, we

have

E Z /iiNti_ti((ﬁ) + 2 Z HZHJM (¢)Mtl t; (9)|Fs

s<t; <t t;<t;,s<t;
=K Z ”iNthi(¢)+2 Z "GZKJM (¢)Mt t,(9) (2.27)
s<t; <t t;<t;,s<t;

= 0. (2.28)

In the last line we used the fact that each term in the random sums in (2.27)
has mean 0 along with Wald’s equation, as previously done in . Therefore
combining (2.24]), (2.25)), (2.26]), and (2.28), we have shown

E(NF (01 F5) = Y milNi g (0) +2 Y wimM{_y (9) ML (6) = N5(6)-

t;<s t;<t;j<s

Thus N°(¢) is a (Ff)-martingale and (M*(¢))¢ = [5 Xu(¢?)du

(b) The proof is identical to (a) but with x; = 1 for all 4.

We end this section by noting the trivial but very useful observation.

Proposition 2.2.3. For all non-negative measurable ¢,

(b) This is immediate from the definition of A° and A°.
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2.3 Tightness

Suppose €, — 0 as n — oco. The goal for this section is to establish the existence of
continuous processes X, and A as weak limits points of {X¢"} and {A4°"}. We will do this

by showing the two families of processes are C-relatively compact in D(Mp).

Definition 2.3.1. Let (S,d) be a Polish space. A collection of processes {X®}ner with
paths in D(S) is C-relatively compact in D(S) iff it is relatively compact in D(S) and

all weak limit points are continuous a.s.

Definition 2.3.2. Dy C Cy°(R) is separating iff for all p, p2 € Mp, with pi(¢) = pa(o)
for all ¢ € Dy, then py1 = puo.

Theorem 2.3.3 (Jakubowski). (Perkins, 2002, §11.4) Let Dy C Cy° be separating. A

sequence of processes X™ in D(MFp) is C-relatively compact in D(Mp) iff
(i) Vo € Dy, the sequence {X™(¢)}n is C-relatively compact in D(R).
(ii) The compact containment condition holds, i.e, ¥n,T > 0 there is a compact set
K, CR such that

supP <Sup X (Kyr) > 17) <.
n <T

Theorem 2.3.4. Let ¢, — 0, as n — oo, then
(a) X is C-relatively compact in D(MFp).
(b) A" is C-relatively compact in D(MFp).

Remark 2.3.5. An immediate consequence of Theorem [2.3.4] is that there exists a com-
mon subsequence ¢, — 0, and continuous Mp-valued processes X and A such that

(X¢en, A®n) converges weakly to (X, A).

To prove Theorem we will invoke Jakubowski’s theorem using the separating
class Dy = C'¢°, smooths functions with compact support. We will prove both condition’s

(i) and (ii) of Theorem in the next 2 subsections.

30



2.3.1 Proof of Theorem C-relative compactness of {X°"(¢)}, and
{A™ (o)}

Our goal in this section is to show that for all ¢ € C°, {X®(¢)} and {A%(¢)} are C-
relative compactness in D(R). Our main weapons to tackle this problem will the following

theorems:

Theorem 2.3.6. Let {Y"} be a a family of stochastic processes with sample paths in
C(R). Suppose for all T > 0, there exists o, 8, K > 0 such that for all0 < s,t < T and n,

E (Y, = Y]'|%) < K|t — s['*7.
Then {Y™} is C-relatively compact in C(R).

Proof. This is a well known result, and can be deduced from Corollary 3.8.10 and 3.10.3
in (Ethier and Kurtz, [2009). O

Theorem 2.3.7 (Slutsky’s). Let (S, d) be a metric space, and (X,,, X) be random elements
of SxS. IfY, =Y and d(X,,,Y,) — 0 weakly, then X,, =Y weakly.

Proof. This is Theorem 3.1 in (Billingsley, 2013, §1). O
Recall that by in Theorem m
Xi(9) = Li(¢) + M (¢) + A (9).
We begin by simplifying AZ(¢).

A5 (¢)
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Where I5(¢) is continuous process R-valued process, and A®(¢) is a (Ff)-martingale with

jumps. Therefore X; can be decomposed as
X;(0) = Li(¢) + M7 (9) + I} () + A5 (9). (2.30)

To show the C-relative compactness of {X(¢)}, we will handle each term of in-
dividually. Since L¢(¢), A°(¢), and I°(¢) all have sample paths in C(R), Theorem [2.3.6]
tells us that we want to find estimate on the moments of the increments. Even though
A (¢) contains jumps, we will show that it converges to 0 in probability as e — 0 thus
allowing us to use Slutsky’s theorem. We proceed to this in the next few lemmas.

Before we can bound the increments of Lf(¢), M*=(¢), and I¢(¢), the following

estimate on the total mass of X¢ will be useful.

Lemma 2.3.8. For all T > 0, and p = 2", n > 0, there are constants C(p,T) such that
forall0 <t < T,

(a) E(X(1)) =t

(b) E(X;(1)?) < Cp, T)t + dp1(e),

Where 6, 7(¢) = 0 as ¢ — 0.

Proof. (a) By letting ¢ =1 in (2.10), we get the that X¢(1) solves the SDE

X7(1) = M; (1) + A3 (1)

=M //1 G2)EE(ds, dx)
+ /0 / €25 (ds, dx) + /0 / eA°(ds, dx)
i+ e+ [ [ eLudes

VIE(1) + €25 + ¢ (2.31)

Since M€ and = are (Ff)-martingales, by taking expectations in (2.31]) immediately

gives us,
E (X:(1)) =t
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(b) Let T'> 0. We now proceed by induction on n for p = 2". In the case where p = 1
was shown in part (a). Suppose that there is a C(p,T), 6p7(e) — 0 for ¢ — 0 such
that,

E (X¢(1)?) < C(p, T)t? + bp.1(e). (2.32)

Lets now estimate the 2p-th moment. By applying Jensen’s inequality for sums to

we get,
E (X7 (1)) =E (M7 (1) + 255 + )7
< U (M (1) + () + 1)
_ 321 [E (Mf(1)*) + *E ((éi)”’) + tﬂ
=3%71C, [E (IME(D)]F) + *E ([éﬁ}f + 1) + t2p]
=3¢, [E <(/0 Xgu)ds) ) +e%PE ((E5)P) + % + tzp] . (2:33)

The second last line is true for some C, > 0 by the continuous version Burkholder-
Davis-Gundy inequality for previsible jump martingales as stated in (Perkins, 2002,
§I1.4), and by noting =€ has jumps of size 1. The last line is true because [Me(1)], =
(Me(1)), = fg X2(1)ds and (2°); = Z5. We will handle the two expectation terms in

(2.33)) individually.
We bound the integral term using Jensen’s inequality for P and our induction hy-

pothesis ([2.32)),

E(( [ zemas) ) <oE ([ xpds
0 0
_ /0 "B (XE(1)7) ds

t
= tp_l/ C(p,T)s? + 0p,r()ds
0

C(p, T
= p(i 1)t2p + 76, 7 (e)
T
< C];(zil)ﬁp + TP8,7(e). (2.34)

33



For the Z° term in (2.33), we note that = ~ Poi (é) It is an elementary fact that
the m-th moment of a Poisson random variable with mean A is a polynomial in A\ of
degree m with zero constant term. Which implies I ((5)?) is a polynomial in £ of

degree p and thus,
lim e?PE ((25)P) = 0. (2.35)

e—0

Therefore combining (2.33)), (2.34)), and (2.35]), we can conclude,

E (X7 (1))
C(p,T)
p+1

IN

3771, [ £ + TPy (e) + B ((55)) + €™ + 77

C(p, T _ -
= 3%71C, < p(i 1) - 1> % 4+ 3271, (TP5, 1 (c) + e”E ((Z5)P) + &)

C(Qp, T)t2p + 52p,T(5)-

Where d2, 7(¢) = 0 as € — 0.

O]

We will now use Lemma to estimate the increment moments of L"(¢),
Mo () and I (@),

Lemma 2.3.9. Lete, - 0asn —o00, T >0, ¢ € CX, and p = 2" for m > 0. There

exists Kr,(p, T, ), Kp(p, T, @) such that for all0 < s <t <T,
(a) E(|Li"(¢) — L3 (9)[) < Ki(p, T, 9)[t — s
(b) E (|M;"(¢) = M™(9)[) < Km(p, T, ¢) It — s

(c) E(II;"(9) — I (9)I) < lI8ll% It — s
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Proof. (a) We use the definition of L¢(¢) and applying Jensen’s inequality for |z|P to get,

E(ILi"(¢) — L3 (&)

-5 x5 ()

c [5 o(( 50
< % ];|t—syp1m: (/:Xgn(mdu)
% p

t
- |5 |t_s|P1/E(X5n(1)p)du.

We can esimate the integrand using Lemma [2.3.8

IN

<

<

E(ILf"(9) — L ()IP)

A¢
2
A¢
2
A¢
2
A¢
2

"= s / o T + 8y (o)
s (S el o)
(e o

(Bt o)

Since §,1(en) — 0 as n — o0, dp7(epn) is bounded by some D, uniformly in n.

Therefore we have a constant Kr,(p, T, ¢) such that for all n,

E(IL;"(¢) = L (9)I) < Ki(p, T’ @)t — sf”.

(b) Note that by the definition of M*(¢) in (2.8)), Nf(¢) = M7 (¢) — MZ: (o) is a continuous

(Ff)-martingale in ¢ for ¢ > s with square function,

(N () = / X5 (6%)du

Let’s bound the p-th moments by applying Jensen’s inequality for |z|’, and the
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Burkholder-Davis-Gundy inequality.

E (|M;" (6) — ME"(6)|)
= E(IN7(0)*)
< GE((N(6))})

t P
= e (( [ xer@) )
° t _ P
< Cp!\¢\\§£E(< / Xi"(l)du> )
t
< G812t - sP'E ( / sz)pdu)
t
= Gyl — s / E (X5 (1)?) du.
Again, we apply Lemma to get,
E (|M;"(¢) — M (¢)[*P)

t
Cyll )22t — s / C (0. T) P + 6, p(en)du

C(p,T)
p+1

IN

IN

Gyl — P! (

CpT)
= 2p ’
ooz (S

|t —sP™ + Dyrlt — sy)
TP +D,,,T> It — s|P.

Just as in part (a), we assumed J,7(ey) is bounded by D, 7. Therefore there is a

Ky (p, T, ¢) such that for all n,
E (|M;"(¢) — Mg (9)*) < Km(p, T, ¢)|t — s|P.
(¢c) We proceed directly by applying Holder’s inequality,
)

E (17" (¢) - I (9)]") = E ( / /<<Z>7 ¢§n>;¢(w)1(@’l($) = 0)dzds

P
<

' 1
| 161l In—-v(e)dads

= [|oll5 It — s[”.
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Lemma 2.3.10. For all T >0, ¢ € C}°. Af(gf)) converges to 0 uniformly on [0,T] in L?

as € — 0.

Proof. Since A" (¢) is a (Fc™)-martingale, Doob’s strong L? inequality tells us,
E (fgg Ai(cb)?) <4E (AET(cb)Q)
.
—4E (T | [ @ = o= as.an)
=4 [ [to.0mh10 @) = 0n(ds.do)

4 1
<a [ [lolez 1 vta)dads
— 4T|ol%e

— 0,

as € — 0. Therefore A*"(¢$) converges to 0 uniformly on [0, 7] in L. O

With Lemma [2.3.9 and [2.3.10| in hand, we are now ready to show {X*"(¢)} and

{A%(¢)} are C-relatively compact in D(R).

Proposition 2.3.11. Suppose g, — 0, for all $ € C°(R), then
(a) {X°(¢)} is C-relatively compact in D(R),

(b) {A%(¢)} is C-relatively compact in D(R).

Proof. (a) Let ¢ € Cp, and T > 0. Since X" (¢) satisfies ,

X () = Lim(¢) + M (¢) + I (¢) + A ()

= Y7 (9) + Af*(9).

Where Y (¢) is a stochastic process with sample paths in C(R), and A% (¢) is a

(F;™)-martingale with jumps. We will first show that Y (¢) is C-relatively compact.
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For 0 < s <t < T, we proceed by bounding E|Y; " — Y7 |?P| by applying Jensen’s
inequality to |z|?? and Lemma [2.3.9
E’}/;Jé‘n o Y'Sen|2p

E|(Lf*(¢) — L () + (M (9) — M (¢) + (7" (9) — I ()

< 377 (E|L§(9) — L (@) + E[MF"(¢) = ME" (@) + E |1 (9) — I3 (0) )
< 3PH(KL(2p, T, )t — 5| + Kur(p, T, 9)|t — s|” + || ¢l|22]t — s[**)
< 371 (Kp(2p, T, )T7 + Kar(p, T, 0) + 6]277) |t — 5]

KY(p’ Ta ¢)|t - S|p7

for some Ky (p, T, ).

Therefore we have by Theorem [2.3.6] Y (¢) is C-relatively compact in C(R). Suppose
Y (¢p) converges to some continuous weak limit point Y (¢), by possibly passing
through a subsequence. If dp represents the metric that induces the Skorohod Ji
topology on D([0,T7]), then

dr(X°H(6), Y7 (9) < sup| X{"(¢) = Y (9)] = sup A% (9)
t<T t<T

By Lemma [2.3.10] we have sup,<p Aen(qb) converges to 0 in L? and hence weakly.
Therefore Slutsky’s theorem tells us X" (¢) — Y (¢) weakly on [0,7]. Thus X" is

C-relatively compact in D(R).

Theorem and Lemma c) tell us that I (¢) is C-relatively compact in C'(R).
It follows that A" is C-relatively compact in D(R), by identical reasoning as the last

paragraph in the proof of (a) by replacing Y with I°» and X¢ with A®".

2.3.2 Proof of theorem Compact containment condition

Now that we have shown part (i) of Jakubowski’s theorem, it remains to show that { X<}

and {A°"} satisfy the compact containment condition. Before we begin, it will be useful
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to find an estimate on E (X°([—R, R])) for R large. For the remainder of this section, we

fix ¢ to be a a smooth approximation to 1([—R, R]¢) such that
L(R+1< |z]) < ér(r) < LR < |z]).

Lemma 2.3.12. For all n,T > 0 there exists a compact K, large enough such that for
allt <T

E (X7 (K5 7)) <,

uniformly in €.

Proof. Since X¢ is a solution to (2.10]), we have a Green’s function representation of (2.10)
(which can be deduced from (Perkins| 2002, §11.5)),

X: () = / /Pt sdRA%(ds, dzx) / /Pt sbr(z)M(ds, dz), (2.36)

Where P; is the Brownian semigroup. So we have

E(X{([-R—-1,R+1]%) <E (X (¢r))

=E (/()t/Pt_sqﬁgAE(ds,dx))
B ( [ [ip o 6= ds, )

t
/ (P, 67)A% (ds, du)

t

S— S—

/ (Pr- s, 6%) (@) drds. (2.37)
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We now need to control P;,_s¢gr. If |z| < %,

_lz—y|?
Pron(a) = [ <=5 ontiy
o 2
< / _ 1 yl dy
/' 22
= _sz
\fz+a:\>R V
2
< e~ dz
/ z|+\x|>R V2T
= / _sz
22
< / T 2dz.
T
Where we made the substitution z = % By picking R large enough then we have for
2| < &,
n
P, 2.
1oR(x) < o (2.38)
Also since 1 is integrable, we can pick R large enough such that
/ W(w)de < L. (2.39)
2> £ -1 2T
We now return to (2.37)),
t 1
| [ Pestn. o v(a)dnas
t 1 t 1
= [ [, P iv@dsds+ [ [ (P i@deds
0 Jz[>2-1 € 0 Jlz|<Z-1 €
= I + 5. (2.40)
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We will handle both I7 and Is separately.
t 1
h= [ | (Ponon) v@nds
0 Jz[>E-1 €

t
> 1
< / / | Pr—sbieloo |62 1 op () s
0 Jz[>E-1 €

t
1
<[], lonlweiydss
0 Jz[>E-1 €

_ /Ot /|x|>§_1 b(x)dads
n

<t—
- 2T

< g (2.41)
The first inequality was by Holder, and the second was because P is a contractive semi-

group. The third inequality was by (2.39). Before we move onto I, we should note that

for all bounded function f on R,

z++/e T
JA
z—+/E €

( . f> /@(y) "
[x_\/ng+\/a €

= sup f
[l“*\ﬁ:l”r\/a

< sup f. (2.42)
[x—1,2+41]

1 o
g<f7¢s> -

IN

The last inequality was because we can assume € < 1. Therefore by combining (2.38)), and
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(2.42) we get,

! 1
Iy = P, ybr, ¢%) = (z)dzd
2= [ ]y (Pt ) bt

t
g// sup P,_s¢r | ¥(x)dxds
\:v|<571 [z—1,2+1]
dxds
//z|<R 12T )

< t—
2T

<

1\3\3

(2.43)

Finally, combining (2.37), (2.40)), (2.41)), and (2.43)), we get the existence of a K, r =
[R — 1, R+ 1] such that, for all t < T,

E (X (K1) <.
O

Before proceeding to the compact containment condition for {X¢}, we will need

the following estimates on the mass of L%, M€, and A°.

Lemma 2.3.13. Suppose n,T,R > 0. If

supE (X ([~ R, BI)) <,

then we have the following:

(a) E (sup L (én) ) HMR

(b) E (Sup Mf(ch)) < 2/Thn,
t<T

(c) E (supAf(d)R)) < T/ P(x)dx.
t<T |z|>R—1
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Proof. (a) We proceed by directly using the definition of L.

E (sup L§(¢R)> =E (sup /t X: (AZ)R> du)
t<T t<T Jo

AQSR T YV E c

<52 = ([ xe-nme )
A T

_ %R } /0 E (X5 (R, R)")) du
Agp

< |5 T

(b) By Hélder’s inequality and Doob’s strong L? inequality we get,

E (sup Mf(sbR)) <E <sup MtE(QbR)Q)

t<T t<T

< 9 (M5 (¢p)2)?
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(c) Finally,

= (g ) < (p it

e o)
cx([ fonsas)
= / [(on.on(as. o
/ [(on.0 vi@duds

=7 [ (6n.0%) 0 @)

Since we are taking limits as ¢ — 0, we can assume ¢ < 1. Therefore by (2.42) we

have,

1
—(¢r,92) < sup  ¢r(y) < sup LR <|z]) =1(R—1<|z]).
€ ly|<|z|++ve ly|<|z|+1

So we have shown,

We now prove that {X¢} and {A°} satisfy the compact containment condition.

Proposition 2.3.14. {X¢} and {A®} satisfies the compact containment condition. I.e,
For alln,T > 0, there is a compact K, r such that,

(a) supIP’ <supX (K1) > n) <n,

t<T

(b) supP <supA§( ) > 77) <.
€ t<T
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Proof. (a) Let n,T > 0. By Lemma [2.3.12| we can find R large enough, depending only
on n* and T such that,

supE (X7 (=R, RJ)) <"

Where n* > 0 will be decided later. By using 1(R + 1 < |z|) < ¢r(z) and Lemma

[2.3.13] we have

P (sust([R -1, R+1]° > 17)

t<T
<P <SUPX€(¢R) > n)
t<T
- E (sup;<r X¢(¢r))
o n
<! [E <sup L <¢R>) +E (sup Mg (m)) +E (sup A5 w)]
n t<T t<T t<T
< 1 <‘ AQSKH Tn* +2y/Tn* +T/ w(a:)dx> . (2.44)
Y 2 s |z|>R—1

Since 1 is integrable, we can pick R large enough so that

/|xl>R1 W(@)dz < . (2.45)

Therefore by letting n* be small enough, such that (2.44]) is less than 7. Therefore we
have found a compact set K, 7 = [-R — 1, R + 1], such that,

P <sup XKy 1) > 7]) <, (2.46)
t<T

independent of e.

(b) Let R and K, 1 be as above. By using 1(|z| > R+1) < ¢r(x) and Lemma [2.3.13] we
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have

P <sup A*(Ky r) > 77) <P <sup A*(¢r) > n)

t<T t<T
_ E (supycr A%(9r))
o n
T

< — Y(z)dx (2.47)
N Jjz|>R-1

<1,

independent of €. The last inequality was because (2.47) was smaller than ([2.44))

which is less than 7.

Thus we have finally proven Theorem

2.4 SPDE characterization of limit points

We now have by Theorem the existence of a sequence &, — 0 as n — oo and
continuous Mp-valued processes X, A such that (X°», A°") converge weakly to (X, A),
possibly by taking subsequences. Let F; be the filtration generated by the processes X
and A, ie.,

Fi =0 (X5, Agls <t).

We want to show that for all ¢ € C7°, X admits an SPDE representation of the form,

Xi(¢) = Li(9) + My(9) + As(9).

£ = | X, (?) s,

and M (¢) is a continuous (F;)-martingale with quadratic variation (M (¢)): = fot Xs(¢?)ds.
By rearranging the terms in ([2.9), we have for all ¢ € C3°,

Where

M () = Xi™ () — Ly (6) — AF™(9), (2.48)
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is a (F;")-martingale with quadratic variation (Me), = f(f X&n(¢?)ds. The plan of attack
to argue we get our desired M (¢) by taking limits of M*» as n — oco. Before we proceed,

it will be convenient to work with almost sure convergence as opposed to weak.

Theorem 2.4.1 (Skorohod Representation Theorem). (Billingsley,|2013, p. 70) Let (S, d)
be a Polish space, and suppose X", X, be S-valued random variables (on possibly different
probability spaces) such that X™ converges weakly to X. There exists a probability space
(Q,]}, I@) and random variables X'”, X with the same law as X" X and ﬂ”—a.s,

For the remainder of this paper we will assume that without loss of generality that
we are working on a common probability space where (X», A**) converges a.s. to (X, A)
in D(Mp) x D(Mp).

Note that for all ¢ € Cp°, X — X (¢) in a continuous map from D(Mp) — D(R)
and X — [; X (%) ds is a continuous map from D(Mp) — C(R). This implies for all
¢ € CX, as.

lim X7 (¢) = Xi(¢),

n—0o0

lim A" (¢) = Ai(¢),

n—o0

and,
, . ) oo (Ag t A
nh_r)I;OLt (¢) = 7}1_r)rolo ; X; <2> s —/0 X <2> ds = L(¢).

Therefore a.s.,

lim M7 (¢) = lim X;"(¢) — Li" () — A" (¢)

n—o0 n—oo

— Xi(¢) — Lu(9) — A4(9)
= My(9) (2.49)

If Nen(¢) = Me(¢)? — (M= (¢)) is the square (F;")-martingale for M"(¢). Similar to
above, for all ¢ € C°, X — fg Xs(¢?)ds is a continuous map from D(Mp) — C(R),
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which implies a.s.

lim Ni"(¢) = lim_ M () = (M (¢)):

n—oo

= lim M;"(¢ / X (¢*)ds
n—00

— My(6)? - /0 Xo(¢)ds

= Ny(¢). (2.50)

Since X, L and A are continuous, we have that M(¢) and N(¢) are also continuous. It
remains to show that M(¢) and N(¢) are (F;)-martingales. Note that for all 7" > 0,

Burkholder-Davis-Gundy inequality and Jensen’s inequality for 22 gives us,
E (sup Mf"(¢)4) < CE ((M**(¢))7)

t<T
T 2
=CE Xen 2d>
</0 = (¢2)ds
T
=CTE [ X"(¢%)d
/0 = (62)2ds
T
< CT|4|4LE / Xen (1)%ds
T
— oT)é|L / E (X5 (1)%) ds (2.51)
0

We can estimate the integral in (2.51)) by applying Lemma [2.3.8

T
E <sup an(¢)4> < OT||¢||‘;O/0 C(2,T)s* + Sa1(en)ds

t<T

_ 4 C(ZaT)TB
—crlalt, (2

+ T52,T(5n)>

C(2,T)T*

4
< clol (92

+ TDQ,T)

< 00

The last line used the fact that d; r(e,) — 0 as n — oo, and is thus uniformly bounded

in n by some Do 7.
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Hence we have shown that M;"(¢) and N;"(¢) are L* and L? bounded respectively
uniformly in n and 0 < ¢ < T. Therefore {sup,<; M;"(¢)} and {sup,<r N;"(¢)} are
uniformly integrable, which along with and imply M¢"(¢) — M(¢) and
Nen(¢) — N(¢) in L.

L' convergence and the fact that M®"(¢) and N°"(¢) are (F;")-martingales, imply

for all W : Ml%m — R be bounded and continuous and s, ... 8,,s <t,

0= lim E ((M;"(¢) — M () W(X5r, ... X5n AT, .. AT))

) )]
n—o00 s1 S1

81

= E ( lim (M (¢) = MEM(0)W(XEy, . Xon, ATy, A7)

= E((My(6) — Mo(@)¥(Xay. o Xop Asy. - As) (2.52)
Similarly,
0= lim B ((NF*(¢) = NE"(6)W(Xe,... Xn, A, A7)
= E ( lim (N;"(6) = NE“(6) WX, X0, AT, A7)
=E ((Ni(¢p) — Ns(0))V(Xsyy ... X, Asyy ooy As))) (2.53)

Therefore we can conclude by (2.52)), and (2.53) that M (¢) and N(¢) are (F;)-martingales.
Since Ni(¢) = My(¢)? — fot X(¢?)ds is a (F;)-martingale, we have by the uniqueness of

quadratic variation, (M (¢)); = fg X,(¢?)ds. We have proven the following.

Theorem 2.4.2. If (X, A) is a weak limit point of (X", A*") as €, — 0, then for all
¢ € C°(R), X satisfies the SPDE,

Xi(¢) = Li(9) + My(9) + Ai(9). (2.54)

Where M(¢) is a continuous (Ft)-martingale with quadratic variation,

t
(M(6)): = /0 X, (¢%)ds.

2.5 Density of X

We now have the existence of a sequence &, — 0 as n — oo, and continuous Mg-valued

processes X, that satisfies the SPDE ([2.54)), such that X°» converges weakly to X.

49



Recall we have a process u®" with sample paths in D(Cy) defined by ([2.5)), satisfying
X/ (dz) = ui™ (z)dx. We will now show that there is a process u such with sample paths
in C(Cy) and satisfies X;(dx) = ui(z)dz. We will show that u can be determined as weak

limit point of u®®, by the following theorem.

Theorem 2.5.1. If ¢, — 0 is defined as above, then {u"} is C-relatively compact in

D(Cy).

An immediate consequence of Theorem [2.5.1]is we get the existence of our process

continuous Cy-valued process u.

Corollary 2.5.2. Ifu®" converges weakly to u, then a.s. Xy(dx) = u(t, z)dz. In particular

this implies that the limit points are a.s. unique.

Proof. By Theorem [2.5.1] and Skorohod representation theorem, we can assume without
loss of generality that u®» converges to u a.s as Cy-valued processes, possibly by taking a

subsequence. This implies on all compact sets, u°* to u uniformly. Then for all ¢ € C2°,

n—o0

/ o(z)ult, z)dx = / lim ¢(z)u (t, z)dx

= lim | ¢(z)u(t,z)dx

n—o0

= lim X;"(¢)

n—o0

= Xi(9).

The exchange of limits was justified because u®® converges to u uniformly on the support
of ¢. The last line used the fact that X;" convergences weakly to X. Thus X; is absolutely

continuous with respect to Lebesgue measure and X;(dz) = u(t, z)dz. O

We now have the existence of sequence ¢, — 0 as n — 0o, and continuous M p-

valued process X, A, and Cy-valued process u such that

(X, A% ut) — (X, A, u),
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weakly, possibly by taking subsequence. By Skorohod’s representation theorem, we can
assume without loss of generality that all the random variables are defined on a common
probability space and the convergence is a.s. Finally by taking subsequences, we can

further assume that

D en < 0. (2.55)

It remains to justify Theorem [2.5.1]is true. We will do this in the following section.

2.5.1 Proof of Theorem [2.5.1: C-relative compactness of {u®}

The proof of Theorem [2.5.1]is quite technical so we will just give an outline. Recall that,

o8 (y) = Vo (ygs) .

Where ¢ : R — Ry is a Lipschitz functions supported on [—1, 1] satisfying ||¢|;1 = 1, and
|¢lloc < 1. For now instead of working on Cj we will work on C'(R) the set of continuous
functions from R to R, equipped with the compact-open topology.

Our main tool to show {u®} is C-relatively compact in D(Cp) will be the following

modification of Theorem B.3.61

Theorem 2.5.3. Suppose {Y™} is a family of stochastic processes with sample paths in
C(C(R)) andp > 1 and a,b > 2 such that for all T > 0, and there is a C(T) > 0 satisfying

E (| (2) - Y5 @)) < CT) (Jt = ¢+ |o — ') |
for 0 <t t' <T and |z|,|2'| <T. Then {Y"} is C-relatively compact in C(C(R)).

Recall if u¢ is density of SBM X* with initial law ¢%i(2)dz, then Theorem III.4.2

in (Perkins, 2002, §III.4) showed that the Green’s function representation for u’ is,

t
i(z) = /0 [ Prect = ), dy) + Pis (o). (2.56)
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By substituting (2.56)) into (2.5)), we get the following Green’s function representation of

= [ [P onrsan + [ [ resrons o) =0 @ a

= Ny (z) + H; (z) (2.57)

uc.

We further decompose H; () using the compensated PPP to get,

0= [ [Psns o) =on s + [ [ Ao o) =0 )
= hi(x) + Hi (z). (2.58)
So we have,
uf(x) = Ni (z) + hi (2) + Hf (x), (2.59)
where H® (x) is a jump martingale. We will deal with each term individually. The analysis

in Theorem II1.4.2 in (Perkins, 2002, § II1.4), shows that {N¢} is C-relatively compact in
C(C(R)). To deal with h® we note the following estimate.

Lemma 2.5.4. Let T > 0. Then there is a C(T') such that for all 0 <t <t < T and
|z], |2 < T,

Wi (@) = by ()| < O(T) (VE= + o —'])

Proof. This is a lengthy computation. O

Lemma in combination with Theorem gives us h® is also C-relatively
compact in C(C(R)). Tt remains to deal with H°. Burkholder’s inequality for jump

processes eventually yields the following two estimates.

Lemma 2.5.5. Let p > 1 and T > 0. There is a C(T) > 0 such that for all 0 <t < T
and |z|,|2'| < T,

E (|87 (2) - Hi (@) < C(D)ef |z — o5,
Lemma 2.5.6. Letp > 1 and T > 0. There is a C(T) > 0 such that for all0 <t' <t <T
and |x| < T,

E (|87 (2) - Hi (@)l") < O(T) (Jt - ¢)F +&F).
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The discontinuity in ¢ of H® prevents us from directly applying Theorem [2.5.3] To
fix this issue we will approximate H¢ with the continuous process H¢ defined as follows.

For all ¢t € {ie?|i € N} = G, 4 for ¢ > 1,
HE(z) = Hf (x). (2.60)

For t ¢ G., we linearly interpolate in t. Now Lemma [2.5.4] 2.5.5] and [2.5.6] imply that
for all t,t' € G, 4, such that 0 <t <t < T we have a C(T),

E <’ﬁt€(l‘) - ~f/($')|p> < O(T) (!:B — 2|5+ |t -2 +5§)

b

= C(T) (ya: — T+t + (sq)2q>

< O(T) (yx —dE -tk + \tft’|2£q)

< C'(T) (\x . t’yz%) . (2.61)

The last line used the fact that ¢ > 1. By linear interpolation we have holds for all
0 <t <t <T. Therefore Theorem applied and we have He is C-relatively compact
in C(C(R)). To show that H¢ is C-relatively compact, by Slutsky’s theorem it suffices to
show that HE — H* converges to 0 weakly. Let z € R, 0 < t < T, and suppose that ¥ is

compactly supported.

|H () — Hi (2)]

<C sup |Hi (z) — Hizq(2)|
1e9<T,t€[ied,(i4+1)e9]
ied
< C sup / /|Pt5¢g(:z) — Pica_s¢¥(x)|=°(ds, dx)
0

1e9<Tt€[ied,(i+1)eq]

t
+C sup / /Pt_s(z)g(:c)Ee(ds,dx) (2.62)
(i+1)e9) Jiga

1e1<T te(icd

Now one can show that the difference in the first integrand of (2.62) is bounded by €% and

the using the fact that P is a contractive and ||¢¢]|c < v/, we get the second integrand
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is bounded by y/z. So (2.62)) becomes,

sup |HE () — Hi(x) < C (6355([0,T] X R) + 2 sup =5 ([ie", (i + 1)e] x R))
zeR LT €ed<T

(2.63)

We can show that (2.63) goes to 0 is probability uniformly on [0,7] x R. Hence we have
proven that {u°} is C-relatively compact in D(C(R)). By using the compactness of
along with the modulus of continuity of SBM derived in (Perkins, 2002} §III.1), we can

bootstrap to get that {u®} is C-relatively compact in D(Cy).

2.6 Domination of Immigration

Recall that the SBM populations X* born at time ¢; with initial law ¢%i(z)dx only con-
tribute to X¢ if the previously contributing populations do not occupy any space at x;.

Therefore A only contribute to the population when,
L(ug,_(z;) = 0).

Our goal will be to show the same holds in the case of A. In this section we will justify
A only contributes to the population X whenever X only at the locations X occupies no

mass. In other words we will show that the Mp-valued process A satisfies,
Ai(dz) < 1(ut(x) = 0)dx.
We do this in the following theorem.

Theorem 2.6.1. For all non-negative ¢ € Cy°,

t
40) < [ [ dyta)iu(a) = v)dods (2.64)
0
Before we prove Theorem we will need the following lemma.

Lemma 2.6.2. Let f be a continuous function, then

lim {f,¢) = f(x).

e—0 IS
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Proof. Using the fact that € = ||¢Z||1, we have

[ty =1

Let S? = supp(¢?) = [z — Ve, + /¢]. We we now compute the limit.
]| [
i rer
< [156) - f<w>r&dy
(supf 1nf f) / ey
= (s&pf—iggﬁff) .

Since f is continuous we have that as ¢ — 0,

IN

limsup f = hm 1nf 7

e—0 Sz

and thus
hm <f7 ¢6 >

e—0 IS

= f(x).

With the lemma in hand, we are now ready to prove Theorem [2.6.1

Proof of Theorem [2.6.1. We know from (2.29) that

A (g) = I (¢) + AT (9).

95
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So we have for all T' > 0, by Doob’s strong L? inequality,

EZE(ggﬁww%)
4%EC@@@

- %ﬁ(AT/wwgmmwwzm@u@@@f
- S fen 00 - ones )

< S [ 1o Lotwasas

= quHinggn

< o0. (2.66)

IN

N

The last line was because of (2.55)). By applying Fubini’s theorem, we can exchange the
sum and expectation in (2.66) to get,

E <Z sup Ai"(¢)2> < 0.

—4<T

This implies that ) sup;<p ASm(¢)? is finite a.s. and thus, a.s.

lim sup A" (¢) = 0. (2.67)

n—oo tST

By (2.65) and (2.67) a.s.,

A(9) = lim A%(¢) = lim I*"(¢).

n—oo n—oo
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We will now simplify the right hand side, and use Fatou’s lemma.

A(¢) = lim I%(9)

n—oo

= lim / / 6, 6% () = 0)A* (ds, dz)
= tim [ [t002) L v o) = oydeas
/ / timsup(s, 6%, ) - ! (@)1 (a5 (2) = 0)dads (2.68)

n—o0

/ / lim < o, ¢§n>€n> ¢(x) limsup 1(uS" (z) = 0)dads

n—o0 n—00

/ / () (x) lim sup 1 (" (x) = 0)dads, (2.69)

n—oo

We have is true by the reverse Fatou lemma applied to the measure 1(s < t)i(z)dzds,
and the last line was by Lemma [2.6.2] It remains to deal with the limsup term. Since
u" converges to u a.s. as Cp-valued processes, we have u®" convergences to u uniformly
on compact sets and hence point-wise. This coupled with the fact that u is continuous,

En

we have a.s. u"(x) — us(z) as n — oo. Since the indicator of a closed set is upper

semi-continuous, and u is continuous,

limsup 1(uS" (x) = 0) < 1(us(z) = 0).

n—o0

Therefore (2.69)) becomes,

<[ [ ot = oyasds

O

So we have that A is a continuous increasing process which only increases on the
zero set of X. There we have shown that X is SBM with immigration A only active where

the population X does not occupy space.
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2.7 Non-triviality of X

Up until this point we have shown the existence of a continuous Mpg-valued process X

that satisfies the SPDE, for ¢ € C°,

Xi(¢) = Li(¢) + Mi(9) + Ai(9). (2.70)

Where M (¢) is a continuous (F;)-martingale with quadratic variation (M (¢)); = fg X (¢?)ds,
and

A(ds,dx) < (x)1(X(s,x) = 0)dsdz.

Even though we have shown the existence of X, as stated, X = 0 is a potential solution
to (2.70). The remainder of this section will be devoted to ruling out this possibility and
showing that X is indeed non-trivial.

By definition, X*¢ is the sum of independent SBM clusters with initial mass €, it

will be useful to know how long these clusters live for.

Proposition 2.7.1 (Distribution of lifetime). Let 7 denote the lifetime of a SBM X with

initial mass €. Then T has a density given by,

Proof. A proof of this result is given in (Perkins, [2002, p. 171) by analysing the Laplace

functional of Super Brownian motion. O

If (t;,2;) ~ =° is the time and position of a SBM cluster X with initial law
#%i(2)dz, then we have 7;, the lifetime of cluster X* is independent of (¢;, z;). Therefore
we can extend Z¢ to a new PPP Z° on [0,00) x R x (0, 00) representing the time, position

and lifetime of the the cluster with rate,

2e _2e
726 T dT
T

1
A*(dt,dzx,dr) = gdtw(m)dx

2 e
= —26_27¢(;U)dtda:d7.
-
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¢ into the clusters that live longer than time 1 and clusters that die

We will now thin =
before time 1. This gives rise to two new independent PPP’s, =1¢ and 22¢ with rates A€

and A%< respectively given by,

~ 2 e
AYE(dt, dz, dT) = —267271/1(33)1(7' > 1)dtdzdr,
T

- 2 e
A2 (dt, dz, dr) = e~ 7 () 1(r < 1)dtdadr.
T

We now suppose ¢ > 0 is fixed, and (t;,z;,7;) ~ = and (s5,Y5,05) ~ Z2¢. Let

{U%} be independent SBM with initial law ¢%i(z)dz originating at (¢;, ;) conditioned to
live greater than 1 unit time. Similarly, let {V/} be independent SBM with initial law
¥’ (2)dz originating at (s;,y;) conditioned to die by time 1. We will assume without loss
of generality that clusters are generated in chronological order, i.e t; < t;41 and s; < s41.
Note that all the terms defined depend on e, however the ¢ was suppressed for notational

convenience.
The plan of attack is as follows. Let (¢;,x;) denote the time and position of the

first SBM cluster U generated by =1<.

1. We will show for all & > 0 small enough, that there is a p, > 0 independent of ¢
such that, ¢; < o and U! will contribute to X¢ with probability atleast p,. This

will imply that for all ¢ > 0
XE(1) = 1(t = 0)UL,, (1), (2.71)
with probability atleast pq.

2. We will then show that for all ¢ > 0 there is a ¢ > 0 independent of &, such that
that U} (1) > 1 with probability at least g.

3. We will use steps 1 and 2 along with weak convergence to show that

P(X5(1) > 1) > 0.
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2.7.1 Contribution of long living populations to X°

Our goal in this section will be to complete step 1 of the program laid out above. We

will show that U' will both be generated before time o and will contribute to X¢ with

probability at least p, > 0 independent of . First let us analyse the time that U' is

generated.
Lemma 2.7.2. (a) t; is (Ff)-stopping time.

(b) t1 is exponentially distributed with rate

(¢) For all o > 0 and & small enough,

P(tl < Oé) >1—-e“

1]:

Proof. (a) Recall _L} €~ Poi(]&% “) is the total number of points generated by Zb

and including time t. So

{t1 <t} ={2]° >0} € F.

(b) Let us compute the distribution of ¢;.

P(t; < t) = P(E}° > 0)

t 00 © 9 .
=1—exp —/ / / —267271“:1:)1(7 > 1)d$da:d7'>
0 J-—oJo T

This proves part (b).
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(c) Since A — 2 as € — 0, we have for € small enough, A > 1. Thus by (b),
Pty <a)=1—e>1—¢%>0.
O

For all 0 < s; < t; < o, we want the corresponding clusters V7 to have no mass
at (t1,21). In order for this to happen we need to get some control on the support of V7.
The following theorem on the modulus of continuity, gives us an estimate on the support

of a SBM.

Theorem 2.7.3 (Modulus of continuity). (Perkins, 2002, §111.1) Let X be a SBM with

initial law Xo, then for all 0 < p < %

(a) There is a §(w) > 0 such that for 0 <t < o

supp(X;) C {z : 3z € supp(Xo), [z — 2[ <7, }.

(b) There is some p and K such that for all o> 0,

PO < a) < KXy(1)a’.

Let ¢; denote the time where the modulus of continuity is satisfied for SBM cluster
V7 as described in Theorem Let A7, denote the event that for all s; < «, the

corresponding V7 have a modulus of continuity 0; > a.. Equivalently,

A= () {6 > a}.

s;<a

We will now find an estimate on AZ, occurring.

Lemma 2.7.4. There is an K, p > 0 such that

P(AS) > e Ko
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Proof. Since ¢; only depends on the initial mass, and V7 are independent clusters with
mass €, we have §; are iid random variables. We then define p = IP’(<5 i > «a), and as before,
let Z5° ~ P01(A “) denote the the number of points generated by Z%¢ until time . To
simplify notation, let A = A% be the average number of points generated by Z%¢ by time

a. We now compute P(AS).

PAS) =P ( [] 6>

s;<a

= ¢ M1P), (2.73)

We now compute A,

/ / / T (z)drdzdt = e e %, (2.74)

Also by Theorem
1-p=1-P@; >a) =P < a) < Kea” (2.75)
Combining (2.73)) with (| and , we get
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We now condition on the event BS = {t; < a}n A%, ie, the event where U! is born
by time a and all the V7 born before time « satisfy d; > a. Since {t; < a} only depends

on the =1 and A only depends on V7, which are both independent from each other, we

have {t; < a} and A are independent events. Therefore by Lemma [2.7.2] and [2.7.4] we

have for all ¢ sufficiently small,

P(BZ) = P(t; < a)P(A5) > (1 —e e K™ =, > 0. (2.76)
Before we proceed, it will be useful to define the space-time graph of a V7,

Definition 2.7.5. Let X be a Mp-valued process, let G(X) be the space-time graph of
X defined by,
G(X) = {(z,t)|z € supp(Xy)}.

Let G’ denote the space-time graph of the shifted process 1(s; < t)VtJ_ 57 which
just ends up being the G(V7) shifted up by s;.

Gi=aq (1(sj < -)v_{sj) = G(V7) + (s;,0).

If C¢ is the event that U' will contribute to X¢. Then this will occur if (¢1,21) ¢ G for

all j. Therefore
C° o (Wt 21) ¢ &) (2.77)
J

We now estimate the probability of U! contributing the sum given BS has occurred.
Proposition 2.7.6. For all a > 0 we have for all € sufficiently small,
P (C°|BS) > exp(—32||¢)]|ccx®) > 0. (2.78)

Proof. We begin by noting that by translation, we can assume without loss of generality
that (t1,21) = (0,0). Suppose that a cluster is created at (s;,y;) with lifetime 7; and

—a < s; < 0. We want to estimate the probability that (s;,y;) & G’. Since we are only
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interested in —ar < s; < 0, we restrict our space-time graphs to [—a, 0] x R. The modulus

of continuity tell us that for p = i < %, we have on B¢,

Gj|[—a,0]><R C (37 y) 1 (279)
ly — 2| < |s — sl
Also (2.77)) implies.
P(C°|B;) > P(vj,(0,0) ¢ G7|By)
=1-P(34,(0,0) € G/|BS). (2.80)

We will now use (2.79) to find an upper bound on P(3j, (0,0) € G’|B%). We have

two cases:

Case 1: |y;| > \/e.

In this case (s;,0) ¢ GY, since Voj = ¢¥(2)dz is support on [y; — v/z,y; + /€] and
doesn’t contain 0. Note that for s > s; > —a, tells us (s,y) € GY, if for some
z € [y; — Ve y;+ Vel

ly— 2l <s— 5|1 <= s>s;+y—2[". (2.81)
This implies if (0,0) € G7, then
028j+’0—2’423j+(’yj’—\/g)4 > 55 > —a. (2.82)
By rearranging , we get s; and y; must satisfy
—a<s <= (lyl-ve)', (2.83)

and,
VE< |yl < of + V5, (2.84)

respectively. Also for (0,0) € G to be true, the cluster needs to live long enough to hit
the origin, so

‘Sj‘ S Tj. (2.85)
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Let A be the set of (sj,y;,7;) such that (2.83), (2.85)), and (2.84) hold. So if

=2¢(A) > 0 then (0,0) € GJ for some 7.

Case 2: |y;| < /e.
¥ (2)dz which occupies mass at 0. Having (0,0) € S/ implies
|. If B is the set

In this case the Voj
that V7 lives at least |s;|, which implies there is cluster such that 7 > |¢;
of (sj,y;,7;) such that 7; > |s;|, —a < s; < 0, and |y;| < /€, then Z25(B) > 0 implies

(0,0) € G7 for some j.
Combining case 1 and 2, we have shown that
{37,(0,0) € G} € {22°(A) > 0} U {E**(B) > 0} = {E2¢(AU B) > 0}.
Since AN B =), {Z%°(A) > 0} and {Z>¢(B) > 0} are independent events. This implies,
P(3j,(0,0) € §7|B;) <P(E>°(AU B) > 0|B;)

=P(E**(AUB) > 0)

=1-P(E*>(AUB) =0)

=1 —exp(—A**(AUB))
=1 —exp(—A%*(A) — A%4(B)). (2.86)

The first inequality used B, depends on ¢; and t1, both of which are independent of 52
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Whe last line used the fact that A and B are disjoint. So now lets compute A5(A), A5(B).

IN

(lyl-ve)*
/ / 76771/1 )drdsdy
VE<lyl<at +yE ls| T

—(lyl- ﬁ) 0 q
2|¢Hoo/ \ / / — drdsdy
VE<lyl<at+vE J—a sl T

In the second last line we used the substitution,

-
2er00/ log|—*—_|dy
Ve<lyl<al+yE (lyl = v&)*
a%%*ﬁ Q
49 lloe / log|—2 |y
VE (y— Ve
a%+\/§ Oéi
16]1)]/0o / log dy
5 Yy— €
1
1 1
16H1/1H00044/ log |—|du
0 u
16| | o
y— e
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Now let’s compute A5(B).

/ /a ’ 76*71/;( y)drdsdy
< Hszoo/ /a/| 5 e~ % drdsdy
— il / | al‘e"“'dsdy

2e

=2l [ s
S [y s [T e tal

B [ [ 2]

= 2”3‘;’0 _5—2510g( )

= 2|40 [vE — 2vElog (2] - (2.88)

Which goes to 0 as € — 0. So we can pick € small enough so that the last line is less than

16\\1/1\\0004%. Combining , , and , we end up with,
P(3),(0,0) € §7|B5) < 1 - exp(~32[[¢ e ). (2.89)
Therefore (2.80)), and (2.89)) imply,
B (CF|BS) = exp(=32[[¢ ]l ).
O

Let C¢ = C° N B, be the event where U is born before time «, contributes to
X¢, and all V7 born before time alpha satisfy the modulus of continuity for atleast time

« after birth.

Remark 2.7.7. Note that Cf, depends on ¢; up until time «, E2¢ upto time «, the V7

born by time « for a time « after their birth. Therefore Ct, €

We end this section by estimating C%,, we will need the following lemma.
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Corollary 2.7.8. For all a > 0, there is a po > 0 such that for all € small enough,
P(Cg) > pa >0,
independent of €.

Proof. By ([2.76|) and Proposition
P(C:) =P(C* N B;)
= P(C*|B,)P(B,)
1
> exp(=32[[¢[loc )70

= Pa

> 0.

2.7.2 Proof of Non-triviality of X

Recall if C% occurs, then Ut contributes to X¢ and ¢; < a. By Corollary we know
that, there is a p, > 0 independent of € such that P(C%) > p,. If C¢ has occurred, we

have for all t > 0,
X{(1) 2 1t = 1)UL, (1), (2.90)

The goal for this section is to show that X is non-trivial by showing that P(X2(1) >
1) with positive probability. We will do this by estimating P(X5"(1) > 1) and using the
definition of weak convergence. Before we do this, we will need to examine U a bit closer.

Recall that U! is a SBM with initial law ¢Z!(z)dz conditioned to live longer then
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1. If U is an independent SBM with initial law ¢?!(z)dz with lifetime 7, then for ¢ > 1,

P(UL(1) > 1) = P(Uy(1) > 1|7 > 1)
P(U(1) > 1,7 > 1)
P(r > 1)
_PW(1) >1)
P(r > 1)
_ (1—(1€)>) (2.91)

The second last line used the fact that t > 1. In order to compute the numerator of (2.91]),
we will first need to determine the distribution of U;(1). We will do this by using moment

generating functions.

Lemma 2.7.9. Suppose Y1,Ya, ... are iid random variables, and N is an independent ran-
dom variable taking on non-negative integer values with MGF’s My and My respectively.

Then Z = le\il Y; has the moment generating functions
Mz(s) = My (log My (s)).

Proof. Note that E[exp(sZ)|N = n] = M (s) = exp(nlog My (s)). Therefore by taking

conditional expectation,
My (s) = Elexp(s2)]

= ZE[eXp(SZ)\N =n]P(N =n)
n=0

= Z exp(n log My(S))P(N = n)
n=0

= My (log My (s)).

We will now find the distribution of U;(1).
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Lemma 2.7.10. For allt > 0, we have

Where Y;(t) are iid exponential random variables with rate 2, and N(t) is an independent

2¢e

Poisson random wvariable with mean T -

Proof. We will do this by showing that both U(1) and Z(t) = Zi]i(lt) Yi(t) have the same

MGF. By analysing the Laplace functional for U, it was shown in [Cite St. Fleur and
Knight], that the MGF of U(1) is,

2es
My, (1)(s) = exp <2 — ts) . (2.92)
The MGF of Y; and N are,
2

My ((s) = v+— = 2 (2.93)

Y (t) % s 9 _ tS’ .

2e

My (s) = exp <t(e — 1)) . (2.94)

Therefore by Lemma [2.7.9| we have,

Mz (s) = My (log My (1)(s))

Since Z(t) and U¢(1) have the same MGF, they have the same distribution. O

Finally we compute the probability that U} (1) > 1.

Proposition 2.7.11. Fort > 1,




Proof. Continuing our computation from (2.91)), we have by Lemma [2.7.10] if N(¢) is a
Poisson random variable with mean 275 and Y;(t) are iid exponentially distributed random

variables with rate %, then,

. P(Ut<21> > 1)
P (v > 1)
a 2
P(ZXY Y > LN () = 1)
2e
P (LX) > 1N @) = 1) PN(L) = 1)
2e

>

Since we are interested in € small, we assume ¢ < 1. Therefore,

P(U}(1) > 1) > 6t .

o+

Finally, this estimate in enough to conclude that X is not trivial.

Theorem 2.7.12. The process X defined as the solution to the SPDE (2.70), is not

identically zero.
Proof. To show non-triviality of X, we will show that
P(X2(1) > 1) > 0. (2.95)

Let ¢ > 0 be fixed, and a < . We will estimate P(X5(1) > 1) by conditioning on 7§ 4,

and using (2.90).
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P(X5(1) > 1) >P(X5(1) > 1,C%)
> P(Uy_y, (1) > 1,C3)
:E( (UZ tl( )> 1’CZ| t€1+1))
= E(U(CDP(UL,, (1) > 11, 41)) (2.96)

The last line is true by remark since Cg, € F5, C Fi, 1. Lemma tells us that

t1 + 1 is a (F7)-stopping time. So by the strong Markov property,
HCRP(Uz—y, (1) > 1Ff, 1) = LUC)Py1 1y (Ui, (1) > 1) (2.97)

and noting that Cf, has occurred. Since the total mass of a SBM is a Feller branching
diffusion process (Perkins, 2002, §II.5), applying the stochastic monotonicity in initial
conditions for the Feller branching diffusion to (2.97)) gives us,

LCP(Uy_y, (1) > 1| Ff, 1) 2 LCLUUL (1) > DBy Uiy, (1) > 1)
> H(CHLUL (1) > DPL (U], (1) > 1)

JL(UL(1) > 1) inf Py(UL1) > 1). (2.98)

The last line was because t; < a < % In (Knightl 1981} p. 100), it was shown that the
Markov transition kernel for a Feller branching diffusion is,

15 (222, (045,

t t t

pory(t,@,y) =

with respect to the measure m(dy) = 2y~ 'dy. Where I; is the modified Bessel function
of the first kind. So

PUA(1) > 1) = [ g (8 L)dm(y) > (2.09)

Since pyi(yy is continuous is ¢, (2.99) shows Py (UL(1) > 1) is also continuous in ¢ for

% <t < 1. Thus by extreme value theorem,

q= inf Py(U}1)>1)>0. (2.100)



(2.96)), (2.98)), and (2.100) together imply,
P(X5(1) > 1) > ¢P(Ca, U{ (1) > 1). (2.101)

Note that C%, depends on =2¢ VI, and (t1,21). Whereas, U! is independent of Z2e Vi,
and the total mass U{ (1) is independent of (¢1,71). So U (1) > 1 and C% are independent

events and ([2.101]) becomes,
P(X5(1) > 1) > gR(Ca)P(UL(1) > 1) > gpae. (2.102)

The last inequality was by Corollary and Proposition [2.7.11] for ¢ = 1.
Finally, let £, — 0 be a sequence such that X" (1) converges weakly to X as n —

oo. This implies that X5"(1) converges to X3(1) weakly as random variables. Therefore

P(Xo(1) > 1) = lim P(X5"(1) > 1) > gpae* > 0.

n—o0

2.8 Summary

A lot has happened in Chapter [2] we will review what we have accomplished. We began in
Section where we defined the Mp-valued process X*© as the sum of independent SBM
clusters generated by a PPP =¢, that contribute to X¢ only when born at unoccupied

sites. We showed in Theorem [2.2.2] that X¢ solved the following SPDE,

xito) =[x (52) as+ 217000 + 450

Where ¢ € Cp°, M*(¢) is a continuous (Fj )-martingale with quadratic variation fg XE(¢?)ds,
and .

A0 = [ [o.0msw) = 0= (s, o).
adds mass of size € at unoccupied sites governed by =°.

We proceeded to Section [2.3| where we show that the family {X¢"} and { A"} were

C-relatively compact in D(Mp) for €, — 0. This was a long process to but we succeeded
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in proving Theorem We did this by showing that for all ¢ € C°, {X*"(¢)}, and
{A%"(¢)} were C-relatively compact in D(R) and {X¢"}, and {A°"} satisfied the compact
containment condition in Proposition and Propostion respectively. This
allowed us to apply Jakubowski’s theorem to get the existence of continuous Mp-valued
processes X and A as weak limit points of X*» and A®". In Section 2.4 we made X more

concrete by showing that it solves the SPDE,

X,(6) = /Ot X, (?) ds + Mi(6) + Ad(d). (2.103)

Where ¢ € Cp°, and M(¢) is a continuous (F;)-martingale with quadratic variation
(M(9)) = [y Xs(¢*)ds.
The construction of X¢ led to the existence of a process with sample paths in
D(Cy) such that
X; (dx) = uf(z)dx

for all t. In Section we showed u®" are C-relatively compact in D(Cy) via Theorem
and then Corollary deduced that each weak limit point u a continuous Cp-valued
process such that

Xi(dz) = w(x)dx.

In Section [2.6] we used the fact that u is a weakly limit point of u° in combination with

Skorohod’s theorem to show that for all ¢,
A < 1(ug(z) = 0)de,

as stated in Theorem This shows that the immigration term A is only activated at
sites of zero occupancy by the population X.

It remained to justify that our process X was not the trivial process. The sole
purpose of Section to rule out this possibility and was done in a few steps. We first
showed that with some positive probability independent of €, there is a SBM cluster U"
of initial mass € born by time «, and that contributes to X°¢. We then show again,

with positive probability independent of €, U! grows to at least to size 1 by time 1. An

74



application of the strong Markov property, and weak convergence allowed us to deduce
that
P(X5(1) > 1) >0,

and as shown in Theorem 2.7.121
In conclusion, we constructed a non-trivial process X that solves the SPDE ([2.103)),
and has a continuous immigration A, that only contributes when the population X has

Z€ro occupancy.
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